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A B S T R A C T

Based on equations of the elasticity, this paper proposes a unified higher-order shear deformation theory for
stochastic vibration and buckling analysis of the functionally graded (FG) microplates. The governing equations
of motions are derived from Hamilton’s principle. The solutions are approximated by bi-directional series in
which hybrid shape functions are proposed, then the stiffness and mass matrix are explicitly derived. In order
to investigate the stochastic responses of the FG microplates, the polynomial chaos expansion (PCE) is used.
The multiple uncertain material properties are randomly changed via the lognormal distributions. Numerical
results are presented for different configurations of the FG microplates such as the power-law index, material
length scale parameter, length-to-thickness ratio and boundary conditions on their critical buckling loads and
natural frequencies. The results from PCE are evaluated by comparing with those from Monte Carlo simulation
to show the efficiency and accuracy of the present approach. Some new results for stochastic analysis of the
FG microplates are presented and can be used for future references.

1. Introduction

Functionally graded (FG) microplates with continuous variations
of materials properties can be used for potential application in engi-
neering fields such as atomic force microscopes (AFMs) [1], micro-
electromechanical systems (MEMs) ([2,3]) and nano-electromechanical
systems (NEMS) ([4,5]). It is known that classical elasticity theory
could not accurately predict responses of these small scale structures;
thus, different approaches have been developed. A number of stud-
ies have been performed to predict accurately static, buckling and
vibration behaviours of the FG microplates ([6–16]) in which the
modified coupled stress theory (MCT) and modified strain gradient
theory (MST) are mostly used for various theories (classical plate
theory (CPT), first-order shear deformation plate theory (FSDT), higher-
order shear deformation plate theories (HSDTs), three dimensional
elasticity theory). The MCT initiated by Yang et al. [17] was known
as the simplest one to include the size effects with only one material
length scale parameter (MLSP) associated with rotation gradient in
the constitutive equations. The MST proposed by Lam et al. [18]
modified the classical strain gradient theory of Mindlin [19], Mindlin
and Eshel [20] to establish a new set of high-order metrics, where
the total number of MLSP was reduced from five to three. The MST
can be reduced to MCT if two MLSPs related to dilatation gradient

∗ Corresponding author.
E-mail address: ntkien@hutech.edu.vn (T.-K. Nguyen).

and deviatoric stretch gradient were set to be zero. It should be men-
tioned that although the MST predicts more accurate than the MCT,
it appears to be complicated to implement. Moreover, another way to
capture size effects of nanostructures is to use the nonlocal elasticity
theory (NET) known as Eringen’s one ([21]). By involving the nonlocal
parameter in constitutive equations, the NET has been employed for
analysis of the FG nanoplates ([22–24]) and nanobeams ([25–27]).
However, it is complicated to implement different boundary conditions
for nanostructures.

Due to manufacturing process or other unexpected factors, the
materials properties of the FG plates can be uncertain ([28–32]), which
leads to the change on their static and dynamic behaviours. Literature
review [33] shows that majority studies of the FG microplates focused
on deterministic analysis, which provides only mean responses and
neglects the deviation caused by their random material properties.
Monte Carlo Simulation (MCS) method ([34]) is the simplest and most
popular approach to solve this complicated problem. It was used for
analysis of the FG and laminated composite plates ([35–38]). Nonethe-
less, this approach is infeasible in different cases due to its expensive
computational cost, especially when a complicated physical model is
considered. In order to overcome this adverse, Kumar et al. [39] pro-
posed an artificial neural network-based-MCS approach for stochastic
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buckling analysis of laminated composite sandwich plates. Another
approach is to use polynomial chaos expansion (PCE) which speeds
up the computing process while still maintains the accuracy. The
key idea of this approach is to approximate the stochastic outputs
as a series in an orthogonal space including the basis functions and
their appropriate coefficients. This approach has been employed for
static and dynamic analysis of laminated composite and FG plates
with uncertainty of materials properties. Peng et al. [40] studied a
uncertainty analysis of composite laminated plate with data-driven PCE
method under insufficient input data of uncertain parameters based
on finite element model (FEM) to solve the natural frequency. Umesh
and Ganguli [41] presented the material uncertainty effect on vibration
control of smart composite plate using PCE and FEM. Chakraborty
et al. [42] analysed the stochastic free vibration analysis of lami-
nated composite plates using polynomial correlated function expansion.
Sasikumar et al. [43] proposed a data-driven PCE method for stochastic
analysis of laminated composite plates. Shaker et al. [44] studied the
stochastic FEM to perform reliability analysis of the free vibration of
composite plates with material and fabrication uncertainties using the
first-order and second-order reliability method based on the third-order
shear deformation theory (TSDT). Li et al. [45] investigated stochastic
thermal buckling characteristics of laminated composite plates with the
random system properties using the first-order perturbation technique.
For FG plates, Li et al. [46] investigated stochastic static responses
of FG plates with uncertainty of material properties using the PCE,
FSDT and isogeometric approach. García-Macías et al. [47] illustrated
the meta model-based approach for stochastic free vibration analysis
of FG carbon nanotube reinforced plates using the FEM. A literature
review shows that although many studies on the stochastic analysis
of composite/FG plates have been performed, as far as the authors
are aware the similar research on the FG microplates is still very
limited. Besides, it is well-known that the HSDT generally predicts more
accurate than the FSDT, however, its accuracy depends on a choice of
the shear functions ([48–55]). Thus, it is important to propose unified
HSDT for various shear deformation plate theories and then apply for
stochastic analysis of the FG microplates. These are the main novelty
and contributions of this paper.

The main objective of this paper is to develop a stochastic model
for free vibration and buckling analysis of the FG microplates using a
combination of unified HSDT, which is derived from the fundamental
of elasticity theory and PCE and MCT. The governing equations of
motions are derived from Hamilton’s principle and then bi-directional
series-type solutions with hybrid shape functions are proposed. Nu-
merical results are presented for different configurations of material
distributions, multiple uncertain material properties, boundary condi-
tions on the critical buckling loads and natural frequencies of the FG
microplates. The MCS with 10,000 samples is also considered as the
exact solutions and used to investigate the performance of the proposed
PCE model. New results presented in this study can be of interests to
the scientific and engineering community in the future.

2. Theoretical formulation

Consider a FG rectangle microplate in the coordinate system
(

𝑥1, 𝑥2,
𝑥3
)

with sides 𝑎 × 𝑏 and thickness ℎ as shown in Fig. 1. It is composed
of a mixture of ceramic and metal materials whose material properties
vary continuously in the thickness direction. The material properties
such as Young’s modulus 𝐸, mass density 𝜌, Poisson’s ratio 𝜈 can be
approximated by the following expressions ([52,56]):

𝑃
(

𝑥3
)

=
(

𝑃𝑐 − 𝑃𝑚
)

(

2𝑥3 + ℎ
2ℎ

)𝑝
+ 𝑃𝑚 (1)

where 𝑃𝑐 and 𝑃𝑚 are the material properties of ceramic and metal; 𝑝 is
the power-law index which is positive and 𝑥3 ∈

[

−ℎ∕2, ℎ∕2
]

.

Fig. 1. Geometry of a FG microplate.

Table 1
Approximation functions of series solutions with different boundary conditions.

Boundary conditions (BCs) Approximation functions

𝑅𝑗
(

𝑥1
)

𝑃𝑗
(

𝑥2
)

SFSF 𝑥1𝑒
− 𝑗𝑥1

𝑎 𝑥2𝑒
− 𝑗𝑥2

𝑏

SSSS 𝑥1
(

𝑎 − 𝑥1
)

𝑒−
𝑗𝑥1
𝑎 𝑥2

(

𝑏 − 𝑥2
)

𝑒−
𝑗𝑥2
𝑏

CFCF 𝑥21𝑒
− 𝑗𝑥1

𝑎 𝑥22𝑒
− 𝑗𝑥1

𝑎

CSCS 𝑥21
(

𝑎 − 𝑥1
)

𝑒−
𝑗𝑥1
𝑎 𝑥22

(

𝑏 − 𝑥2
)

𝑒−
𝑗𝑥2
𝑏

CCCC 𝑥21
(

𝑎 − 𝑥1
)2 𝑒−

𝑗𝑥1
𝑎 𝑥22

(

𝑏 − 𝑥2
)2 𝑒−

𝑗𝑥2
𝑏

Table 2
Convergence study of the series solution of the FG microplates (MAT 1) with different
BCs (𝑎∕ℎ = 10, 𝑝 = 1, ℎ∕𝑙 = 1).

Solution Number of series 𝑁 = 𝑁1 = 𝑁2

2 4 6 8 10 12

Non-dimensional fundamental frequency

SSSS 11.1861 11.0496 11.0085 11.0105 11.0100 11.0104
CSCS 17.3575 16.8286 16.8204 16.8195 16.8199 16.8196
CCCC 24.1572 24.0579 24.0530 24.0526 24.0524 24.0527

Non-dimensional critical buckling load with biaxial compression

SSSS 29.8053 29.1773 28.9979 28.9879 28.9873 28.9878
CSCS 62.4027 57.1124 57.0130 57.0126 57.0129 57.0127
CCCC 109.5176 108.3697 108.1556 108.1545 108.1547 108.1544

2.1. Modified couple stress theory (MCT)

The total potential energy of the FG microplates is obtained by:

𝛱 = 𝛱𝑈 +𝛱𝑉 −𝛱𝐾 (2)

where 𝛱𝑈 ,𝛱𝑉 ,𝛱𝐾 are the strain energy, work done by membrane
forces and kinetic energy of systems. Based on the MCT, the strain
energy of the system 𝛱𝑈 is given by:

𝛱𝑈 = ∫𝑉

(

𝝈𝜺 +𝐦χ
)

𝑑𝑉 (3)

where 𝜺,𝝌 are strains and symmetric rotation gradients, respectively;
𝝈 is Cauchy stress; 𝐦 is the high-order stress corresponding with strain
gradients 𝝌 , respectively. The components of strain 𝜀𝑖𝑗 and strain
gradients 𝜒𝑖𝑗 are defined as follows:

𝜀𝑖𝑗 =
1
2
(

𝑢𝑖,𝑗 + 𝑢𝑗,𝑖
)

(4a)

𝜒𝑖𝑗 =
1
4
(

𝑢𝑛,𝑚𝑗𝑒𝑖𝑚𝑛 + 𝑢𝑛,𝑚𝑖𝑒𝑗𝑚𝑛
)

(4b)

where 𝛿𝑖𝑗 , 𝑒𝑖𝑚𝑛 are Kronecker delta and permutation symbol, respec-
tively; the comma in subscript is used to indicate the derivative of
variable that follows. The stress components are calculated from con-
stitutive equations as follows:

𝜎𝑖𝑗 = 𝜆𝜀𝑘𝑘𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 (5a)

𝑚𝑖𝑗 = 2𝜇𝑙2𝜒𝑖𝑗 (5b)

2
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Table 3
Non-dimensional natural frequency of the FG square microplates (MAT 1).

BCs 𝑎∕ℎ 𝑝 Theory ℎ∕𝑙

∞ 5 2.5 1.25 1

SSSS 20 1 Present 4.5218 4.9612 6.0813 9.3027 11.1206
RPT [56] 4.5228 4.9568 6.0756 9.2887 11.1042
RPT [6] 4.5228 4.9568 6.0756 9.2887 11.1042
RPT [9] 4.5228 4.9556 6.0714 9.2768 11.0882

2 Present 4.1098 4.4980 5.5114 8.4121 10.0595
RPT [56] 4.1100 4.5006 5.5082 8.4062 10.0450

5 Present 3.8921 4.2000 5.0188 7.4385 8.8270
RPT [56] 3.8884 4.2005 5.0199 7.4397 8.8286

10 Present 3.7631 4.0302 4.7433 6.9005 8.1468
RPT [56] 3.7622 4.0323 4.7488 6.9013 8.1494
RPT [9] 3.7623 4.0299 4.7428 6.8914 8.1384

10 1 Present 4.4209 4.8572 5.9865 9.1997 11.0105
RPT [56] 4.4192 4.8526 5.9664 9.1537 10.9511

2 Present 4.0104 4.4022 5.4165 8.3166 9.9495
RPT [56] 4.0090 4.4006 5.4071 8.2863 9.9101

5 Present 3.7681 4.0828 4.9083 7.3331 8.7203
RPT [56] 3.7682 4.0876 4.9169 7.3338 8.7135

10 Present 3.6387 3.9112 4.6331 6.7911 8.0442
RPT [56] 3.6368 3.9162 4.6464 6.8030 8.0448

CCCC 5 1 Present 6.4417 7.9096 11.0832 19.0090 23.2057
IGA [13] 6.3868 – – – –

2 Present 5.7789 7.1127 9.9861 17.1343 20.8920
IGA [13] 5.7292 – – – –

5 Present 5.1524 6.2984 8.7539 14.9050 18.1416
IGA [13] 5.1082 – – – –

10 Present 4.8661 5.8924 8.1005 13.6879 16.6596
IGA [13] 4.8214 – – – –

10 1 Present 7.6557 8.9348 11.9381 19.7962 24.0526
IGA [13] 7.6251 – – – –

2 Present 6.9136 8.0861 10.7890 17.8776 21.7236
IGA [13] 6.8944 – – – –

5 Present 6.3989 7.3509 9.6103 15.6233 18.9125
IGA [13] 6.3722 – – – –

10 Present 6.1521 6.9730 8.9756 14.3803 17.3596
IGA [13] 6.1039 – – – –

where 𝜆, 𝜇 are Lamé constants; Latin indices in Eqs. (4) and (5) take
values 1, 2 and 3; 𝑙 is material length scale parameter (MLSP) which is
used to measure the effect of couple stress ([58]). This parameter can
be determined by experimental works ([18]).

The work done by membrane compressive loads (𝑁0
1 , 𝑁

0
2 , 𝑁

0
12) of

the FG microplates is given by:

𝛱𝑉 = −∫𝐴

[

𝑁0
1

(

𝑢03,1
)2

+ 2𝑁0
12𝑢

0
3,1𝑢

0
3,2 +𝑁0

2

(

𝑢03,2
)2

]

𝑑𝐴 (6)

The kinetic energy of the FG microplates 𝛱𝐾 is expressed by:

𝛱𝐾 = 1
2 ∫𝑉

𝜌
(

𝑥3
) (

𝑢̇21 + 𝑢̇22 + 𝑢̇23
)

𝑑𝑉 (7)

where 𝜌
(

𝑥3
)

is mass density; 𝑢̇1 = 𝑢1,𝑡, 𝑢̇2 = 𝑢2,𝑡, 𝑢̇3 = 𝑢3,𝑡 are velocities
in 𝑥1−, 𝑥2− and 𝑥3− directions, respectively.

2.2. Unified higher-order shear deformation theory (HSDT) of the FG
microplates

For simplicity purpose, the effects of transverse normal strain are
neglected, i.e. 𝑢3

(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢03
(

𝑥1, 𝑥2
)

where 𝑢03
(

𝑥1, 𝑥2
)

is transverse
displacement at the mid-surface of the FG microplates. Moreover, it is
supposed that the transverse shear stresses are expressed in terms of
the transverse shear forces as follows:

𝜎13 = 𝑓,3
(

𝑥3
)

𝑄1
(

𝑥1, 𝑥2
)

(8a)

𝜎23 = 𝑓,3
(

𝑥3
)

𝑄2
(

𝑥1, 𝑥2
)

(8b)

where 𝑓
(

𝑥3
)

is a higher-order term whose first derivative satisfies the
free-stress boundary condition at the top and bottom surfaces of the mi-
croplates, i.e. 𝑓,3

(

𝑥3 = ± ℎ
2

)

= 0; 𝑄1
(

𝑥1, 𝑥2
)

, 𝑄2
(

𝑥1, 𝑥2
)

are the trans-
verse shear forces. Additionally, transverse shear strains are linearly re-
lated to the membrane displacements 𝑢1

(

𝑥1, 𝑥2, 𝑥3
)

, 𝑢2
(

𝑥1, 𝑥2, 𝑥3
)

and

transverse one 𝑢03
(

𝑥1, 𝑥2
)

by:

𝛾13 = 𝑢1,3 + 𝑢03,1 =
𝜎13
𝜇

=
𝑓,3𝑄1

𝜇
(9a)

𝛾23 = 𝑢2,3 + 𝑢03,2 =
𝜎23
𝜇

=
𝑓,3𝑄2

𝜇
(9b)

where 𝜇
(

𝑥3
)

= 𝐸(𝑥3)
2(1+𝜈) is the shear modulus. Furthermore, integrating

Eq. (9) in 𝑥3− direction leads to a general displacement field of the FG
microplates as follows:

𝑢1
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢01
(

𝑥1, 𝑥2
)

− 𝑥3𝑢
0
3,1 + 𝛹

(

𝑥3
)

𝑄1
(

𝑥1, 𝑥2
)

(10a)

𝑢2
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢02
(

𝑥1, 𝑥2
)

− 𝑥3𝑢
0
3,2 + 𝛹

(

𝑥3
)

𝑄2
(

𝑥1, 𝑥2
)

(10b)

𝑢3
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢03
(

𝑥1, 𝑥2
)

(10c)

where 𝛹
(

𝑥3
)

= ∫ 𝑥3
0

𝑓,3
𝜇(𝑥3)

𝑑𝑥3. It is observed that Eq. (10) can be
considered as a general zeroth-order shear deformation theory in which
displacement field of Shimpi ([59]) can be obtained by the assumption
of homogeneous materials and 𝑓

(

𝑥3
)

= 3
2ℎ

(

𝑧 − 4𝑧3
3ℎ2

)

. Moreover, it is
known that the transverse shear forces can be expressed in terms of
the rotation

(

𝜑1, 𝜑2
)

and gradients of the transverse displacement as
follows:

𝑄1
(

𝑥1, 𝑥2
)

= 𝐻𝑠
(

𝜑1 + 𝑢03,1
)

(11a)

𝑄2
(

𝑥1, 𝑥2
)

= 𝐻𝑠
(

𝜑2 + 𝑢03,2
)

(11b)

where 𝐻𝑠 = 𝑘𝑠 ∫ ℎ∕2
−ℎ∕2 𝜇

(

𝑥3
)

𝑑𝑥3 is the transverse shear stiffness of the FG
microplates; 𝑘𝑠 = 5∕6 is shear coefficient factor. Substituting Eq. (11)
into Eq. (10) leads to a general HSDT as follows:

𝑢1
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢01
(

𝑥1, 𝑥2
)

+𝛷1
(

𝑥3
)

𝑢03,1 +𝛷2
(

𝑥3
)

𝜑1
(

𝑥1, 𝑥2
)

(12a)

3
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Table 4
Comparison study between MCS (10.000 samples) and PCE (256 samples) for the mean, standard deviation (SD), Kurtosis and Skewness for
the fundamental frequency of the FG plates (𝑎∕ℎ = 5, MAT 1).

BCs 𝑝 Theory mean SD Kurtosis Skewness COV(%) Time(s) Present

SFSF 1 PCE 3.5550 0.1877 2.5916 0.0227 5.3 11.49 3.5559
MCS 3.5551 0.1879 2.5914 0.0228 5.3 590.79

2 PCE 3.2106 0.2540 2.6438 0.1338 7.9 12.67 3.2076
MCS 3.2121 0.2538 2.6439 0.1336 7.9 575.61

5 PCE 2.9792 0.3120 2.6835 0.1960 10.5 14.06 2.9722
MCS 2.9819 0.3121 2.6835 0.1959 10.5 538.25

10 PCE 2.8668 0.3278 2.6921 0.2468 11.4 14.25 2.8571
MCS 2.8689 0.3280 2.6922 0.2465 11.4 541.54

SSSS 1 PCE 4.0790 0.2114 2.5845 0.0262 5.2 14.06 4.0782
MCS 4.0787 0.2114 2.5844 0.0264 5.2 536.56

2 PCE 3.6839 0.2875 2.6374 0.1295 7.8 12.32 3.6811
MCS 3.6849 0.2870 2.6377 0.1299 7.8 568.27

5 PCE 3.3997 0.3535 2.6737 0.2114 10.4 13.14 3.3950
MCS 3.3988 0.3537 2.6734 0.2117 10.4 526.38

10 PCE 3.2601 0.3738 2.6984 0.2509 11.5 13.65 3.2511
MCS 3.2577 0.3734 2.6983 0.2512 11.5 525.58

CFCF 1 PCE 4.5089 0.2390 2.5653 0.0129 5.3 11.59 4.5082
MCS 4.5100 0.2387 2.5657 0.0128 5.3 511.87

2 PCE 4.0469 0.3214 2.6253 0.1254 7.9 11.29 4.0431
MCS 4.0473 0.3214 2.6255 0.1253 7.9 527.74

5 PCE 3.6776 0.3921 2.6732 0.2142 10.7 12 3.6696
MCS 3.6803 0.3928 2.6734 0.2143 10.7 522.61

10 PCE 3.5154 0.4146 2.7044 0.2565 11.8 12 3.5051
MCS 3.5148 0.4145 2.7049 0.2565 11.8 545.85

CSCS 1 PCE 5.2247 0.2664 2.5709 0.0156 5.1 15 5.2238
MCS 5.2272 0.2664 2.5707 0.0151 5.1 523.46

2 PCE 4.7038 0.3599 2.6277 0.1248 7.7 25 4.6999
MCS 4.7045 0.3596 2.6278 0.1249 7.7 549.55

5 PCE 4.2712 0.4427 2.6774 0.2147 10.4 16 4.2627
MCS 4.2687 0.4429 2.6775 0.2146 10.4 580.37

10 PCE 4.0666 0.4718 2.7066 0.2578 11.6 31 4.0550
MCS 4.0656 0.4720 2.7064 0.2577 11.6 592.43

CCCC 1 PCE 6.4425 0.3222 2.5557 0.0034 5.0 16.00 6.4417
MCS 6.4429 0.3218 2.5550 0.0039 5.0 533.16

2 PCE 5.7829 0.4327 2.6171 0.1170 7.5 14.87 5.7789
MCS 5.7815 0.4324 2.6179 0.1164 7.5 529.85

5 PCE 5.1638 0.5327 2.6805 0.2195 10.3 15.28 5.1524
MCS 5.1649 0.5332 2.6811 0.2189 10.3 574.46

10 PCE 4.8807 0.5726 2.7155 0.2652 11.7 15.57 4.8661
MCS 4.8811 0.5727 2.7150 0.2659 11.7 581.27

𝑢2
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢02
(

𝑥1, 𝑥2
)

+𝛷1
(

𝑥3
)

𝑢03,2 +𝛷2
(

𝑥3
)

𝜑2
(

𝑥1, 𝑥2
)

(12b)

𝑢3
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢03
(

𝑥1, 𝑥2
)

(12c)

where 𝛷1
(

𝑥3
)

= 𝐻𝑠𝛹
(

𝑥3
)

− 𝑥3, 𝛷2
(

𝑥3
)

= 𝐻𝑠𝛹
(

𝑥3
)

. Similarly, it
is from Eq. (12) that the displacement field of Reissner [48], Shi
et al. [55] can be derived with 𝑓

(

𝑥3
)

= 3
2ℎ

(

𝑧 − 4𝑧3
3ℎ2

)

, and Reddy’s

theory [49] with 𝑓
(

𝑥3
)

= 6
5ℎ

(

𝑧 − 4𝑧3
3ℎ2

)

.

Substituting Eq. (12) into Eq. (4), the in-plane and out-of-plane
strains 𝜺𝑇 =

[

𝜺(𝑖) 𝜺(𝑠)
]

are obtained as follows:

𝜺(𝑖) = 𝜺(0) +𝛷1
(

𝑥3
)

𝜺(1) +𝛷2
(

𝑥3
)

𝜺(2) (13a)

𝜺(𝑠) = 𝛷3
(

𝑥3
)

𝜺(3) (13b)

where 𝛷3
(

𝑥3
)

= 𝐻𝑠𝛹,3 with 𝛹,3
(

𝑥3
)

= 𝑓,3(𝑥3)
𝜇(𝑥3)

and,

𝜺(0) =
⎧

⎪

⎨

⎪

⎩

𝜀(0)11

𝜀(0)22

𝛾 (0)12

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝑢01,1
𝑢02,2

𝑢01,2 + 𝑢02,1

⎫

⎪

⎬

⎪

⎭

, 𝜺(1) =
⎧

⎪

⎨

⎪

⎩

𝜀(1)11

𝜀(1)22

𝛾 (1)12

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝑢03,11
𝑢03,22
2𝑢03,12

⎫

⎪

⎬

⎪

⎭

,

𝜺(2) =
⎧

⎪

⎨

⎪

⎩

𝜀(2)11

𝜀(2)22

𝛾 (2)12

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝜑1,1

𝜑2,2

𝜑1,2 + 𝜑2,1

⎫

⎪

⎬

⎪

⎭

(14a)

𝜺(3) =

{

𝛾 (0)13

𝛾 (0)23

}

=

{

𝜑1 + 𝑢03,1
𝜑2 + 𝑢03,2

}

(14b)

Moreover, the symmetric rotation gradients are given by:

𝜒𝑖𝑗 =
1
2

(

𝜃𝑖,𝑗 + 𝜃𝑗,𝑖
)

(15)

where 𝜃𝑖 is determined in terms of the displacements 𝑢𝑖 as follows:

𝜃1 =
1
2
(

𝑢3,2 − 𝑢2,3
)

= 1
2

(

𝑢03,2 −𝛷1,3𝑢
0
3,2 −𝛷2,3𝜑2

)

(16a)

𝜃2 =
1
2
(

𝑢1,3 − 𝑢3,1
)

= 1
2

(

−𝑢03,1 +𝛷1,3𝑢
0
3,1 +𝛷2,3𝜑1

)

(16b)

𝜃3 =
1
2
(

𝑢2,1 − 𝑢1,2
)

= 1
2

[

𝑢02,1 − 𝑢01,2 +𝛷2
(

𝜑2,1 − 𝜑1,2
)

]

(16c)

Substituting Eq. (16) into Eq. (15), the rotation gradients are expressed
as follows:

𝝌 = 𝝌 (0) +𝛷1,3𝝌 (1) +𝛷2,3𝝌 (2) +𝛷1,33𝝌 (3) +𝛷2,33𝝌 (4) +𝛷2𝝌 (5) (17)

where 𝝌𝑇 =
[

𝜒11 𝜒22 2𝜒12 𝜒33 2𝜒13 2𝜒23
]

and,

𝝌 (0) = 1
2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢03,12
−𝑢03,12

𝑢03,22 − 𝑢03,11
0

𝑢02,11 − 𝑢01,12
𝑢02,12 − 𝑢01,22

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

,𝝌 (1) = 1
2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−𝑢03,12
𝑢03,12

𝑢03,11 − 𝑢03,22
0

0

0

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

,

4
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Table 5
Comparison study between MCS (10.000 samples) and PCE (256 samples) for the mean, standard deviation (SD), Kurtosis and Skewness for
the fundamental frequency of the FG microplates (𝑎∕ℎ = 10, MAT 1).

BCs 𝑝 Theory Mean SD Kurtosis𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 COV(%) Time(s) Present

ℎ∕𝑙 = 1

SSSS 1 PCE 11.0107 0.5087 2.4628 −0.0532 4.6 17.02 11.0105
MCS 11.0100 0.5087 2.4633 −0.0531 4.6 814.11

5 PCE 8.7431 0.8313 2.6301 0.1966 9.5 18.12 8.7203
MCS 8.7456 0.8317 2.6308 0.1962 9.5 815.30

10 PCE 8.0719 0.8990 2.6953 0.2624 11.1 18.47 8.0442
MCS 8.0747 0.8986 2.6949 0.2629 11.1 817.04

CCCC 1 PCE 24.0519 1.1046 2.4451 −0.0594 4.6 17.68 24.0526
MCS 24.0482 1.1041 2.4547 −0.0596 4.6 818.84

5 PCE 18.9599 1.7906 2.6265 0.1961 9.4 17.82 18.9125
MCS 18.9631 1.7912 2.6260 0.1962 9.4 817.73

10 PCE 17.4222 1.9411 2.7025 0.2651 11.1 18.44 17.3596
MCS 17.4209 1.9406 2.7031 0.2645 11.1 818.42

ℎ∕𝑙 = 5

SSSS 1 PCE 4.8590 0.2458 2.5788 0.0199 5.1 17.65 4.8572
MCS 4.8565 0.2453 2.5779 0.0197 5.1 811.69

5 PCE 4.0912 0.4163 2.6649 0.2053 10.2 18.20 4.0828
MCS 4.0913 0.4164 2.6648 0.2049 10.2 815.24

10 PCE 3.9210 0.4402 2.6852 0.2476 11.2 17.95 3.9112
MCS 3.9213 0.4406 2.6855 0.2480 11.2 817.51

CCCC 1 PCE 8.9385 0.4421 2.5478 0.0197 4.9 17.10 8.9348
MCS 8.9356 0.4426 2.5481 0.0199 4.9 816.86

5 PCE 7.3712 0.7425 2.6682 0.2108 10.1 17.66 7.3509
MCS 7.3723 0.7429 2.6675 0.2106 10.1 820.08

10 PCE 6.9934 0.7913 2.6981 0.2564 11.3 17.90 6.9730
MCS 6.9955 0.7917 2.6987 0.2568 11.3 818.79

ℎ∕𝑙 = 10

SSSS 1 PCE 4.5341 0.2337 2.5998 0.0357 5.2 17.82 4.5338
MCS 4.5330 0.2339 2.5995 0.0352 5.2 819.66

5 PCE 3.8564 0.3966 2.6671 0.2078 10.3 18.05 3.8502
MCS 3.8580 0.3970 2.6675 0.2877 10.3 817.34

10 PCE 3.7169 0.4179 2.6889 0.2474 11.2 18.25 3.7072
MCS 3.7199 0.4183 2.6891 0.2476 11.2 818.59

CCCC 1 PCE 8.0048 0.4076 2.5525 0.0165 5.1 17.30 8.0090
MCS 8.0032 0.4071 2.5520 0.0164 5.1 816.72

5 PCE 6.6760 0.6844 2.6616 0.2069 10.3 17.53 6.6562
MCS 6.6778 0.6849 2.6611 0.2071 10.3 819.33

10 PCE 6.3784 0.7261 2.6906 0.2524 11.4 17.87 6.3648
MCS 6.3783 0.7261 2.6905 0.2525 11.4 817.85

Table 6
Non-dimensional critical buckling loads of the FG square plates (MAT 1).

BCs 𝑎∕ℎ Theory 𝑝

1 2 5 10

Axial compression
(

𝑁0
1 , 𝑁

0
2 , 𝑁

0
12 = 1, 0, 0

)

SSSS 5 Present 8.2250 6.3433 5.0517 4.4807
IGA [13] 8.2245 6.3432 5.0531 4.4807
IGA-TSDT [57] 8.2245 6.3432 5.0531 4.4807

10 Present 9.3395 7.2635 6.0352 5.4537
IGA [13] 9.3391 7.2631 6.0353 5.4528
IGA-TSDT [57] 9.3391 7.2631 6.0353 5.4529

CCCC 10 Present 21.0950 16.2860 13.0276 11.5736
IGA [13] 20.9471 16.1682 12.9218 11.4711

Biaxial compression
(

𝑁0
1 , 𝑁

0
2 , 𝑁

0
12 = 1, 1, 0

)

SSSS 5 Present 4.1125 3.1717 2.5259 2.2404
IGA [13] 4.1122 3.1716 2.5265 2.2403
IGA-TSDT [57] 4.1123 3.1716 2.5265 2.2403

10 Present 4.6697 3.6317 3.0176 2.7268
IGA [13] 4.6696 3.6315 3.0177 2.7264
IGA-TSDT [57] 4.6696 3.6315 3.0177 2.7264

CCCC 10 Present 11.4214 8.8376 7.1420 6.3759
IGA [13] 11.3805 8.8028 7.1165 6.3518

Table 7
Non-dimensional critical buckling loads of SSSS FG square microplates (MAT 2) with
biaxial compression.
𝑎∕ℎ 𝑝 Theory ℎ∕𝑙

∞ 5 2.5 1.25 1

10 0 Present 18.0854 20.9253 29.4718 63.6538 88.2866
IGA [13] 18.0754 20.9026 29.3735 63.1958 88.5417
RPT [9] 18.0756 20.8497 29.1700 62.4358 87.3775

1 Present 7.8281 9.3962 14.1003 32.9144 47.0226
IGA- [13] 7.8276 9.3767 14.0232 32.6037 46.5372
RPT [9] 7.8277 9.3581 13.9459 32.2693 45.9981

10 Present 3.4988 4.0175 5.5737 11.7984 16.4669
IGA- [13] 3.4969 4.0513 5.6631 11.9349 16.6033
RPT [9] 3.4982 4.0246 5.5925 11.8036 16.4431

20 0 Present 18.9254 21.7833 30.3569 64.6505 90.3698
IGA [13] 18.9243 21.7771 30.3324 64.5348 90.1804
RPT [9] 18.9244 21.7628 30.2773 64.3321 89.8715

1 Present 8.1147 9.6868 14.4033 33.2685 47.4168
IGA [13] 8.1142 9.6815 14.3832 33.1882 47.2914
RPT [9] 8.1143 9.6766 14.3626 33.0999 47.1494

10 Present 3.7475 4.2674 5.8270 12.0655 16.7444
IGA [13] 3.7450 4.2752 5.8505 12.1011 16.7793
RPT [9] 3.7454 4.2677 5.8312 12.0666 16.7376

5
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Table 8
Comparison study between MCS (10.000 samples) and PCE (16 samples) for the mean, standard deviation (SD), Kurtosis and Skewness for the
critical buckling loads of the FG plates with axial compression (MAT 1).

BCs 𝑎∕ℎ 𝑝 Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

SFSF 5 1 PCE 0.8844 0.1295 2.3679 0.3494 14.6 8.84 0.8814
MCS 0.8848 0.1296 2.3675 0.3493 14.6 243.18

2 PCE 0.6872 0.0711 2.3260 0.2701 10.3 8.07 0.6846
MCS 0.6868 0.0708 2.3264 0.2702 10.3 252.32

5 PCE 0.5666 0.0404 2.2600 0.1152 7.1 8.92 0.5660
MCS 0.5659 0.0409 2.2605 0.1149 7.1 234.28

10 PCE 0.5112 0.0337 2.2556 0.1294 6.6 9.10 0.5106
MCS 0.5112 0.0337 2.2555 0.1294 6.6 262.81

SSSS 1 PCE 8.2320 1.2316 2.3684 0.3505 15.0 8.72 8.2250
MCS 8.2314 1.2310 2.3688 0.3506 15.0 277.28

2 PCE 6.3687 0.6878 2.3295 0.2803 10.8 8.49 6.3433
MCS 6.3664 0.6879 2.3291 0.2807 10.8 258.34

5 PCE 5.0478 0.3701 2.2547 0.1234 7.3 9.15 5.0517
MCS 5.0531 0.3708 2.2543 0.1239 7.3 283.27

10 PCE 4.4855 0.2691 2.2591 0.1307 6.0 9.71 4.4807
MCS 4.4853 0.2691 2.2593 0.1308 6.0 271.20

CFCF 1 PCE 2.0177 0.2996 2.3536 0.3493 14.8 7.89 2.0053
MCS 2.0115 0.2991 2.3534 0.3495 14.8 217.96

2 PCE 1.5574 0.1661 2.3261 0.2761 10.7 7.78 1.5511
MCS 1.5543 0.1659 2.3264 0.2762 10.7 211.56

5 PCE 1.2547 0.0904 2.2668 0.1451 7.2 8.34 1.2535
MCS 1.2509 0.0907 2.2663 0.1456 7.2 241.76

10 PCE 1.1203 0.0705 2.2563 0.1342 6.3 8.93 1.1188
MCS 1.1183 0.0706 2.2565 0.1339 6.3 285.11

SSSS 10 1 PCE 9.3424 1.3669 2.3676 0.3486 14.6 9.11 9.3395
MCS 9.3427 1.3664 2.3679 0.3487 14.6 252.11

2 PCE 7.2897 0.7483 2.3244 0.2670 10.3 8.98 7.2635
MCS 7.2763 0.7487 2.3245 0.2676 10.3 237.98

5 PCE 6.0415 0.4294 2.2585 0.1103 7.1 10.30 6.0352
MCS 6.0410 0.4297 2.2586 0.1101 7.1 237.56

10 PCE 5.4599 0.3624 2.2551 0.1270 6.6 10.21 5.4537
MCS 5.4544 0.3622 2.2553 0.1272 6.6 210.68

CFCF 1 PCE 1.3561 0.1971 2.3655 0.3472 14.5 8.00 1.3470
MCS 1.3462 0.1972 2.3655 0.3476 14.5 212.32

2 PCE 1.0518 0.1079 2.3223 0.2675 10.3 7.86 1.0480
MCS 1.0431 0.1074 2.3227 0.2670 10.3 177.33

5 PCE 0.8734 0.0617 2.1885 0.0702 7.1 8.36 0.8729
MCS 0.8778 0.0619 2.188 0.0708 7.1 243.65

10 PCE 0.7909 0.0531 2.2618 0.1271 6.7 8.69 0.7899
MCS 0.7844 0.0533 2.2617 0.1274 6.7 255.65

𝝌 (2) = 1
2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−𝜑2,1

𝜑1,2

𝜑1,1 − 𝜑2,2

𝜑2,1 − 𝜑1,2

0

0

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(18a)

𝝌 (3) = 1
2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0

0

0

0

−𝑢03,2
𝑢03,1

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

,𝝌 (4) = 1
2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0

0

0

0

−𝜑2

𝜑1

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

,

𝝌 (5) = 1
2

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0

0

0

0

𝜑2,11 − 𝜑1,12

𝜑2,12 − 𝜑1,22

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(18b)

Furthermore, the stresses and strains of the FG microplates are related
by constitutive equations as follows:

𝝈(𝑖) =

⎧

⎪

⎨

⎪

⎩

𝜎11
𝜎22
𝜎12

⎫

⎪

⎬

⎪

⎭

=
⎡

⎢

⎢

⎣

𝑄11 𝑄12 0
𝑄12 𝑄22 0
0 0 𝑄66

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝜀11
𝜀22
𝛾12

⎫

⎪

⎬

⎪

⎭

= 𝐐(𝑖)
𝜀 𝜺(𝑖) (19a)

𝝈(𝑜) =
{

𝜎13
𝜎23

}

=
[

𝑄55 0
0 𝑄44

]{

𝛾13
𝛾23

}

= 𝐐(𝑜)
𝜀 𝜺(𝑠) (19b)

𝐦 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑚11
𝑚22
𝑚12
𝑚33
𝑚23
𝑚13

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

= 2𝜇𝑙2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜒11
𝜒22
𝜒12
𝜒33
𝜒23
𝜒13

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

= 𝛼𝜒 𝐈6×6𝝌 (19c)

where 𝛼𝜒 = 2𝜇𝑙2, 𝑄11 = 𝐸(𝑥3)
1−𝜈2 , 𝑄22 = 𝐸(𝑥3)

1−𝜈2 , 𝑄12 = 𝜈𝐸(𝑥3)
1−𝜈2 , 𝑄44 = 𝑄55 =

𝑄66 = 𝜇 = 𝐸(𝑥3)
2(1+𝜈) .

In order to derive the equation of motion, Hamilton’s principle is
used:

∫

𝑡2

𝑡1

(

𝛿𝛱𝑈 + 𝛿𝛱𝑉 − 𝛿𝛱𝐾
)

𝑑𝑡 = 0 (20)

where 𝛿𝛱𝑈 , 𝛿𝛱𝑉 , 𝛿𝛱𝐾 are the variations of strain energy, work done
by membrane compressive forces and kinetic energy, respectively. The
variation of the strain energy of FG microplates derived from Eq. (3)
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Table 9
Comparison study between MCS (10.000 samples) and PCE (16 samples) for the mean, standard deviation (SD), Kurtosis and Skewness for the
critical buckling loads of CCCC FG plates (MAT 1).
𝑎∕ℎ 𝑝 Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

Axial compression
(

𝑁0
1 , 𝑁

0
2 , 𝑁

0
12 = 1, 0, 0

)

10 1 PCE 21.2503 3.1515 2.3684 0.3503 14.8 8.23 21.0950
MCS 21.2089 3.1521 2.3678 0.3509 14.8 223.41

2 PCE 16.3498 1.7563 2.3279 0.2780 10.7 9.35 16.2860
MCS 16.3320 1.7561 2.3282 0.2787 10.7 219.87

5 PCE 13.0542 0.9369 2.2711 0.1512 7.2 8.66 13.0276
MCS 13.0527 0.9368 2.2715 0.1507 7.2 238.56

10 PCE 11.5863 0.7017 2.2578 0.1273 6.1 10.40 11.5736
MCS 11.5920 0.7014 2.2581 0.1270 6.1 224.98

20 1 PCE 23.8157 3.4591 2.3675 0.3488 14.5 12.09 23.6531
MCS 23.7814 3.4585 2.3681 0.3494 14.5 236.52

2 PCE 18.4718 1.8916 2.3248 0.2670 10.2 9.27 18.4016
MCS 18.4805 1.8912 2.3250 0.2671 10.2 231.35

5 PCE 15.3385 1.0897 2.2580 0.1081 7.1 10.10 15.3190
MCS 15.2997 1.0895 2.2576 0.1088 7.1 227.63

10 PCE 13.8711 0.8991 2.1631 0.0328 6.5 9.98 13.8550
MCS 13.7917 0.8998 2.1627 0.0331 6.5 240.74

Biaxial compression
(

𝑁0
1 , 𝑁

0
2 , 𝑁

0
12 = 1, 1, 0

)

10 1 PCE 11.5002 1.6963 2.3681 0.3498 14.8 8.16 11.4214
MCS 11.5036 1.6961 2.3683 0.3494 14.8 235.53

2 PCE 8.8696 0.9406 2.3275 0.2755 10.6 8.04 8.8376
MCS 8.8668 0.9400 2.3277 0.2760 10.6 242.14

5 PCE 7.1544 0.5119 2.2670 0.1393 7.2 8.69 7.1420
MCS 7.1579 0.5115 2.2676 0.1389 7.2 237.69

10 PCE 6.3870 0.3978 2.2578 0.1288 6.2 9.24 6.3759
MCS 6.3884 0.3977 2.2580 0.1285 6.2 239.56

20 1 PCE 12.6256 1.8307 2.3672 0.3481 14.5 7.98 12.5432
MCS 12.6415 1.8311 2.3678 0.3489 14.5 243.86

2 PCE 9.7974 1.0001 2.3238 0.2659 10.2 8.21 9.7575
MCS 9.7972 1.0002 2.3239 0.2657 10.2 241.38

5 PCE 8.1581 0.5792 2.2575 0.1051 7.1 8.84 8.1483
MCS 8.1207 0.5798 2.2571 0.1057 7.1 246.90

10 PCE 7.3892 0.4961 2.2540 0.1267 6.7 8.94 7.3794
MCS 7.3887 0.4959 2.2542 0.1270 6.7 244.81

as follows:

𝛿
∏

𝑈
= ∫𝐴

(𝝈𝛿𝜺 +𝐦𝛿𝝌) 𝑑𝐴

= ∫𝐴

[

𝐌(0)
𝜀 𝛿𝜺(0) +𝐌(1)

𝜀 𝛿𝜺(1) +𝐌(2)
𝜀 𝛿𝜺(2) +𝐌(3)

𝜀 𝛿𝜺(3)

+𝐌(0)
𝜒 𝛿𝝌 (0) +𝐌(1)

𝜒 𝛿𝝌 (1) +𝐌(2)
𝜒 𝛿𝝌 (2) +𝐌(3)

𝜒 𝛿𝝌 (3)

+ 𝐌(4)
𝜒 𝛿𝝌 (4) +𝐌(5)

𝜒 𝛿𝝌 (5)
]

𝑑𝐴

(21)

where the stress resultants are given by:

(

𝐌(0)
𝜀 ,𝐌(1)

𝜀 ,𝐌(2)
𝜀
)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1, 𝛷2
)

𝝈(𝑖)𝑑𝑥3 (22a)

𝐌(3)
𝜀 = ∫

ℎ∕2

−ℎ∕2
𝛷3𝝈(𝑜)𝑑𝑥3 (22b)

(

𝐌(0)
𝜒 ,𝐌(1)

𝜒 ,𝐌(2)
𝜒 ,𝐌(3)

𝜒 ,𝐌(4)
𝜒 ,𝐌(5)

𝜒

)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1,3, 𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝐦𝑑𝑥3 (22c)

These stress resultants can be expressed in terms of the strains and its
gradients as follows:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐌(0)
𝜀

𝐌(1)
𝜀

𝐌(2)
𝜀

𝐌(3)
𝜀

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐀𝜀 𝐁𝜀 𝐁𝜀
𝑠 𝟎

𝐁𝜀 𝐃𝜀 𝐃𝜀
𝑠 𝟎

𝐁𝜀
𝑠 𝐃𝜀

𝑠 𝐇𝜀
𝑠 𝟎

𝟎 𝟎 𝟎 𝐀𝜀
𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜺(0)

𝜺(1)

𝜺(2)

𝜺(3)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(23a)

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐌(0)
𝜒

𝐌(1)
𝜒

𝐌(2)
𝜒

𝐌(3)
𝜒

𝐌(4)
𝜒

𝐌(5)
𝜒

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐀𝜒 𝐁
𝜒

𝐁
𝜒
𝑠 𝐁

𝜒
𝐁
𝜒

𝑠 𝐁𝜒
𝑠

𝐁
𝜒

𝐃
𝜒

𝐃
𝜒
𝑠 𝐄

𝜒
𝐄
𝜒
𝑠 𝐅

𝜒
𝑠

𝐁
𝜒
𝑠 𝐃

𝜒
𝑠 𝐇

𝜒
𝑠 𝐆

𝜒
𝑠 𝐈

𝜒
𝐉
𝜒

𝐁
𝜒

𝐄
𝜒

𝐆
𝜒
𝑠 𝐃

𝜒
𝐃
𝜒

𝑠 𝐊
𝜒
𝑠

𝐁
𝜒

𝑠 𝐄
𝜒
𝑠 𝐈

𝜒
𝐃
𝜒

𝑠 𝐇
𝜒

𝑠 𝐋

𝐁𝜒
𝑠 𝐅

𝜒
𝑠 𝐉

𝜒
𝐊

𝜒
𝑠 𝐋 𝐇𝜒

𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝝌 (0)

𝝌 (1)

𝝌 (2)

𝝌 (3)

𝝌 (4)

𝝌 (5)

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(23b)

where the stiffness components of the FG microplates are defined as
follows:

(

𝐀𝜀,𝐁𝜀,𝐃𝜀,𝐇𝜀
𝑠 ,𝐁

𝜀
𝑠 ,𝐃

𝜀
𝑠
)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1, 𝛷
2
1 , 𝛷

2
2 , 𝛷2, 𝛷1𝛷2

)

𝐐(𝑖)
𝜀 𝑑𝑥3 (24a)

𝐀𝜀
𝑠 = ∫

ℎ∕2

−ℎ∕2
𝛷2

3𝐐
(𝑜)
𝜀 𝑑𝑥3 (24b)

(

𝐀𝜒 ,𝐁
𝜒
,𝐁

𝜒
𝑠 ,𝐁

𝜒
,𝐁

𝜒

𝑠 ,𝐁
𝜒
𝑠

)

=
(

𝐴𝜒 , 𝐵
𝜒
, 𝐵

𝜒
𝑠 , 𝐵

𝜒
, 𝐵

𝜒

𝑠 , 𝐵
𝜒
𝑠

)

𝐈6×6

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1,3, 𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝛼𝜒 𝐈6×6𝑑𝑥3
(24c)

(

𝐃
𝜒
,𝐃

𝜒
𝑠 ,𝐄

𝜒
,𝐄

𝜒
𝑠 ,𝐅

𝜒
𝑠

)

=
(

𝐷
𝜒
, 𝐷

𝜒
𝑠 , 𝐸

𝜒
, 𝐸

𝜒
𝑠 , 𝐹

𝜒
𝑠

)

𝐈6×6

= ∫

ℎ∕2

−ℎ∕2
𝛷1,3

(

𝛷1,3, 𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝛼𝜒 𝐈6×6𝑑𝑥3
(24d)

(

𝐇
𝜒
𝑠 ,𝐆

𝜒
𝑠 , 𝐈

𝜒
, 𝐉

𝜒)
=
(

𝐻
𝜒
𝑠 , 𝐺

𝜒
𝑠 , 𝐼

𝜒
, 𝐽

𝜒)
𝐈6×6

= ∫

ℎ∕2

−ℎ∕2
𝛷2,3

(

𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝛼𝜒 𝐈6×6𝑑𝑥3 (24e)

7



V.-T. Tran, T.-K. Nguyen, P.T.T. Nguyen et al. Thin-Walled Structures 177 (2022) 109473

Table 10
Comparison study between MCS (10.000 samples) and PCE (16 samples) for the mean, standard deviation (SD), Kurtosis and Skewness for the
critical buckling loads of the FG microplates with axial compression (𝑎∕ℎ = 10, MAT 1).

BCs 𝑝 Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

ℎ∕𝑙 = 1

SSSS 1 PCE 58.4624 9.8782 2.3812 0.3725 16.9 12.50 57.9757
MCS 58.4657 9.8788 2.3809 0.3721 16.9 322.38

5 PCE 32.4824 3.2687 2.3614 0.3419 10.1 11.91 32.3346
MCS 32.4856 3.2688 2.3615 0.3420 10.1 342.57

10 PCE 26.7580 1.9125 2.3526 0.3299 7.1 12.10 26.6745
MCS 26.7544 1.9128 2.3529 0.3295 7.1 333.43

CCCC 1 PCE 207.7745 35.5152 2.3821 0.3741 17.1 11.25 206.0174
MCS 207.7809 35.5145 2.3815 0.3737 17.1 329.37

5 PCE 113.6983 11.7596 2.3717 0.3584 10.3 12.48 113.1408
MCS 113.6748 11.7599 2.3722 0.3579 10.3 327.81

10 PCE 92.7044 6.6338 2.3664 0.3509 7.2 12.87 92.3964
MCS 92.7008 6.6344 2.3659 0.3502 7.2 340.11

ℎ∕𝑙 = 5

SSSS 1 PCE 11.3652 1.7074 2.3706 0.3542 15.0 12.43 11.2853
MCS 11.3660 1.7079 2.3712 0.3544 15.0 326.25

5 PCE 7.0992 0.5427 2.2761 0.1661 7.6 12.16 7.0872
MCS 7.1011 0.5430 2.2766 0.1659 7.6 328.68

10 PCE 6.3119 0.4242 2.2682 0.1635 6.7 11.94 6.3026
MCS 6.3131 0.4245 2.2686 0.1631 6.7 324.37

CCCC 1 PCE 28.8815 4.4686 2.3726 0.3578 15.5 12.15 28.6604
MCS 28.8786 4.4688 2.3721 0.3581 15.5 328.97

5 PCE 17.2289 1.3323 2.2976 0.2205 7.7 12.67 17.1832
MCS 17.2301 1.3325 2.2977 0.2200 7.7 327.24

10 PCE 14.9834 0.9562 2.2820 0.1926 6.4 12.53 14.9497
MCS 14.9864 0.9565 2.2826 0.1924 6.4 330.12

ℎ∕𝑙 = 10

SSSS 1 PCE 9.8931 1.4520 2.3685 0.3502 14.7 12.35 9.8259
MCS 9.8878 1.4525 2.3688 0.3507 14.7 329.26

5 PCE 6.3059 0.4577 2.2632 0.1269 7.3 12.11 6.2982
MCS 6.3113 0.4580 2.2628 0.1270 7.3 328.68

10 PCE 5.6729 0.3778 2.2586 0.1373 6.7 12.16 5.6659
MCS 5.6803 0.3781 2.2590 0.1374 6.7 331.58

CCCC 1 PCE 23.1786 3.4837 2.3697 0.3527 15.0 12.61 23.0067
MCS 23.1818 3.4832 2.3700 0.3531 15.0 330.83

5 PCE 14.1185 1.0505 2.2789 0.1739 7.4 12.89 14.0846
MCS 14.1109 1.0500 2.2783 0.1740 7.4 329.12

10 PCE 12.4604 0.8084 2.2651 0.1499 6.5 12.36 12.4363
MCS 12.4581 0.8079 2.2655 0.1501 6.5 333.84

(

𝐃
𝜒
,𝐃

𝜒

𝑠 ,𝐊
𝜒
𝑠 ,𝐇

𝜒

𝑠 ,𝐋
𝜒
,𝐇𝜒

𝑠

)

=
(

𝐷
𝜒
, 𝐷

𝜒

𝑠 , 𝐾
𝜒
𝑠 ,𝐻

𝜒

𝑠 , 𝐿
𝜒
,𝐻𝜒

𝑠

)

𝐈6×6

= ∫

ℎ∕2

−ℎ∕2

(

𝛷2
1,33, 𝛷1,33𝛷2,33, 𝛷1,33𝛷2, 𝛷

2
2,33, 𝛷2,33𝛷2, 𝛷

2
2

)

𝛼𝜒 𝐈6×6𝑑𝑥3
(24f)

The variation of work done by membrane compressive loads derived
from Eq. (6) is given by:

𝛿𝛱𝑉 = −∫𝐴
𝑁0

(

𝑢03,1𝛿𝑢
0
3,1 + 𝑢03,2𝛿𝑢

0
3,2

)

𝑑𝐴 (25)

where it is supposed that 𝑁0
1 = 𝑁0

2 = 𝑁0, 𝑁0
12 = 0. The variation of

kinetic energy 𝛿
∏

𝐾 derived from Eq. (9) is calculated by:

𝛿𝛱𝐾 = 1
2 ∫𝑉

𝜌
(

𝑢̇1𝛿𝑢̇1 + 𝑢̇2𝛿𝑢̇2 + 𝑢̇3𝛿𝑢̇3
)

𝑑𝑉

= 1
2 ∫𝐴

[

𝐼0
(

𝑢̇01𝛿𝑢̇
0
1 + 𝑢̇02𝛿𝑢̇

0
2 + 𝑢̇03𝛿𝑢̇

0
3
)

+𝐼1
(

𝑢̇01𝛿𝑢̇
0
3,1 + 𝑢̇03,1𝛿𝑢̇

0
1 + 𝑢̇02𝛿𝑢̇

0
3,2 + 𝑢̇03,2𝛿𝑢̇

0
2

)

+𝐽2
(

𝑢̇03,1𝛿𝜑̇1 + 𝜑̇1𝛿𝑢̇
0
3,1 + 𝑢̇03,2𝛿𝜑̇2 + 𝜑̇2𝛿𝑢̇

0
3,2

)

+𝐾2
(

𝜑̇1𝛿𝜑̇1 + 𝜑̇2𝛿𝜑̇2
)

+𝐽1
(

𝑢̇01𝛿𝜑̇1 + 𝜑̇1𝛿𝑢̇
0
1 + 𝑢̇02𝛿𝜑̇2 + 𝜑̇2𝛿𝑢̇

0
2
)

+ 𝐼2
(

𝑢̇03,1𝛿𝑢̇
0
3,1 + 𝑢̇03,2𝛿𝑢̇

0
3,2

)]

𝑑𝐴

(26)

where 𝐼0, 𝐼1, 𝐼2, 𝐽1, 𝐽2, 𝐾2 are mass components of the FG microplates
which are defined as follows:

(

𝐼0, 𝐼1, 𝐼2, 𝐽1, 𝐽2, 𝐾2
)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1, 𝛷
2
1 , 𝛷2, 𝛷1𝛷2, 𝛷

2
2
)

𝜌𝑑𝑥3 (27)

3. Series-type solutions of the FG microplates

Based on the Ritz method, the membrane and transverse displace-
ments, rotations

(

𝑢01, 𝑢
0
2, 𝑢

0
3, 𝜑1, 𝜑2

)

of the FG microplates can be ex-
pressed in terms of the series of approximation functions and associated
values of series as follows:

{

𝑢01(𝑥1, 𝑥2, 𝑡), 𝜑1(𝑥1, 𝑥2, 𝑡)
}

=
𝑁1
∑

𝑖=1

𝑁2
∑

𝑗=1

{

𝑢1𝑖𝑗 (𝑡) , 𝑥𝑖𝑗 (𝑡)
}

𝑅𝑖,1
(

𝑥1
)

𝑃𝑗
(

𝑥2
)

(28a)

{

𝑢02(𝑥1, 𝑥2, 𝑡), 𝜑2(𝑥1, 𝑥2, 𝑡)
}

=
𝑁1
∑

𝑖=1

𝑁2
∑

𝑗=1

{

𝑢2𝑖𝑗 (𝑡) , 𝑦𝑖𝑗 (𝑡)
}

𝑅𝑖
(

𝑥1
)

𝑃𝑗,2
(

𝑥2
)

(28b)

𝑢03(𝑥1, 𝑥2, 𝑡) =
𝑁1
∑

𝑖=1

𝑁2
∑

𝑗=1
𝑢3𝑖𝑗 (𝑡)𝑅𝑖

(

𝑥1
)

𝑃𝑗
(

𝑥2
)

(28c)

where 𝑢1𝑖𝑗 , 𝑢2𝑖𝑗 , 𝑢3𝑖𝑗 , 𝑥𝑖𝑗 , 𝑦𝑖𝑗 are variables to be determined; 𝑅𝑖
(

𝑥1
)

,
𝑃𝑗

(

𝑥2
)

are the shape functions in 𝑥1−, 𝑥2− direction, respectively.
As a result, five unknowns of the microplates only depend on two
shape functions. It should be noted that the accuracy, convergence rates
and numerical instabilities of the Ritz solution depends on the shape
functions, which were discussed details in previous studies [50,60–62].
The functions 𝑅𝑖

(

𝑥1
)

and 𝑃𝑗
(

𝑥2
)

are chosen to satisfy the boundary
conditions (BCs) in which the simply-supported and clamped ones are
followed:

8
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Table 11
Comparison study between MCS (10.000 samples) and PCE (16 samples) for the mean, standard deviation (SD), Kurtosis and Skewness for the
critical buckling loads of the FG microplates with biaxial compression (𝑎∕ℎ = 10, MAT 1).

BCs 𝑝 Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

ℎ∕𝑙 = 1

SSSS 1 PCE 29.2312 4.9391 2.3812 0.3725 16.9 11.14 28.9879
MCS 29.2307 4.9387 2.3813 0.3721 16.9 320.88

5 PCE 16.2412 1.6344 2.3614 0.3419 10.1 12.36 16.1673
MCS 16.2435 1.6343 2.3619 0.3418 10.1 326.53

10 PCE 13.3790 0.9562 2.3526 0.3299 7.1 12.68 13.3372
MCS 13.3822 0.9566 2.3527 0.3295 7.1 329.08

CCCC 1 PCE 109.0762 18.6345 2.3820 0.3740 17.1 11.27 108.1545
MCS 109.0770 18.6350 2.3826 0.3742 17.1 328.53

5 PCE 59.7307 6.1697 2.3713 0.3577 10.3 12.82 59.4389
MCS 59.7422 6.1695 2.3715 0.3578 10.3 330.13

10 PCE 48.7194 3.4811 2.3708 0.3522 7.1 13.06 48.5635
MCS 48.7209 3.4805 2.3711 03521 7.1 335.17

ℎ∕𝑙 = 5

SSSS 1 PCE 5.6826 0.8537 2.3706 0.3542 15.0 12.56 5.6427
MCS 5.6897 0.8541 2.3711 0.3539 15.0 330.21

5 PCE 3.5496 0.2714 2.2761 0.1661 7.6 12.69 3.5436
MCS 3.5574 0.2719 2.7657 0.1663 7.6 325.86

10 PCE 3.1560 0.2121 2.2682 0.1635 6.7 12.84 3.1513
MCS 3.1495 0.2125 2.2675 0.1637 6.7 327.46

CCCC 1 PCE 15.4284 2.3779 2.3724 0.3575 15.4 12.75 15.3135
MCS 15.4356 2.3775 2.3720 0.3578 15.4 327.88

5 PCE 9.2723 0.7193 2.2942 0.2125 7.8 12.10 9.2498
MCS 9.2688 0.7197 2.2948 0.2123 7.8 330.23

10 PCE 8.0932 0.5221 2.2796 0.1879 6.5 12.47 8.0786
MCS 8.0844 0.5226 2.2799 0.1876 6.5 328.87

ℎ∕𝑙 = 10

SSSS 1 PCE 4.9466 0.7260 2.3685 0.3502 14.7 12.90 4.9130
MCS 4.9508 0.7266 2.3688 0.3508 14.7 327.33

5 PCE 3.1530 0.2289 2.2631 0.1268 7.2 12.78 3.1491
MCS 3.1603 0.2284 2.2637 0.1270 7.2 329.48

10 PCE 2.8364 0.1889 2.2586 0.1373 6.7 12.25 2.8330
MCS 2.8294 0.1894 2.2590 0.1375 6.7 330.76

CCCC 1 PCE 12.4847 1.8671 2.3695 0.3522 15.0 12.77 12.3969
MCS 12.4846 1.8672 2.3694 0.3523 15.0 331.58

5 PCE 7.6855 0.5689 2.2750 0.1632 7.4 12.32 7.6723
MCS 7.6890 0.5685 2.2725 0.1634 7.4 333.05

10 PCE 6.8149 0.4410 2.2638 0.1469 6.5 12.66 6.8047
MCS 6.8201 0.4415 2.2634 0.1466 6.5 330.13

• Simply supported (S): 𝑢02 = 𝑢03 = 𝜑2 = 0 at 𝑥1 = 0, 𝑎 and
𝑢01 = 𝑢03 = 𝜑1 = 0 at 𝑥2 = 0, 𝑏

• Clamped (C): 𝑢01 = 𝑢02 = 𝑢03 = 𝜑1 = 𝜑2 = 0 at 𝑥1 = 0, 𝑎 and 𝑥2 = 0, 𝑏

The combination of S, C and Free (F) on the edges of the FG
microplates leads to the various BCs as follows: SSSS, CSCS, CCCC,
CFCF, SFSF which will be considered in the numerical examples. The
hybrid shape functions 𝑅𝑖

(

𝑥1
)

and 𝑃𝑗
(

𝑥2
)

for different BCs used in
this paper are listed in Table 1. Substituting Eq. (28) into Eqs. (21),
(25) and (26) and then the subsequent results into Eq. (10) lead to the
characteristic equations of motion of the FG microplates as follows:

𝐊𝐝 +𝐌𝐝̈ = 𝟎 (29)

where 𝐝 =
[

𝐮1 𝐮2 𝐮3 𝝋1 𝝋2
]𝑇 is the displacement vector to be

determined; 𝐊 = 𝐊𝜀 + 𝐊𝜒 is the stiffness matrix which is composed of
that of the strains 𝐊𝜀, symmetric rotation gradients 𝐊𝜒 ; 𝐌 is the mass
matrix. These components are given more details as follows:

𝐊𝜁 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐊𝜁11 𝐊𝜁12 𝐊𝜁13 𝐊𝜁14 𝐊𝜁15

𝑇𝐊𝜁12 𝐊𝜁22 𝐊𝜁23 𝐊𝜁24 𝐊𝜁25

𝑇𝐊𝜁13 𝑇𝐊𝜁23 𝐊𝜁33 𝐊𝜁34 𝐊𝜁35

𝑇𝐊𝜁14 𝑇𝐊𝜁24 𝑇𝐊𝜁34 𝐊𝜁44 𝐊𝜁45

𝑇𝐊𝜁15 𝑇𝐊𝜁25 𝑇𝐊𝜁35 𝑇𝐊𝜁45 𝐊𝜁55

⎤

⎥

⎥

⎥

⎥

⎥

⎦

with 𝜁 = {𝜀, 𝜒} (30)

where the components of stiffness matrix 𝐊𝜀 are defined as follows:

𝐾𝜀11
𝑖𝑗𝑘𝑙 = 𝐴𝜀

11𝑇
22
𝑖𝑘 𝑆00

𝑗𝑙 + 𝐴𝜀
66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 , 𝐾
𝜀12
𝑖𝑗𝑘𝑙 = 𝐴𝜀

12𝑇
02
𝑖𝑘 𝑆20

𝑗𝑙 + 𝐴𝜀
66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙

𝐾𝜀13
𝑖𝑗𝑘𝑙 = 𝐵𝜀

11𝑇
22
𝑖𝑘 𝑆00

𝑗𝑙 + 𝐵𝜀
12𝑇

02
𝑖𝑘 𝑆20

𝑗𝑙 + 2𝐵𝜀
66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙

𝐾𝜀14
𝑖𝑗𝑘𝑙 = 𝐵𝜀

𝑠11𝑇
22
𝑖𝑘 𝑆00

𝑗𝑙 + 𝐵𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 , 𝐾
𝜀15
𝑖𝑗𝑘𝑙 = 𝐵𝜀

𝑠12𝑇
02
𝑖𝑘 𝑆20

𝑗𝑙 + 𝐵𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙

𝐾𝜀22
𝑖𝑗𝑘𝑙 = 𝐴𝜀

22𝑇
00
𝑖𝑘 𝑆22

𝑗𝑙 + 𝐴𝜀
66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 , 𝐾
𝜀23
𝑖𝑗𝑘𝑙

= 𝐵𝜀
12𝑇

20
𝑖𝑘 𝑆02

𝑗𝑙 + 𝐵𝜀
22𝑇

00
𝑖𝑘 𝑆22

𝑗𝑙 + 2𝐵𝜀
66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙

𝐾𝜀24
𝑖𝑗𝑘𝑙 = 𝐵𝜀

𝑠12𝑇
20
𝑖𝑘 𝑆02

𝑗𝑙 + 𝐵𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 , 𝐾
𝜀25
𝑖𝑗𝑘𝑙 = 𝐵𝜀

𝑠22𝑇
00
𝑖𝑘 𝑆22

𝑗𝑙 + 𝐵𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙

𝐾𝜀33
𝑖𝑗𝑘𝑙 = 𝐷𝜀

11𝑇
22
𝑖𝑘 𝑆00

𝑗𝑙 +𝐷𝜀
12

(

𝑇 02
𝑖𝑘 𝑆20

𝑗𝑙 + 𝑇 20
𝑖𝑘 𝑆02

𝑗𝑙

)

+𝐷𝜀
22𝑇

00
𝑖𝑘 𝑆22

𝑗𝑙 + 4𝐷𝜀
66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙

+ 𝐴𝜀
𝑠44𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐴𝜀
𝑠55𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙 −𝑁0
(

𝑇 11
𝑖𝑘 𝑆00

𝑗𝑙 + 𝑇 00
𝑖𝑘 𝑆11

𝑗𝑙

)

𝐾𝜀34
𝑖𝑗𝑘𝑙 = 𝐷𝜀

𝑠11𝑇
22
𝑖𝑘 𝑆00

𝑗𝑙 +𝐷𝜀
𝑠12𝑇

20
𝑖𝑘 𝑆02

𝑗𝑙 + 2𝐷𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐴𝜀
𝑠55𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙

𝐾𝜀35
𝑖𝑗𝑘𝑙 = 𝐷𝜀

𝑠12𝑇
02
𝑖𝑘 𝑆20

𝑗𝑙 +𝐷𝜀
𝑠22𝑇

00
𝑖𝑘 𝑆22

𝑗𝑙 + 2𝐷𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐴𝜀
𝑠44𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙

𝐾𝜀44
𝑖𝑗𝑘𝑙 = 𝐻𝜀

𝑠11𝑇
22
𝑖𝑘 𝑆00

𝑗𝑙 +𝐻𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐴𝜀
𝑠55𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙

𝐾𝜀45
𝑖𝑗𝑘𝑙 = 𝐻𝜀

𝑠12𝑇
02
𝑖𝑘 𝑆20

𝑗𝑙 +𝐻𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 , 𝐾
𝜀55
𝑖𝑗𝑘𝑙 = 𝐻𝜀

𝑠22𝑇
00
𝑖𝑘 𝑆22

𝑗𝑙

+𝐻𝜀
𝑠66𝑇

11
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐴𝜀
𝑠44𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙 (31)

where

𝑇 𝑟𝑠
𝑖𝑘 = ∫

𝑎

0

𝜕𝑟𝑅𝑖
𝜕𝑥𝑟1

𝜕𝑠𝑅𝑘
𝜕𝑥𝑠1

𝑑𝑥1, 𝑆
𝑟𝑠
𝑗𝑙 = ∫

𝑎

0

𝜕𝑟𝑃𝑗

𝜕𝑥𝑟2

𝜕𝑠𝑃𝑙
𝜕𝑥𝑠2

𝑑𝑥2 (32)

The components of stiffness matrix 𝐊𝜒 are defined as follows:

𝐾𝜒11
𝑖𝑗𝑘𝑙 =

𝐴𝜒

4

(

𝑇 22
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆22

𝑗𝑙

)

,

𝐾𝜒12
𝑖𝑗𝑘𝑙 = −𝐴𝜒

4

(

𝑇 22
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆22

𝑗𝑙

)

𝐾𝜒13
𝑖𝑗𝑘𝑙 =

𝐵
𝜒

4

(

𝑇 02
𝑖𝑘 𝑆11

𝑗𝑙 − 𝑇 11
𝑖𝑘 𝑆02

𝑗𝑙

)

,

9
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Fig. 2. Flowchart of stochastic free vibration and buckling analysis of the FG microplates using PCE and MCS.

𝐾𝜒14
𝑖𝑗𝑘𝑙 =

1
4

(

𝐵𝜒
𝑠 𝑇

22
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐵𝜒
𝑠 𝑇

11
𝑖𝑘 𝑆22

𝑗𝑙 − 𝐵
𝜒

𝑠 𝑇
11
𝑖𝑘 𝑆02

𝑗𝑙

)

𝐾𝜒15
𝑖𝑗𝑘𝑙 =

1
4

(

𝐵
𝜒

𝑠 𝑇
02
𝑖𝑘 𝑆11

𝑗𝑙 − 𝐵𝜒
𝑠 𝑇

22
𝑖𝑘 𝑆11

𝑗𝑙 − 𝐵𝜒
𝑠 𝑇

11
𝑖𝑘 𝑆22

𝑗𝑙

)

,

𝐾𝜒22
𝑖𝑗𝑘𝑙 =

𝐴𝜒

4

(

𝑇 22
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆22

𝑗𝑙

)

𝐾𝜒23
𝑖𝑗𝑘𝑙 =

𝐵
𝜒

4

(

𝑇 11
𝑖𝑘 𝑆02

𝑗𝑙 − 𝑇 02
𝑖𝑘 𝑆11

𝑗𝑙

)

,

𝐾𝜒24
𝑖𝑗𝑘𝑙 =

1
4

(

𝐵
𝜒

𝑠 𝑇
11
𝑖𝑘 𝑆02

𝑗𝑙 − 𝐵𝜒
𝑠 𝑇

22
𝑖𝑘 𝑆11

𝑗𝑙 − 𝐵𝜒
𝑠 𝑇

11
𝑖𝑘 𝑆22

𝑗𝑙

)

𝐾𝜒25
𝑖𝑗𝑘𝑙 =

1
4

(

𝐵𝜒
𝑠 𝑇

22
𝑖𝑘 𝑆11

𝑗𝑙 + 𝐵𝜒
𝑠 𝑇

11
𝑖𝑘 𝑆22

𝑗𝑙 − 𝐵
𝜒

𝑠 𝑇
02
𝑖𝑘 𝑆11

𝑗𝑙

)

𝐾𝜒33
𝑖𝑗𝑘𝑙 =

1
4

(

𝐴𝜒 − 2𝐵
𝜒
+𝐷

𝜒)

×
(

𝑇 00
𝑖𝑘 𝑆22

𝑗𝑙 − 𝑇 20
𝑖𝑘 𝑆02

𝑗𝑙 − 𝑇 02
𝑖𝑘 𝑆20

𝑗𝑙 + 𝑇 22
𝑖𝑘 𝑆00

𝑗𝑙 + 2𝑇 11
𝑖𝑘 𝑆11

𝑗𝑙

)

+ 1
4
𝐷

𝜒 (

𝑇 00
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆00

𝑗𝑙

)

𝐾𝜒34
𝑖𝑗𝑘𝑙 =

1
4

[

(

𝐵
𝜒
𝑠 −𝐷

𝜒
𝑠

)(

𝑇 20
𝑖𝑘 𝑆02

𝑗𝑙 − 𝑇 22
𝑖𝑘 𝑆00

𝑗𝑙 − 𝑇 11
𝑖𝑘 𝑆11

𝑗𝑙

)

+𝐾
𝜒
𝑠

(

𝑇 20
𝑖𝑘 𝑆11

𝑗𝑙 − 𝑇 11
𝑖𝑘 𝑆20

𝑗𝑙

)

+𝐷
𝜒

𝑠 𝑇
11
𝑖𝑘 𝑆00

𝑗𝑙

]

𝐾𝜒35
𝑖𝑗𝑘𝑙 =

1
4

[

(

𝐵
𝜒
𝑠 −𝐷

𝜒
𝑠

)(

−𝑇 00
𝑖𝑘 𝑆22

𝑗𝑙 + 𝑇 02
𝑖𝑘 𝑆20

𝑗𝑙 − 𝑇 11
𝑖𝑘 𝑆11

𝑗𝑙

)

+𝐷
𝜒

𝑠 𝑇
00
𝑖𝑘 𝑆11

𝑗𝑙 +𝐾
𝜒
𝑠

(

𝑇 11
𝑖𝑘 𝑆20

𝑗𝑙 − 𝑇 20
𝑖𝑘 𝑆11

𝑗𝑙

)

]

𝐾𝜒44
𝑖𝑗𝑘𝑙 =

1
4

[

𝐻
𝜒
𝑠

(

𝑇 22
𝑖𝑘 𝑆00

𝑗𝑙 + 2𝑇 11
𝑖𝑘 𝑆11

𝑗𝑙

)

𝐻
𝜒

𝑠 𝑇
11
𝑖𝑘 𝑆00

𝑗𝑙 − 𝐿
𝜒 (

𝑇 11
𝑖𝑘 𝑆20

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆02

𝑗𝑙

)

+𝐻𝜒
𝑠

(

𝑇 22
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆22

𝑗𝑙

)

]

𝐾𝜒45
𝑖𝑗𝑘𝑙 =

1
4

[

𝐿
𝜒 (

𝑇 11
𝑖𝑘 𝑆20

𝑗𝑙 + 𝑇 02
𝑖𝑘 𝑆11

𝑗𝑙

)

−𝐻
𝜒
𝑠

(

𝑇 02
𝑖𝑘 𝑆20

𝑗𝑙 + 𝑇 11
𝑖𝑘 𝑆11

𝑗𝑙

)

−𝐻𝜒
𝑠

(

𝑇 11
𝑖𝑘 𝑆22

𝑗𝑙 + 𝑇 22
𝑖𝑘 𝑆11

𝑗𝑙

)]

𝐾𝜒55
𝑖𝑗𝑘𝑙 =

1
4

[

𝐻
𝜒
𝑠

(

2𝑇 11
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 00
𝑖𝑘 𝑆22

𝑗𝑙

)

+𝐻
𝜒

𝑠 𝑇
00
𝑖𝑘 𝑆11

𝑗𝑙

−𝐿
𝜒 (

𝑇 20
𝑖𝑘 𝑆11

𝑗𝑙 + 𝑇 02
𝑖𝑘 𝑆11

𝑗𝑙

)

+𝐻𝜒
𝑠

(

𝑇 11
𝑖𝑘 𝑆22

𝑗𝑙 + 𝑇 22
𝑖𝑘 𝑆11

𝑗𝑙

)]

(33)

The components of mass matrix 𝐌 are given by:

𝑀11
𝑖𝑗𝑘𝑙 = 𝐼0𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙 ,𝑀
13
𝑖𝑗𝑘𝑙 = 𝐼1𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙 ,𝑀
14
𝑖𝑗𝑘𝑙 = 𝐽1𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙

𝑀22
𝑖𝑗𝑘𝑙 = 𝐼0𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙 ,𝑀
23
𝑖𝑗𝑘𝑙 = 𝐼1𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙 ,𝑀
25
𝑖𝑗𝑘𝑙 = 𝐽1𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙

𝑀33
𝑖𝑗𝑘𝑙 = 𝐼0𝑇

00
𝑖𝑘 𝑆00

𝑗𝑙 + 𝐼2
(

𝑇 11
𝑖𝑘 𝑆00

𝑗𝑙 + 𝑇 00
𝑖𝑘 𝑆11

𝑗𝑙

)

,𝑀34
𝑖𝑗𝑘𝑙 = 𝐽2𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙 ,

𝑀35
𝑖𝑗𝑘𝑙 = 𝐽2𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙

10
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Fig. 3. PDF and PoE of MCS and PCE for the fundamental frequency (Hz) of FG plates with SSSS, SFSF and CFCF BCs (𝑝 = 1, 𝑎∕ℎ = 5).

𝑀44
𝑖𝑗𝑘𝑙 = 𝐾2𝑇

11
𝑖𝑘 𝑆00

𝑗𝑙 ,𝑀
55
𝑖𝑗𝑘𝑙 = 𝐾2𝑇

00
𝑖𝑘 𝑆11

𝑗𝑙 (34)

The critical buckling loads of the FG microplates can be obtained
from solving Eq. (29) by setting 𝐌 = 0. For free vibration analysis,
the natural frequency 𝜔 of the FG microplates can be solved from the
equation:

(

𝐊 − 𝜔2𝐌
)

𝐝 = 𝟎 by denoting 𝐝 (𝑡) = 𝐝𝑒𝑖𝜔𝑡 and 𝑖2 = −1, which
is imaginary unit.

4. Polynomial chaos expansion (PCE)

The PCE of real value random variables is investigated by starting
from a univariate case and passing to a multivariate one. The first step
of PCE is to approximate the responses, 𝑢̂, which is a quantity of interest

(QoI). In this paper, 𝑢̂ is fundamental frequency or critical buckling
load of the FG microplates in terms of a truncated orthogonal series
as follows ([63,64]):

𝑢̂ ≈ 𝑢̂𝑃𝐶𝐸 (𝐱) =
𝑃−1
∑

𝑖=0
𝑐𝑖𝐻𝑒𝑖 (𝐪) + 𝑟 (35)

where 𝑢̂𝑃𝐶𝐸 is the response of interest obtained from the PCE; 𝐪 is
a vector of independent random variables in PCE space mapped to
physical random parameters 𝐱; 𝐻𝑒𝑖 are multivariate orthogonal basis
functions; 𝑐𝑖 are coefficients to be determined so that the residual
𝑟 is minimized; 𝑃 is the permutation of the qualified order of the
polynomial 𝑛, and the number of random variable 𝑑, which is given

11
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Fig. 4. PDF and PoE of MCS and PCE methods for the fundamental frequency (Hz) of FG microplates with SSSS, CSCS, CCCC BCs (𝑝 = 5, ℎ∕𝑙 = 1, 𝑎∕ℎ = 10).

by Askey’s scheme ([63]):

𝑃 =
(𝑛 + 𝑑)!
𝑛!𝑑!

(36)

The second step is to estimate all associated coefficients. This task
can be easily obtained by forcing the residual minimum resulting in
the inner product of the residual and each basis function 𝐻𝑒𝑖 becomes
zero. By taking the inner product of both sides of Eq. (35) with respect
to 𝐻𝑒𝑗 :

⟨

𝑢̂,𝐻𝑒𝑗
⟩

=
𝑃−1
∑

𝑖=0
𝑐𝑖
⟨

𝐻𝑒𝑖,𝐻𝑒𝑗
⟩

(37)

then enforcing the orthogonality of 𝐻𝑒𝑗 , Eq. (37) becomes:

𝑐𝑖 =
⟨𝑢̂,𝐻𝑒𝑖⟩

⟨𝐻𝑒𝑖,𝐻𝑒𝑖⟩
= 1

⟨𝐻𝑒𝑖,𝐻𝑒𝑖⟩ ∫
𝑢̂𝐻𝑒𝑖𝝆𝑄 (𝐪) 𝑑𝐪 (38)

where 𝐻𝑒𝑖 is Hermite polynomial, and the ‘‘truth’’ response 𝑢̂ is un-
known, thus Gauss–Hermite quadrature approach is implemented for
computing 𝑐𝑖 as follows:

𝑐𝑖 =
1
𝛾𝑖

𝑁1
𝑔𝑝

∑

𝑗1=1
…

𝑁𝑑
𝑔𝑝

∑

𝑗𝑑=1

(

𝑤1
𝑗1
×⋯ ×𝑤𝑑

𝑗𝑑

)

× 𝑢̂
(

𝑞1𝑗1 ,… , 𝑞𝑑𝑗𝑑

)

×𝐻𝑒𝑖
(

𝑞1𝑗1 ,… , 𝑞𝑑𝑗𝑑

)

(39)

12
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Fig. 5. PDF and PoE of MCS and PCE for the critical buckling load of FG plates with SFSF, SSSS, CFCF BCs under axial compression (𝑝 = 1, 𝑎∕ℎ = 5).

where 𝛾𝑖 = ⟨𝐻𝑒𝑖,𝐻𝑒𝑖⟩ can be analytically computed; 𝑁 𝑖
𝑔𝑝 is the number

of quadrature point; 𝑞𝑖𝑗 and 𝑤𝑖
𝑗 are the set of quadrature points and their

weights, respectively for the random variable 𝑖th. For convenience, 𝑁 𝑖
𝑔𝑝

for each variable is chosen equally such that:

𝑁1
𝑔𝑝 = 𝑁2

𝑔𝑝 = ⋯ = 𝑁𝑑
𝑔𝑝 = 𝑁𝑔𝑝 (40)

where 𝑁𝑔𝑝 = 𝑛 + 1 and the total number of Gauss points is at
least (𝑛 + 1)𝑑 . Note that in Eq. (39), 𝑢̂

(

𝑞1𝑗1 ,… , 𝑞𝑑𝑗𝑑

)

is the ‘‘exact’’
response obtained from the ‘‘truth’’ computational model by solving
Eq. (29). It means that in order to estimate all polynomial coefficients

𝑐𝑖, (𝑛 + 1)𝑑 FG microplate models need to be run for 𝑢̂. For the third-
order PCE model of four random variables, for instance, (3 + 1)4 = 256
‘‘truth’’ samples (i.e., drawn from the FG microplate model represented
in Eq. (29)), which is considered as the total computational cost of
deriving PCE model, are needed.

Another advantage of PCE is that the mean and variance of the
response can be analytical estimated from its coefficients as:

𝜇𝑢̂ = 𝐸
[

𝑢̂𝑃𝐶𝐸
]

= 𝑐0; 𝜎2𝑢̂ = 𝐸
[

(

𝑢̂𝑃𝐶𝐸 − 𝜇𝑢̂
)2
]

=
𝑃−1
∑

𝑖=1
𝑐2𝑖 ⟨𝐻𝑒𝑖,𝐻𝑒𝑖⟩ =

𝑃−1
∑

𝑖=1
𝑐2𝑖 𝛾𝑖 (41)

13
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Fig. 6. PDF and PoE of MCS and PCE for the critical buckling load of FG microplates with SSSS, CSCS, CCCC BCs under axial compression (𝑝 = 5, ℎ∕𝑙 = 1, 𝑎∕ℎ = 10).

Moreover, Sobol’ sensitivity indices can be also estimated directly from
the PCE coefficients in which 𝑆𝑘 is the first-order main effect, 𝑆𝑇

𝑘 is
the total sensitivity index of a random variable 𝑋𝑘 defined as follows
([65]):

𝑆𝑘 =
𝐷𝑘

𝜎2𝑢̂
;𝑆𝑇

𝑘 =
𝐷𝑇

𝑘

𝜎2𝑢̂
(42)

where 𝐷𝑘 =
∑

𝑗∈𝛤𝑘 𝑐
2
𝑗
⟨

𝐻𝑒𝑗 (𝐪) ,𝐻𝑒𝑗 (𝐪)
⟩

and 𝐷𝑇
𝑘 =

∑

𝑗∈𝛤 𝑇
𝑘
𝑐2𝑗

⟨

𝐻𝑒𝑗 (𝐪) ,
𝐻𝑒𝑗 (𝐪)

⟩

; 𝛤𝑘 includes all 𝑗 such that the multivariate function 𝐻𝑒𝑗 (𝐪)
only includes the variable 𝑞𝑘(i.e, 𝐻𝑒𝑗 (𝐪) = 𝐻𝑒𝑗

(

𝑞𝑘
)

), while 𝛤 𝑇
𝑘 includes

all 𝑗 such that 𝐻𝑒𝑗 (𝐪) must include the variable 𝑞𝑘(i.e, 𝐻𝑒𝑗 (𝐪) =
𝐻𝑒𝑗

(

𝑞1 … 𝑞𝑘 … 𝑞𝑑
)

).
Fig. 2 describes the framework for probabilistically assessing the

responses of the FG microplates using both PCE and MCS.

5. Numerical examples

In this section, numerical examples are carried out to investigate
stochastic buckling and free vibration behaviours of the FG microplates
with different BCs in which the shear function 𝛹

(

𝑥3
)

= cot−1
(

ℎ
𝑥3

)

−

14
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Fig. 7. PDF and PoE of MCS and PCE for the critical buckling load of FG microplates with SSSS, CSCS, CCCC BCs under biaxial compression (𝑝 = 5, ℎ∕𝑙 = 1, 𝑎∕ℎ = 10).

16𝑥33
15ℎ3 ([62]) is selected. The FG microplates are supposed to be made
of a mixture of ceramic and metal whose mean material properties are
given as follows:

• MAT 1: Al2O3 (𝐸𝑐 = 380 GPa, 𝜌𝑐 = 3800 kg/m3, 𝜈𝑐 = 0.3), Al
(𝐸𝑚 = 70 GPa, 𝜌𝑚 = 2702 kg/m3, 𝜈𝑚 = 0.3).

• MAT 2: Al2O3 (𝐸𝑐 = 14.4 GPa, 𝜈𝑐 = 0.38), Al (𝐸𝑚 = 1.44 GPa,
𝜈𝑚 = 0.38).

In order to investigate of the stochastic responses of the FG mi-
croplates, the material properties (𝐸𝑐 , 𝐸𝑚, 𝜌𝑐 , 𝜌𝑚) are assumed to be
randomly distributed via the lognormal distributions, and the coeffi-
cient of variation (COV) for all random variables is set to equal 10%.
The MCS with 10,000 samples is considered as the exact solutions for
comparison purpose.

For convenience, the following non-dimensional parameters are
used in the numerical examples:

𝜔 = 𝜔𝑎2

ℎ

√

𝜌𝑐
𝐸𝑐

(43a)

15
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Fig. 8. Probability density function (PDF) for the natural frequency and critical buckling load of SSSS FG microplates (𝑎∕ℎ = 10) with various power-law index 𝑝(PCE order-3).

𝑁𝑐𝑟 =
𝑁𝑐𝑟𝑎2

ℎ3𝐸𝑚
(43b)

For the convergence study, Table 2 shows the critical buckling loads
and fundamental frequencies of Al∕Al2O3 (MAT 1) square microplates
with length-to-thickness ratio (𝑎∕ℎ = 10), power-law index (𝑝 = 1)
and thickness to material length scale parameter ratio (ℎ∕𝑙 = 1). The
results are calculated with various BCs and the same number of series
in 𝑥1− and 𝑥2− direction (𝑁1 = 𝑁2 = 𝑁). It can be seen from Table 2
that the results converge quickly, and the number of series 𝑁 = 8 is
sufficient for the convergence and therefore this number will be used
in the following numerical examples.

5.1. Vibration analysis

In order to verify the accuracy of the present theory for vibration
analysis, Table 3 displays non-dimensional deterministic fundamental
frequencies of Al∕Al2O3 (MAT 1) microplates with SSSS and CCCC
BCs. Various values of 𝑝, ℎ∕𝑙 and 𝑎∕ℎ are considered. The obtained
solutions are compared with those reported by refined plate theory
(RPT) by He et al. [6] and Thai and Kim [56] using Navier solution
and Nguyen et al. [9] based on isogeometric analysis (IGA-RPT), and
by Thai et al. [13] using IGA-TSDT. It can be seen that there are good
agreements among the models.

16
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Fig. 9. Coefficient of variation (COV) with respect the power-law index 𝑝 of the FG microplates (𝑎∕ℎ = 10) with various BCs and ℎ∕𝑙.

Stochastic vibration analysis employs four random variables (𝐸𝑚, 𝐸𝑐 ,
𝜌𝑚, 𝜌𝑐) with the mean values of MAT 1. The MCS with 10,000 samples
is analysed for comparison purpose and used to investigate the per-
formance of the proposed PCE model. It should be noted that only 256
samples (see Eq. (36) for details) are needed for third-order PCE model.
The first four statistical moments of the fundamental frequency, namely
the mean, standard deviation (SD), skewness and kurtosis obtained
from the MCS and PCE models, for various values of 𝑝 and 𝑎∕ℎ are
compared in Tables 4 and 5. It can be observed that all statistical
moments obtained from MCS and PCE show good agreements in all
cases. The required computational time of the present approach is
about 1/47 compared with direct MCS method. The mean values

of fundamental frequencies for both PCE and MCS are close to the
deterministic ones for all BCs and different values of 𝑝. Interestingly,
although the COV of input random variables are kept the same, the
COV of fundamental frequency increases with the increase of 𝑝.

5.2. Buckling analysis

Table 6 illustrates the non-dimensional deterministic critical buck-
ling loads of Al∕Al2O3 (MAT 1) plates with SSSS and CCCC BCs for
various 𝑝 and 𝑎∕ℎ. The obtained results are validated with those re-
ported by Thai et al. [13] and Thai et al. [57]. An excellent agreement
with previous ones can be observed. In order to further verify the
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Fig. 10. Quantile–quantile plot of PCE and MCS method for the fundamental frequency and critical buckling load with axial compression of FG plates with various BCs (𝑝 = 1,
𝑎∕ℎ = 5).

proposed method, the deterministic critical buckling loads of SSSS FG
microplates with MAT 2 under biaxial loads are also calculated. The
results are compared with those from Thai et al. [13] (IGA-TSDT) and
by Nguyen et al. [9] (IGA-RPT). It can be seen in Table 7 that the results
predicted by proposed model are in good agreement with those from
previous ones.

Two random variables 𝐸𝑚, 𝐸𝑐 with the mean values of MAT 1 are
considered for stochastic buckling analysis. It should be noted that only
16 samples required for third-order PCE model. The results of the FG

plates and FG microplates with ℎ∕𝑙 = 1 for various BCs, 𝑝, 𝑎∕ℎ are given
in Tables 8–11. The statistical moments obtained from MCS and PCE
show good agreements. It is observed that the computational time in
this case is about 1/28 compared with direct MCS method. Again, the
mean values of critical buckling load for both PCE and MCS are close to
the corresponding deterministic responses. In contrast to fundamental
frequency, the COV of stochastic buckling loads decreases with the
increase of 𝑝.
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Fig. 11. Quantile–quantile plot of PCE and MCS method for the fundamental frequency and critical buckling load with axial compression of FG microplates with various BCs
(𝑝 = 5, ℎ∕𝑙 = 1, 𝑎∕ℎ = 10).

5.3. Reliability estimation and sensitivity results

Figs. 3–7 compare the probability density function (PDF) and prob-
ability of exceedance (PoE) of MCS and PCE for the vibration and
buckling analysis of the FG plates and microplates with various BCs.
It can be observed again that the results of MCS are in good agreement
with PCE. The effect of 𝑝 on PDF for SSSS FG microplates with third-
order PCE model is plotted in Fig. 8. Interestingly, the uncertainty in
the buckling load appears larger (i.e., their distribution spreads wider)
with the decrease of 𝑝, which are in contrast with the fundamental

frequency. It is consistent with what is observed from the comparison
of the COV of these stochastic responses shown in Fig. 9.

The linear quantile–quantile plots shown in Figs. 10 and 11 fur-
ther confirm the matching statistical distribution of the fundamental
frequencies and buckling loads computed from MCS and PCE. Thus,
the PCE method gives an affordable alternative solution to predict
the stochastic analysis of the FG microplates with multiple uncertain
material properties. Figs. 12 and 13 compare the sensitivity indices
based on the first-order and total Sobol indices for the vibration and
buckling analysis using MCS and PCE. It is seen that the Sobol indices
computed from the PCE are closely matched with those calculated from

19



V.-T. Tran, T.-K. Nguyen, P.T.T. Nguyen et al. Thin-Walled Structures 177 (2022) 109473

Fig. 12. First Sobol index of the random input variables with respect to the fundamental frequency and critical buckling load of SSSS FG microplates (𝑝 = 5, 𝑎∕ℎ = 10).

MCS. It is observed that the sensitivity indices of mass densities (𝜌𝑐 , 𝜌𝑚)
are higher than those of Young’s modulus (𝐸𝑐 , 𝐸𝑚) for all cases.

6. Conclusions

A unified higher-order shear deformation plate theory for stochastic
vibration and buckling analysis of the FG microplates has been pro-
posed in this paper. It is developed from fundamental equations of the
elasticity theory. The solution field is approximated by bi-directional
series in which hybrid shape functions are proposed, then the stiffness

and mass matrix are explicitly derived. By applying the polynomial
chaos expansion, only 256 and 16 samples are needed to compute
stochastic fundamental frequency and critical buckling load, which is
much less than the sample size of 10,000 of the Monte Carlo Simulation.
Numerical examples are investigated for different configurations of
material distribution, side-to-thickness ratio, and boundary conditions
on the natural frequencies and critical buckling loads of the FG mi-
croplates. The proposed unified size dependent plate model presents the
accuracy and efficiency in predicting stochastic vibration and buckling
behaviours of the FG microplates.
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Fig. 13. Total Sobol index of the random input variables with respect to the fundamental frequency and critical buckling load of the CCCC FG microplates (𝑎∕ℎ = 10).
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A B S T R A C T

A BCMO-ANN algorithm for vibration and buckling optimization of functionally graded porous (FGP)
microplates is proposed in this paper. The theory is based on a unified framework of higher-order shear
deformation theory and modified couple stress theory. A combination of artificial neural network (ANN) and
balancing composite motion optimization (BCMO) is developed to solve the optimization problems and predict
stochastic vibration and buckling behaviors of functionally graded porous microplates with uncertainties of
material properties. The characteristic equations are derived from Hamilton’s principle and approximation of
field variables under Ritz-type exponential series. Numerical results are obtained to investigate the effects of the
material distribution, material length scale, porosity density and boundary conditions on natural frequencies
and critical buckling loads of functionally graded porous microplates. The novel results derived from this paper
can be used as future references.

1. Introduction

The recent development of functionally graded porous (FGP) mi-
croplates with continuous material variations in a required direction
and significant porosity density requires advanced computational theo-
ries and models. However, it is well known that the classical elasticity
theory could not accurately predict the behaviors of such structures at a
small scale [1]. To overcome this problem, the material size-dependent
theory has been proposed to predict static and dynamic behaviors
of nano- and micro-structures using different approaches. The nonlo-
cal elasticity theory initiated by Eringen [2] can be used to capture
the size effects of nanostructures, and has been used for analyzing
functionally graded nanoplates [3–7], nano shells [8] and nanobeams
[9–14]. Nevertheless, the implementation of this theory for microplates
with different boundary conditions appears to be quite complicated.
Another way to investigate the size effects is to use the modified couple
stress theory (MCT) or modified strain gradient theory (MST). These
theories have been employed to predict the behaviors of isotropic and
functionally graded microplates with various displacement fields [15–
27]. Literature shows that the study of size effects on static and dynamic
responses of FGP microplates is still limited. Kim et al. [28] presented
static, free vibration and buckling behaviors of FGP simply-supported
microplates by using MCT, classical and first-order shear deformation
theories (FSDT). Fan et al. [29], Thanh et al. [30] investigated the
nonlinear buckling and vibration responses of FGP microplates using

∗ Corresponding author.
E-mail address: ntkien@hutech.edu.vn (T.-K. Nguyen).

MCT, isogeometric approach and higher-order shear deformation the-
ory (HSDT). Guo et al. [31] investigated forced vibration responses of
exponentially FGP microplates under moving loads.

Moreover, to optimize static and dynamic behaviors of structures,
meta-heuristic optimization methods [32] are recently considered as
robust and reliable approaches for a wide range of complicated op-
timization problems, in which most of them was inspired by natural
phenomena such as Moth-Fame Algorithm (MFA) [33], Gravitational
Search Algorithm (GSA) [34], Firefly Algorithms (FA) [35], Memetic
Algorithm (MA) [36], Ant Colony Optimization (ACO) [37], Parti-
cle Swarm Optimization (PSO) [38], Differential Evolution (DE) [39],
Genetic Algorithms (GA) [40], Spotted Hyena Optimizer [41], etc.
Owing to its advantages, these optimization algorithms have been
applied for the optimization of functionally graded plates [42–46],
nanoplates [47] and micro-beams [48]. In practice, the algorithms
require dependent parameters and high computational costs. In order to
overcome this adverse, the Balancing Composite Motion Optimization
algorithm (BCMO) [49] has been recently developed, in which no
dependent parameters are required. This method is inspired by the
fact that the solution space is assumed to be in Cartesian coordinates
and the searching movements of candidate solutions are compositely
equalized in both global and local ones. In fact, a candidate solution
can move closer to better ones to exploit the local regions, and move
further to explore the search space. Thus, the best-ranked individual
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Fig. 1. Geometry of a FGP plate.

in each generation can jump immediately from space to space or
intensify its current local space. The BCMO has been applied to opti-
mize behaviors of functionally graded plates [50,51]. Furthermore, the
machine learning, which involves an artificial neural network (ANN),
has been used to predict the behaviors of materials [52–60]. A literature
review shows that although many investigations on the optimization
analysis of composite/functionally graded plates have been done, as
far as the authors are aware, similar research on the FGP microplates
with uncertain materials is still very limited. Besides, the combination
between the BCMO algorithm and ANN to determine optimal responses
for FGP microplates with uncertainties of material properties has not
been developed yet. These are the main novelty and contributions of
this paper.

The objective of this paper is to predict optimal responses of natural
frequencies and critical buckling loads of FGP microplates subjected to
uncertainties of material properties. The theory is based on a unified
microplate model using a general framework of HSDT and MCT for
analyzing FGP materials. A combination of BCMO-ANN is proposed to
solve the optimization problems and predict stochastic vibration and
buckling behaviors of FGP microplates. The characteristic equations
are derived from Hamilton’s principle, and the Ritz-type series method
with hybrid shape functions is used to approximate the field variables.
Various configurations of the material distribution, material length
scale, porosity density and boundary conditions are investigated for
natural frequencies and critical buckling loads of FGP microplates.

2. Theoretical formulation

Consider a FGP rectangle microplate in the coordinate system
(

𝑥1, 𝑥2, 𝑥3
)

with sides 𝑎×𝑏 and thickness ℎ as shown in Fig. 1. The FGP
microplate is composed of a mixture of ceramic and metallic materials,
whose properties vary continuously in the thickness direction. The
mixture has a porosity with the volume fraction 𝛽. The effective
material properties of FGP microplates can be approximated by the
following expression [6,30,61]:

𝑃
(

𝑥3
)

=
(

𝑃𝑐 − 𝑃𝑚
)

(

2𝑥3 + ℎ
2ℎ

)𝑝
+ 𝑃𝑚 −

𝛽
2
(

𝑃𝑐 + 𝑃𝑚
)

(1)

where 𝑃𝑐 and 𝑃𝑚 are the properties of ceramic and metal materials,
respectively, which include Young’s moduli 𝐸, mass density 𝜌, Poisson’s
ratio 𝜈; 𝛽 ≤ 1 is the porous volume fraction; 𝑝 is the power-law index
which is positive and 𝑥3 ∈

[

−ℎ∕2, ℎ∕2
]

.

2.1. Modified couple stress theory

The total potential energy of the FGP microplate is composed of the
strain energy 𝛱𝑆𝐸 , work done by membrane forces 𝛱𝑊 , and kinetic

energy 𝛱𝐾𝐸 . Based on the MCT, the strain energy of the FGP microplate
is given by:

𝛱𝑆𝐸 = ∫𝑉

(

σε +𝐦χ
)

𝑑𝑉 (2)

where 𝜀𝑖𝑗 and 𝜒𝑖𝑗 are components of strains and symmetric rotation
gradients, respectively; 𝜎𝑖𝑗 is the component of Cauchy stress; 𝑚𝑖𝑗 is the
high-order stress associated to the strain gradient 𝜒𝑖𝑗 . The components
of strain and strain gradients are defined as follows:

𝜀𝑖𝑗 =
1
2
(

𝑢𝑖,𝑗 + 𝑢𝑗,𝑖
)

(3a)

𝜒𝑖𝑗 =
1
4
(

𝑢𝑛,𝑚𝑗𝑒𝑖𝑚𝑛 + 𝑢𝑛,𝑚𝑖𝑒𝑗𝑚𝑛
)

(3b)

where 𝑒𝑖𝑚𝑛 is permutation symbol; 𝑢𝑖 is displacement. The stress com-
ponents are calculated from the constitutive equations as follows:

𝜎𝑖𝑗 = 𝜆𝜀𝑘𝑘𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 (4a)

𝑚𝑖𝑗 = 2𝜇𝑙2𝜒𝑖𝑗 (4b)

where 𝛿𝑖𝑗 is delta Kronecker; 𝜆 and 𝜇 are Lamé constants; 𝑙 is material
length scale parameter (MLSP) which is used to measure the effect of
stress couple [62]. In practice, the MLSP depends on materials and size
of structures [63], which can be determined by experimental works
[64]. The work done by membrane compressive loads of the FGP
microplate is given by:

𝛱𝑊 = −∫𝐴

[

𝑁0
1

(

𝑢03,1
)2

+ 2𝑁0
12𝑢

0
3,1𝑢

0
3,2 +𝑁0

2

(

𝑢03,2
)2

]

𝑑𝐴 (5)

where 𝑁0
1 , 𝑁

0
2 and 𝑁0

12 are membrane compressive loads. The kinetic
energy of the FGP microplate 𝛱𝐾𝐸 is expressed by:

𝛱𝐾 = 1
2 ∫𝑉

𝜌
(

𝑥3
) (

𝑢̇21 + 𝑢̇22 + 𝑢̇23
)

𝑑𝑉 (6)

where 𝜌
(

𝑥3
)

is mass density of the FGP microplate; 𝑢̇1 = 𝑢1,𝑡, 𝑢̇2 = 𝑢2,𝑡,
𝑢̇3 = 𝑢3,𝑡 are velocities in 𝑥1−, 𝑥2− and 𝑥3− directions, respectively.

2.2. Unified higher-order shear deformation theory

The general higher-order shear deformation theory for FGP mi-
croplates is given by [59]:

𝑢1
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢01
(

𝑥1, 𝑥2
)

+𝛷1
(

𝑥3
)

𝑢03,1 +𝛷2
(

𝑥3
)

𝜑1
(

𝑥1, 𝑥2
)

𝑢2
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢02
(

𝑥1, 𝑥2
)

+𝛷1
(

𝑥3
)

𝑢03,2 +𝛷2
(

𝑥3
)

𝜑2
(

𝑥1, 𝑥2
)

𝑢3
(

𝑥1, 𝑥2, 𝑥3
)

= 𝑢03
(

𝑥1, 𝑥2
)

(7)

where 𝛷1
(

𝑥3
)

= 𝐻𝑠𝛹
(

𝑥3
)

− 𝑥3, 𝛷2
(

𝑥3
)

= 𝐻𝑠𝛹
(

𝑥3
)

; 𝐻𝑠 is the
transverse shear stiffness of the FGP microplates; 𝑓

(

𝑥3
)

is a higher-
order term which must satisfy condition 𝑓,3

(

𝑥3 = ± ℎ
2

)

= 0 and

2
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𝛹
(

𝑥3
)

= ∫ 𝑥3
0

2(1+𝜈)𝑓,3
𝐸(𝑥3)

𝑑𝑥3 = ∫ 𝑥3
0

𝑓,3
𝜇(𝑥3)

𝑑𝑥3. Substituting Eq. (7) into the
strains and strain gradients in Eq. (3), the components of strains ε𝑇 =
[

𝜀11 𝜀22 𝛾12 𝛾13 𝛾23
]

and strain gradients χ𝑇 =
[

𝜒11 𝜒22 2𝜒12 𝜒33 2𝜒13 2𝜒23
]

are obtained as follows:

ε(𝑖) = ε(0) +𝛷1
(

𝑥3
)

ε(1) +𝛷2
(

𝑥3
)

ε(2) +𝛷3
(

𝑥3
)

ε(3) (8a)

χ = χ(0) +𝛷1,3χ
(1) +𝛷2,3χ

(2) +𝛷1,33χ
(3) +𝛷2,33χ

(4) +𝛷2χ
(5) (8b)

where 𝛷3
(

𝑥3
)

= 𝐻𝑠𝛹,3 with 𝛹,3
(

𝑥3
)

= 𝑓,3(𝑥3)
𝜇(𝑥3)

and,

ε(0) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜀(0)11

𝜀(0)22

𝛾 (0)12

𝛾 (0)13

𝛾 (0)23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢01,1

𝑢02,2

𝑢01,2 + 𝑢02,1

0

0

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

, ε(1) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜀(1)11

𝜀(1)22

𝛾 (1)12

𝛾 (1)13

𝛾 (1)23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢03,11

𝑢03,22

2𝑢03,12

0

0

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

,

ε(2) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜀(2)11

𝜀(2)22

𝛾 (2)12

𝛾 (2)13

𝛾 (2)23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜑1,1

𝜑2,2

𝜑1,2 + 𝜑2,1

0

0

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(9a)

ε(3) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜀(3)11

𝜀(3)22

𝛾 (3)12

𝛾 (3)13

𝛾 (3)23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

0

0

0

𝜑1 + 𝑢03,1

𝜑2 + 𝑢03,2

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(9b)

χ(0) = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑢03,12

−𝑢03,12

𝑢03,22 − 𝑢03,11

0

𝑢02,11 − 𝑢01,12

𝑢02,12 − 𝑢01,22

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

,χ(1) = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

−𝑢03,12

𝑢03,12

𝑢03,11 − 𝑢03,22

0

0

0

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

,χ(2) = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

−𝜑2,1

𝜑1,2

𝜑1,1 − 𝜑2,2

𝜑2,1 − 𝜑1,2

0

0

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(9c)

χ(3) = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

0

0

0

0

−𝑢03,2

𝑢03,1

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

,χ(4) = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

0

0

0

0

−𝜑2

𝜑1

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

,χ(5) = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

0

0

0

0

𝜑2,11 − 𝜑1,12

𝜑2,12 − 𝜑1,22

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(9d)

The relationship between the stresses and strains of FGP microplates is
expressed as:

σ =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜎11

𝜎22

𝜎12

𝜎13

𝜎23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑄11 𝑄12 0 0 0

𝑄12 𝑄22 0 0 0

0 0 𝑄66 0 0

0 0 0 𝑄55 0

0 0 0 0 𝑄44

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜀11

𝜀22

𝛾12

𝛾13

𝛾23

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

= 𝐐𝜀ε (10a)

𝐦 =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑚11

𝑚22

𝑚12

𝑚33

𝑚23

𝑚13

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

= 2𝜇𝑙2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝜒11

𝜒22

𝜒12

𝜒33

𝜒23

𝜒13

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

= 𝛼𝜒 𝐈6×6χ (10b)

where 𝛼𝜒 = 2𝜇𝑙2, 𝑄11 = 𝐸(𝑥3)
1−𝜈2 , 𝑄22 = 𝐸(𝑥3)

1−𝜈2 , 𝑄12 = 𝜈𝐸(𝑥3)
1−𝜈2 𝑄44 = 𝑄55 =

𝑄66 = 𝜇 = 𝐸(𝑥3)
2(1+𝜈) .

To derive the equation of motion, Hamilton’s principle is used:

∫

𝑡2

𝑡1

(

𝛿𝛱𝑆𝐸 + 𝛿𝛱𝑊 − 𝛿𝛱𝐾𝐸
)

𝑑𝑡 = 0 (11)

where the variation of the strain energy 𝛿𝛱𝑆𝐸 of the FGP microplate
is derived from Eq. (2) as follows:

𝛿𝛱𝑆𝐸 = ∫𝐴

(

σ𝛿ε +𝐦𝛿χ
)

𝑑𝐴

= ∫𝐴

[

𝐌(0)
𝜀 𝛿ε(0) +𝐌(1)

𝜀 𝛿ε(1) +𝐌(2)
𝜀 𝛿ε(2) +𝐌(3)

𝜀 𝛿ε(3)

+𝐌(0)
𝜒 𝛿χ(0) +𝐌(1)

𝜒 𝛿χ(1) +𝐌(2)
𝜒 𝛿χ(2)

+𝐌(3)
𝜒 𝛿χ(3) +𝐌(4)

𝜒 𝛿χ(4) +𝐌(5)
𝜒 𝛿χ(5)

]

𝑑𝐴

(12)

where the stress resultants are given by:

(

𝐌(0)
𝜀 ,𝐌(1)

𝜀 ,𝐌(2)
𝜀 ,𝐌(3)

𝜀
)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1, 𝛷2, 𝛷3
)

σ𝑑𝑥3 (13a)

(

𝐌(0)
𝜒 ,𝐌(1)

𝜒 ,𝐌(2)
𝜒 ,𝐌(3)

𝜒 ,𝐌(4)
𝜒 ,𝐌(5)

𝜒

)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1,3, 𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝐦𝑑𝑥3 (13b)

These stress resultants can be obtained in terms of the strains and its
gradients as follows:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐌(0)
𝜀

𝐌(1)
𝜀

𝐌(2)
𝜀

𝐌(3)
𝜀

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐀𝜀 𝐁𝜀 𝐁𝜀
𝑠 𝟎

𝐁𝜀 𝐃𝜀 𝐃𝜀
𝑠 𝟎

𝐁𝜀
𝑠 𝐃𝜀

𝑠 𝐇𝜀
𝑠 𝟎

𝟎 𝟎 𝟎 𝐀𝜀
𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

ε(0)

ε(1)

ε(2)

ε(3)

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(14a)

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐌(0)
𝜒

𝐌(1)
𝜒

𝐌(2)
𝜒

𝐌(3)
𝜒

𝐌(4)
𝜒

𝐌(5)
𝜒

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐀𝜒 𝐁
𝜒

𝐁
𝜒
𝑠 𝐁

𝜒
𝐁
𝜒

𝑠 𝐁𝜒
𝑠

𝐁
𝜒

𝐃
𝜒

𝐃
𝜒
𝑠 𝐄

𝜒
𝐄
𝜒
𝑠 𝐅

𝜒
𝑠

𝐁
𝜒
𝑠 𝐃

𝜒
𝑠 𝐇

𝜒
𝑠 𝐆

𝜒
𝑠 𝐈

𝜒
𝐉
𝜒

𝐁
𝜒

𝐄
𝜒

𝐆
𝜒
𝑠 𝐃

𝜒
𝐃
𝜒

𝑠 𝐊
𝜒
𝑠

𝐁
𝜒

𝑠 𝐄
𝜒
𝑠 𝐈

𝜒
𝐃
𝜒

𝑠 𝐇
𝜒

𝑠 𝐋

𝐁𝜒
𝑠 𝐅

𝜒
𝑠 𝐉

𝜒
𝐊

𝜒
𝑠 𝐋 𝐇𝜒

𝑠

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

χ(0)

χ(1)

χ(2)

χ(3)

χ(4)

χ(5)

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(14b)

where the stiffness components of the FGP microplate are defined as
follows:

(

𝐀𝜀,𝐁𝜀,𝐃𝜀,𝐇𝜀
𝑠 ,𝐁

𝜀
𝑠 ,𝐃

𝜀
𝑠 ,𝐀

𝜀
𝑠
)

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1, 𝛷
2
1 , 𝛷

2
2 , 𝛷2, 𝛷1𝛷2, 𝛷

2
3
)

𝐐𝜀𝑑𝑥3

(15a)
(

𝐀𝜒 ,𝐁
𝜒
,𝐁

𝜒
𝑠 ,𝐁

𝜒
,𝐁

𝜒

𝑠 ,𝐁
𝜒
𝑠

)

=
(

𝐴𝜒 , 𝐵
𝜒
, 𝐵

𝜒
𝑠 , 𝐵

𝜒
, 𝐵

𝜒

𝑠 , 𝐵
𝜒
𝑠

)

𝐈6×6

= ∫

ℎ∕2

−ℎ∕2

(

1, 𝛷1,3, 𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝛼𝜒 𝐈6×6𝑑𝑥3
(15b)

3
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(

𝐃
𝜒
,𝐃

𝜒
𝑠 ,𝐄

𝜒
,𝐄

𝜒
𝑠 ,𝐅

𝜒
𝑠

)

=
(

𝐷
𝜒
, 𝐷

𝜒
𝑠 , 𝐸

𝜒
, 𝐸

𝜒
𝑠 , 𝐹

𝜒
𝑠

)

𝐈6×6

= ∫

ℎ∕2

−ℎ∕2
𝛷1,3

(

𝛷1,3, 𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝛼𝜒 𝐈6×6𝑑𝑥3
(15c)

(

𝐇
𝜒
𝑠 ,𝐆

𝜒
𝑠 , 𝐈

𝜒
, 𝐉

𝜒)
=
(

𝐻
𝜒
𝑠 , 𝐺

𝜒
𝑠 , 𝐼

𝜒
, 𝐽

𝜒)
𝐈6×6

= ∫

ℎ∕2

−ℎ∕2
𝛷2,3

(

𝛷2,3, 𝛷1,33, 𝛷2,33, 𝛷2
)

𝛼𝜒 𝐈6×6𝑑𝑥3 (15d)

(

𝐃
𝜒
,𝐃

𝜒

𝑠 ,𝐊
𝜒
𝑠 ,𝐇

𝜒

𝑠 ,𝐋
𝜒
,𝐇𝜒

𝑠

)

=
(

𝐷
𝜒
, 𝐷

𝜒

𝑠 , 𝐾
𝜒
𝑠 ,𝐻

𝜒

𝑠 , 𝐿
𝜒
,𝐻𝜒

𝑠

)

𝐈6×6

= ∫

ℎ∕2

−ℎ∕2

(

𝛷2
1,33, 𝛷1,33𝛷2,33, 𝛷1,33𝛷2, 𝛷

2
2,33, 𝛷2,33𝛷2, 𝛷

2
2

)

𝛼𝜒 𝐈6×6𝑑𝑥3
(15e)

The variation of work done 𝛿𝛱𝑊 by membrane compressive loads
derived from Eq. (5) is given by:

𝛿𝛱𝑉 = −∫𝐴
𝑁0

(

𝑢03,1𝛿𝑢
0
3,1 + 𝑢03,2𝛿𝑢

0
3,2

)

𝑑𝐴 (16)

where it is assumed that 𝑁0
1 = 𝑁0

2 = 𝑁0, 𝑁0
12 = 0. The variation of

kinetic energy 𝛿𝛱𝐾𝐸 derived from Eq. (6) is calculated by:

𝛿𝛱𝐾 = 1
2 ∫𝑉

𝜌
(

𝑢̇1𝛿𝑢̇1 + 𝑢̇2𝛿𝑢̇2 + 𝑢̇3𝛿𝑢̇3
)

𝑑𝑉

= 1
2 ∫𝐴

[

𝐼2
(

𝑢̇03,1𝛿𝑢̇
0
3,1 + 𝑢̇03,2𝛿𝑢̇

0
3,2

)

+𝐾2
(

𝜑̇1𝛿𝜑̇1 + 𝜑̇2𝛿𝜑̇2
)

𝐼0
(

𝑢̇01𝛿𝑢̇
0
1 + 𝑢̇02𝛿𝑢̇

0
2 + 𝑢̇03𝛿𝑢̇

0
3
)

+ 𝐼1
(

𝑢̇01𝛿𝑢̇
0
3,1 + 𝑢̇03,1𝛿𝑢̇

0
1 + 𝑢̇02𝛿𝑢̇

0
3,2 + 𝑢̇03,2𝛿𝑢̇

0
2

)

+𝐽1
(

𝑢̇01𝛿𝜑̇1 + 𝜑̇1𝛿𝑢̇
0
1 + 𝑢̇02𝛿𝜑̇2 + 𝜑̇2𝛿𝑢̇

0
2
)

+𝐽2
(

𝑢̇03,1𝛿𝜑̇1 + 𝜑̇1𝛿𝑢̇
0
3,1 + 𝑢̇03,2𝛿𝜑̇2 + 𝜑̇2𝛿𝑢̇

0
3,2

)]

𝑑𝐴

(17)

where 𝐼0, 𝐼1, 𝐼2, 𝐽1, 𝐽2, 𝐾2 are mass components of the FGP microplate
which are defined as:
(

𝐾2, 𝐽2, 𝐽1, 𝐼2, 𝐼1, 𝐼0
)

= ∫

ℎ∕2

−ℎ∕2

(

𝛷2
2 , 𝛷1𝛷2, 𝛷2, 𝛷

2
1 , 𝛷1, 1

)

𝜌𝑑𝑥3 (18)

3. Ritz method

Based on the Ritz method, the membrane and transverse displace-
ments, rotations

(

𝑢01, 𝑢
0
2, 𝑢

0
3, 𝜑1, 𝜑2

)

of the FGP microplate can be ex-
pressed in terms of the series of approximation functions and associated
values of series as follows:

𝑢01(𝑥1, 𝑥2, 𝑡) =
𝑛1
∑

𝑖=1

𝑛2
∑

𝑗=1
𝑢1𝑖𝑗 (𝑡)𝑅𝑖,1

(

𝑥1
)

𝑃𝑗
(

𝑥2
)

(19a)

𝑢02(𝑥1, 𝑥2, 𝑡) =
𝑛1
∑

𝑖=1

𝑛2
∑

𝑗=1
𝑢2𝑖𝑗 (𝑡)𝑅𝑖

(

𝑥1
)

𝑃𝑗,2
(

𝑥2
)

(19b)

𝑢03(𝑥1, 𝑥2, 𝑡) =
𝑛1
∑

𝑖=1

𝑛2
∑

𝑗=1
𝑢3𝑖𝑗 (𝑡)𝑅𝑖

(

𝑥1
)

𝑃𝑗
(

𝑥2
)

(19c)

𝜑1(𝑥1, 𝑥2, 𝑡) =
𝑛1
∑

𝑖=1

𝑛2
∑

𝑗=1
𝑥𝑖𝑗 (𝑡)𝑅𝑖,1

(

𝑥1
)

𝑃𝑗
(

𝑥2
)

(19d)

𝜑2(𝑥1, 𝑥2, 𝑡) =
𝑛1
∑

𝑖=1

𝑛2
∑

𝑗=1
𝑦𝑖𝑗 (𝑡)𝑅𝑖

(

𝑥1
)

𝑃𝑗,2
(

𝑥2
)

(19e)

where 𝑢1𝑖𝑗 , 𝑢2𝑖𝑗 , 𝑢3𝑖𝑗 , 𝑥𝑖𝑗 , 𝑦𝑖𝑗 are variables to be determined; 𝑅𝑖
(

𝑥1
)

and
𝑃𝑗

(

𝑥2
)

are the shape functions in 𝑥1−, 𝑥2− direction, respectively. As
a result, the five unknowns of the FGP microplate only depend on the
two shape functions. It should be noted that the accuracy, convergence
rates and numerical instabilities of the Ritz solution depend on the
construction of shape functions, which has been discussed in [65–
68]. The functions 𝑅𝑖

(

𝑥1
)

and 𝑃𝑗
(

𝑥2
)

are constructed to satisfy the
boundary conditions (BCs) (see Table 1) in which the simply-supported
and clamped–clamped BCs are as follows:

• Simply supported (S): 𝑢02 = 𝑢03 = 𝜑2 = 0 at 𝑥1 = 0, 𝑎 and
𝑢01 = 𝑢03 = 𝜑1 = 0at 𝑥2 = 0, 𝑏

• Clamped (C): 𝑢01 = 𝑢02 = 𝑢03 = 𝜑1 = 𝜑2 = 0 at 𝑥1 = 0, 𝑎 and 𝑥2 = 0, 𝑏

The combination of simply-supported, clamped boundary conditions
on the edges of the FGP microplate leads to the different BCs as
follows: SSSS, CSCS and CCCC will be considered in the numerical
examples. Substituting Eq. (19) into Eqs. (17), (16) and (12) and then
the subsequent results into Eq. (11) lead to the following characteristic
equations of motion of the FGP microplate:

𝐊𝐝 +𝐌𝐝̈ = 𝟎 (20)

where 𝐝 =
[

𝐮1 𝐮2 𝐮3 𝐱 𝐲
]𝑇 is the displacement vector to be

determined; 𝐊 = 𝐊𝜀 + 𝐊𝜒 is the stiffness matrix which consists of
the strains 𝐊𝜀 and the symmetric rotation gradients 𝐊𝜒 ; 𝐌 is the mass
matrix. The components of stiffness matrix and mass matrix are defined
in details in [25]. Furthermore, it is worthy to note that for buckling
analysis, the critical buckling loads of the FGP plate can be obtained
from Eq. (20) by setting 𝐌 = 0. For free vibration analysis, by denoting
𝐝 (𝑡) = 𝐝𝑒𝑖𝜔𝑡 where 𝜔 is the natural frequencies of the FGP microplate
and 𝑖2 = −1 is the imaginary unit, the natural frequencies can be
derived by solving the following equation:

(

𝐊 − 𝜔2𝐌
)

𝐝 = 𝟎.

4. ANN-BCMO algorithm

4.1. Optimization problem

The objective of the optimization problem in this study is to search
for the optimal material properties of the FGP microplate that can
maximize the natural frequencies or critical buckling loads subjected to
several constraints. The Young’s modulus and mass densities are con-
sidered as design variables. The formulation of constrained objective
functions for vibration optimization can be generally stated as:

Maximize 𝜔 = 𝑓
(

𝐸𝑐,𝑖, 𝐸𝑚,𝑖, 𝜌𝑐,𝑖, 𝜌𝑚,𝑖
)

Subjected to

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

(

𝐊 − 𝜔2𝐌
)

𝐝 = 𝟎

𝐸𝑐,min ≤ 𝐸𝑐,𝑖 ≤ 𝐸𝑐,max

𝐸𝑚,min ≤ 𝐸𝑚,𝑖 ≤ 𝐸𝑚,max

𝜌𝑐,min ≤ 𝜌𝑐,𝑖 ≤ 𝜌𝑐,max

𝜌𝑚,min ≤ 𝜌𝑚,𝑖 ≤ 𝜌𝑚,max

(21)

The formulation of constrained objective functions for critical buckling
loads of the FGP microplate can be expressed as follows:

Maximize 𝑁𝑐𝑟 = 𝑓
(

𝐸𝑐,𝑖, 𝐸𝑚,𝑖
)

Subjected to

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐌 = 𝟎

𝐸𝑐,min ≤ 𝐸𝑐,𝑖 ≤ 𝐸𝑐,max

𝐸𝑚,min ≤ 𝐸𝑚,𝑖 ≤ 𝐸𝑚,max

(22)

where 𝐸,min = 𝐸,mean − 5%𝐸,mean, 𝐸,max = 𝐸,mean + 5%𝐸,mean, 𝜌,min =
𝜌,mean − 5%𝜌,mean and 𝜌,max = 𝜌,mean + 5%𝜌,mean; 𝐸,mean and 𝜌,mean are
the mean values of Young’s modulus and mass density of constituent
materials, respectively.

4.2. Balancing composite motion optimization

Initiated by Le-Duc et al. [49], the BCMO is a population-based opti-
mization method, in which the main idea of this approach is to balance
individual composite motion properties in the global optimum. The

4
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Fig. 2. Flowchart of the BCMO algorithm.

equalization of global and local searching through a probabilistic model
of selection generates a movement mechanism for each individual.

Initialization: The population distribution is randomly initialized as
follows:

𝑥𝑖 = 𝑥𝐿𝑗 + 𝑟𝑎𝑛𝑑 (1, 𝑑) ×
(

𝑥𝑈𝑖 − 𝑥𝐿𝑗
)

(23)

where 𝑥𝐿𝑖 and 𝑥𝑈𝑖 are the lower and upper bounds of the 𝑖𝑡ℎ individual; 𝑑
is number of items. The objective function values of the population 𝑓 (𝑥)
is then evaluated and all individuals are ranked based on the sorting
𝑓 (𝑥) as follows:

𝑥 = arg 𝑠𝑜𝑟𝑡 {𝑓 (𝑥)} (24)

5
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Fig. 3. An artificial neural network structure.

Table 1
Approximation functions of series solutions with different BCs.

Boundary conditions Approximation functions

𝑅𝑗
(

𝑥1
)

𝑃𝑗
(

𝑥2
)

SSSS 𝑥1
(

𝑎 − 𝑥1
)

𝑒−
𝑗𝑥1
𝑎 𝑥2

(

𝑏 − 𝑥2
)

𝑒−
𝑗𝑥2
𝑏

CSCS 𝑥21
(

𝑎 − 𝑥1
)

𝑒−
𝑗𝑥1
𝑎 𝑥22

(

𝑏 − 𝑥2
)

𝑒−
𝑗𝑥2
𝑏

CCCC 𝑥21
(

𝑎 − 𝑥1
)2 𝑒−

𝑗𝑥1
𝑎 𝑥22

(

𝑏 − 𝑥2
)2 𝑒−

𝑗𝑥2
𝑏

Table 2
Convergence study of the series solution of Al/Al2O3 FGP plates with different boundary
conditions (𝑎∕ℎ = 10, 𝑝 = 10, 𝛽 = 0.1, ℎ∕𝑙 = 1).

Solution Number of series 𝑛 = 𝑛1 = 𝑛2
2 4 6 8 10 12

Normalized fundamental frequency
SSSS 7.6675 7.5748 7.5508 7.5531 7.5523 7.5529
CSCS 11.8257 11.4713 11.4652 11.4652 11.4652 11.4652
CCCC 16.4080 16.3353 16.3332 16.3281 16.3285 16.3283
Normalized critical buckling load with axial compression

(

𝑁0
1 , 𝑁

0
2 , 𝑁

0
12 = 1, 0, 0

)

SSSS 21.3756 21.1557 20.9383 20.8252 20.8263 20.8258
CSCS 42.7373 40.1757 39.0022 38.8722 38.8720 38.8721
CCCC 75.9027 74.8932 72.6642 72.4134 72.4140 72.4135

Instant global point and best individual: The instant global point
𝑥𝑡𝑂𝑖𝑛 is defined by the previous best of 𝑥𝑡−11 with respect to a trial 𝑢𝑡1
using the objective function.

𝑥𝑡𝑂𝑖𝑛 =

{

𝑢𝑡1 𝑖𝑓 𝑓
(

𝑢𝑡1
)

< 𝑓
(

𝑥𝑡−11
)

𝑥𝑡−11 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(25)

where 𝑢𝑡1 is determined using the current generation’s population infor-
mation as follows:

𝑢𝑡1 = 𝑢𝑐 + 𝑣𝑡𝑘1∕𝑘2 + 𝑣𝑡𝑘2∕1 (26)

where 𝑢𝑐 is the midpoint of the design space [𝐿𝐵,𝑈𝐵], which is
expressed as follows:

𝑢𝑐 =
𝐿𝐵 + 𝑈𝐵

2
(27)

Table 3
Normalized fundamental frequency of simply supported FGP microplates with
𝑎∕ℎ = 20.
𝛽 ℎ∕𝑙 Theory 𝑝

1 2 5 10

0 ∞ Present 4.5218 4.1098 3.8921 3.7631
IGA [16] 4.5228 4.1101 3.8884 3.7622

10 Present 4.6387 4.2122 3.9707 3.8305
IGA [16] 4.6351 4.2111 3.9688 3.8316

5 Present 4.9612 4.4980 4.2000 4.0302
IGA [16] 4.9568 4.5006 4.2005 4.0324

2 Present 6.7964 6.1561 5.5531 5.2202
IGA [16] 6.7948 6.1565 5.5551 5.2212

1 Present 11.1206 10.0595 8.8270 8.1468
IGA [16] 11.1043 10.0451 8.8287 8.1496

0.2 ∞ Present 4.2063 3.4877 3.0203 2.9228
IGA [16] 4.2068 3.4871 3.0179 2.9184

10 Present 4.3259 3.6089 3.1042 2.9862
IGA [16] 4.3331 3.6038 3.1056 2.9849

5 Present 4.6960 3.9324 3.3551 3.1733
IGA [16] 4.6914 3.9330 3.3550 3.1752

2 Present 6.6954 5.7322 4.7415 4.2613
IGA [16] 6.6819 5.7303 4.7440 4.2686

1 Present 11.2241 9.7475 7.9145 6.8643
IGA [16] 11.2026 9.7395 7.9132 6.8669

where 𝑣𝑡𝑘1∕𝑘2 is the relative motions of the individual 𝑘1th with respect
to the individual 𝑘2th; 𝑣𝑡𝑘2∕1 is the relative motions of the individ-
ual 𝑘2th with respect to the previous best one. 𝑣𝑡𝑘1∕𝑘2 and 𝑣𝑡𝑘2∕1 are
determined using 𝐿𝐿𝑆 = 1 as follows:

𝑣𝑖∕𝑗 = 𝛼𝑖𝑗
(

𝑥𝑗 − 𝑥𝑖
)

, 𝛼𝑖𝑗 = 𝐿𝐿𝑆 × 𝑑𝑣𝑖𝑗 (28)

where 𝑑𝑣𝑖𝑗 is a vector that can be calculated by the trial number 𝑇𝑉𝑗

𝑑𝑣𝑖𝑗 =

{

𝑟𝑎𝑛𝑑(1, 𝑑) 𝑖𝑓 𝑇 𝑉𝑗 > 0.5

−𝑟𝑎𝑛𝑑(1, 𝑑) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(29)

6
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Table 4
Mean and standard deviation (SD) of normalized fundamental frequency for FGP
microplates with 𝑎∕ℎ = 10 and SSSS boundary condition.
𝛽 𝑝 ℎ∕𝑙 Theory Mean SD Time (s) Present

0.1 1 10 Ritz-BCMO 4.4049 0.0496 615 4.4073
BCMO-ANN 4.4090 0.0491 10

5 Ritz-BCMO 4.7449 0.0517 620 4.7485
BCMO-ANN 4.7451 0.0513 9

1 Ritz-BCMO 11.0692 0.1051 617 11.0673
BCMO-ANN 11.0745 0.1059 11

10 10 Ritz-BCMO 3.3994 0.0953 625 3.4012
BCMO-ANN 3.4040 0.0961 10

5 Ritz-BCMO 3.5922 0.0997 623 3.6001
BCMO-ANN 3.6037 0.0993 12

1 Ritz-BCMO 7.5662 0.1991 627 7.5531
BCMO-ANN 7.5376 0.1983 10

0.2 1 10 Ritz-BCMO 4.2436 0.0509 630 4.2482
BCMO-ANN 4.2456 0.0512 11

5 Ritz-BCMO 4.6082 0.0522 624 4.6121
BCMO-ANN 4.6074 0.0530 11

1 Ritz-BCMO 11.1087 0.1075 628 11.1145
BCMO-ANN 11.1292 0.1066 12

10 10 Ritz-BCMO 2.8681 0.1277 631 2.8822
BCMO-ANN 2.8645 0.1274 12

5 Ritz-BCMO 3.0547 0.1323 630 3.0723
BCMO-ANN 3.0676 0.1309 10

1 Ritz-BCMO 6.7642 0.2269 628 6.7687
BCMO-ANN 6.7623 0.2270 11

Composite motion of individuals in solution space: In BCMO, 𝑣𝑗 is
the motion of the global search, which is determined by:

𝑣𝑗 = 𝛼𝑗
(

𝑥𝑂𝑖𝑛 − 𝑥𝑗
)

(30)

where 𝛼𝑗 is considered as the first-order derivation of the motion
distance

(

𝑥𝑂𝑖𝑛 − 𝑥𝑗
)

, that leads to:

𝛼𝑗 = 𝐿𝐺𝑆 × 𝑑𝑣𝑗 (31)

where

𝐿𝐺𝑆 =

⎧

⎪

⎨

⎪

⎩

𝑒−
1
𝑑

𝑗
𝑁𝑃 𝑟2𝑗 𝑖𝑓 𝑇 𝑉𝑗 > 0.5

𝑒
− 1
𝑑

(

1− 𝑗
𝑁𝑃

)

𝑟2𝑗 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(32)

where 𝑁𝑃 is the population size and 𝑑𝑣𝑗 is the vector that can be
calculated by the trial number 𝑇𝑉𝑗 :

𝑑𝑣𝑖𝑗 =

{

𝑟𝑎𝑛𝑑(1, 𝑑) 𝑖𝑓 𝑇 𝑉𝑗 > 0.5

−𝑟𝑎𝑛𝑑(1, 𝑑) 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(33)

The distance from the 𝑗th individual to 𝐎𝑖𝑛 call 𝑟𝑗 is calculated by:

𝑟𝑗 =
‖

‖

‖

𝑥𝑗 − 𝑥𝑂𝑖𝑛
‖

‖

‖

(34)

The probabilities of these 𝑣𝑖𝑘 cases are equal and can be determined
as follows:

𝑃
(

𝑣𝑖𝑘
)

= 𝑃
(

𝑣𝑖∕𝑗
)

× 𝑃
(

𝑣𝑗
)

= 0.5 × 0.5 = 0.25 𝑘 = 1,… , 4 (35)

The updated position of the 𝑖th individual at the next generation is:

𝑥𝑡+1𝑖 = 𝑥𝑡𝑖 + 𝑣𝑖∕𝑗 + 𝑣𝑗 (36)

The flowchart of the BCMO algorithm is illustrated in Fig. 2 (more
details about the BCMO algorithm can be found in [49]).

4.3. ANN-BCMO algorithm

The Artificial Neural Network (ANN) system shown in Fig. 3 con-
tains three kinds of layers, namely, input layer, hidden layer, output
layer in which each layer consists of neurons that are connected to

each other in the previous layer. The input data from the outside are
multiplied by the weights before they reach the nodes. Each node in
the next layer will get a sum of the output values of the previous nodes
multiplied with respective weights. The output data of the activation
function for the sum is expressed as follows:

𝑦𝑛𝑖 = 𝜑
(

𝑥𝑛𝑖
)

= 𝜑

(𝑙𝑚𝑛−1
∑

𝑗=1
𝑤𝑛−1

𝑖𝑗 × 𝑦𝑛−1𝑗 + 𝑏𝑛𝑖

)

(37)

where 𝑦𝑛𝑖 and 𝑥𝑛𝑖 are data pair output and input of activation function
of node 𝑖, respectively; 𝑤𝑛−1

𝑖𝑗 is the weight between the output node
𝑖 and input node 𝑗; 𝑏𝑛𝑖 is the bias of node 𝑗; 𝜑 is the activation
function. Moreover, it is known that the activation function plays an
important role in defining the output signal of each neuron in each
layer of a neural network. Different activation functions have been,
therefore, developed in the literature [69]. For the present study, the
activation function used to update weight and bias values is based on
the Levenberg–Marquardt optimization [70,71].

Furthermore, a loss function is required to evaluate the performance
of the prediction model. The objective of loss function is to measure the
difference between target values and predicted ones, from which during
the training process, the difference between the model outputs and
the target values are converged to zeros. The loss functions are hence
constructed to deal with different kinds of optimization problems.
In practice, the mean square error (MSE) [72] is commonly used to
evaluate the accuracy of the prediction model. It is also considered as
a loss function during training process of the ANN. The statement of
MSE is illustrated as follows:

𝑀𝑆𝐸 = 1
𝑙𝑚

𝑙𝑚
∑

𝑖

(

𝑦𝑖 − ⌢𝑦 𝑖
)2 (38)

where 𝑙𝑚 is the number of training samples; 𝑦𝑖 is the actual output data;
⌢𝑦 𝑖 is the predicted value of the 𝑖𝑡ℎ− sample.

5. Numerical examples

In this section, numerical examples are performed to investigate
stochastic vibration and buckling responses of FGP microplates with
three kinds of boundary conditions (SSSS, CSCS, CCCC), in which the
shear function 𝛹

(

𝑥3
)

= cot−1
(

ℎ
𝑥3

)

−
16𝑥33
15ℎ3 [67] is used. The FGP

microplates are supposed to be composed of a mixture of ceramic and
metal materials whose mean properties are: Al2O3 (𝐸𝑐 = 380 GPa, 𝜌𝑐 =
3800 kg/m3, 𝜈𝑐 = 0.3), Al (𝐸𝑚 = 70 GPa, 𝜌𝑚 = 2702 kg/m3, 𝜈𝑚 = 0.3),
whereas for stochastic analysis, Young’s moduli and mass densities are
assumed to be randomly distributed via a uniform distribution.

For simplicity, the following normalized response parameters are
used in the numerical examples:

𝜔 = 𝜔𝑎2

ℎ

√

𝜌𝑐
𝐸𝑐

(39a)

𝑁𝑐𝑟 =
𝑁𝑐𝑟𝑎2

ℎ3𝐸𝑚
(39b)

In order to study the convergence of present solutions, Table 2 shows
nondimensional deterministic critical buckling loads 𝑁𝑐𝑟 and funda-
mental frequencies 𝜔 of the Al/Al2O3 square FGP microplates with
𝑎∕ℎ = 10, 𝑝 = 10, ℎ∕𝑙 = 1 and 𝛽 = 0.1. The results are calculated
for three types of BCs (SSSS, CSCS and CCCC) and the same number
of series type-solution in 𝑥1− and 𝑥2− direction (𝑛1 = 𝑛2 = 𝑛). The
responses show a rapid convergence for a number of series 𝑛 = 8, hence
this number will be used for the numerical examples.

5.1. Vibration analysis

In order to verify the accuracy of the present theory in predicting
vibration behaviors, Table 3 displays normalized deterministic funda-
mental frequencies of Al/Al2O3 FGP microplates with simply supported

7



V.-T. Tran, T.-K. Nguyen, H. Nguyen-Xuan et al. Thin-Walled Structures 182 (2023) 110267

Fig. 4. Scatter plot of the Ritz-BCMO model with ANN-BCMO on the normalized fundamental frequency for FGP microplates with different boundary conditions, 𝑝 = 1, 𝑎∕ℎ = 10
and ℎ∕𝑙 = 1.

boundary condition in which the results are computed with mean
material properties, side-to-thickness ratio 𝑎∕ℎ = 20, power-law index
𝑝 = 1, 2, 5, 10, porosity parameter 𝛽 = 0, 0.2, and material length scale
ℎ∕𝑙 = ∞, 10, 5, 2, 1. The obtained solutions are compared with those
from Farzam et al. [16] using a refined HSDT (RPT) and isogeometric

approach (IGA). It can be observed that there are good agreements be-
tween the two models for all cases. Therefore, the present model shows
to be reliable to predict the dynamic behaviors of FGP microplates.

Moreover, in order to investigate stochastic behaviors of FGP mi-
croplates, four random variables of material properties (𝐸𝑚,𝑖, 𝐸𝑐,𝑖, 𝑝𝑚,𝑖,

8
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Fig. 5. Probability density function (PDF) of Ritz-BCMO and BCMO-ANN methods for normalized fundamental frequency of FGP microplates with different boundary conditions,
𝑝 = 1, 𝑎∕ℎ = 10 and ℎ∕𝑙 = 10.

𝑝𝑐,𝑖) are employed with the population size 𝑁𝑃 = 500. It is noted
that the weight and bias values are automatically updated according
to Levenberg–Marquardt optimization, the number of nodes in each
hidden layer is 21. The dataset, which consists of input–output pairs
and training samples are randomly generated through iterations in the

ANN training process. In addition, in the prediction process, training
samples in the dataset are divided into two groups, in which 80%
pairs in data is used for the training set and 20% for the test set.
Tables 4–6 present the mean and standard deviation (SD) of normalized
fundamental frequencies of Al/Al2O3 FGP microplates with different

9
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Fig. 6. Loss function of the normalized fundamental frequency for FGP microplates with different boundary conditions, 𝑝 = 10, 𝑎∕ℎ = 10 and ℎ∕𝑙 = 5.

boundary conditions for both Ritz–BCMO and BCMO-ANN models. The
solutions are computed with porous parameter 𝛽 = 0.1 and 0.2, side-to-
thickness ratio 𝑎∕ℎ = 10, two values of the power-law index 𝑝 = 1 and
𝑝 = 10, length scale parameter ℎ∕𝑙 = 10, 5, 1. It can be seen that the
statistical moments of normalized fundamental frequencies obtained
from the Ritz–BCMO and BCMO-ANN show great agreements in all

cases. The mean values of nondimensional fundamental frequencies for
both Ritz-BCMO and BCMO-ANN are close to the deterministic result
for all BCs, different power-law index 𝑝 and porosity parameter 𝛽.
As expected, the natural frequencies decrease with an increase of the
porosity density, power-law index and length scale parameter. Regard-
ing the computational cost, it can be observed that the computational

10
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Fig. 7. Regression of the normalized fundamental frequency with log transfer function for FGP microplates with full clamped boundary condition, 𝑝 = 10 and 𝑎∕ℎ = 10.

time required by the present Ritz-BCMO method is about 55 times
larger than that by the present BCMO-ANN method.

In order to demonstrate the performance of present model further,
Figs. 4 and 5 present the scatter plots and probability density func-
tion of the Ritz-BCMO model with BCMO-ANN one of the normalized
fundamental frequencies for FGP microplates with different boundary
conditions, 𝑝 = 1, 𝑎∕ℎ = 10, ℎ∕𝑙 = 1 and ℎ∕𝑙 = 10, respectively. These

graphs indicates that the present BCMO-ANN model can effectively
substitute the Ritz-BCMO for stochastic analysis with accuracy and
significant saving of computational time. Additionally, Figs. 6 and 7
show the loss function and linear regression of normalized fundamental
frequencies of FGP microplates with 𝑝 = 10, 𝑎∕ℎ = 10, 𝛽 = 0.1 and 0.2.
Obviously, MSE is smaller than 10−4 for both the training set and test
set.

11
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Fig. 8. Probability density function (PDF) of Ritz-BCMO and BCMO-ANN methods for the normalized critical buckling loads of FGP microplates with different boundary conditions,
𝑝 = 1, 𝑎∕ℎ = 10, ℎ∕𝑙 = 1 and 𝛽 = 0.2.

5.2. Buckling analysis

The accuracy study of present theory in predicting buckling behav-
iors is carried out in Table 7, which illustrates nondimensional deter-
ministic critical buckling loads with biaxial compression of Al/Al2O3
FGP microplates with clamped boundary conditions on its edges. The
results are reported with the side-to-thickness ratio 𝑎∕ℎ = 20, various
values of the power-law index 𝑝 = 1, 2, 5, 10, two porous parameters 𝛽 =

0 and 0.2, and compared to those derived from Farzam et al. [16]. It is
observed that there are no significant differences between the models,
it shows that the present theory is reliable in predicting buckling
behaviors of FGP microplates.

Moreover, in order to investigate stochastic buckling behaviors of
FGP microplates, two random variables of Young’s moduli (𝐸𝑚,𝑖, 𝐸𝑐,𝑖)
are supposed to be randomly distributed with the same population
size and number of nodes per hidden layer, training sample process as

12



V.-T. Tran, T.-K. Nguyen, H. Nguyen-Xuan et al. Thin-Walled Structures 182 (2023) 110267

Fig. 9. Prediction of ANN of the normalized critical buckling loads for FGP microplates with different boundary conditions, 𝑝 = 10, 𝑎∕ℎ = 10, ℎ∕𝑙 = 1 and 𝛽 = 0.1.

the vibration analysis. Tables 8 and 9 present the mean and standard
deviation of normalized critical buckling loads obtained from Ritz-
BCMO and BCMO-ANN models for Al/Al2O3 FGP microplates with
different boundary conditions. The buckling responses are computed
for the side-to-thickness ratio 𝑎∕ℎ = 10, porous parameter 𝛽 = 0.1 and
0.2, power-law index 𝑝 = 1 and 10, length scale parameter ℎ∕𝑙 = 1
and 10. It can be seen that the statistical moments of the critical

buckling loads obtained from the Ritz-BCMO and BCMO-ANN show
good agreements in all cases. The mean values of nondimensional
critical buckling loads for both Ritz-BCMO and BCMO-ANN are close
to the deterministic results for all BCs, different power-law index
𝑝 and porosity parameter 𝛽. Similar to the vibration behaviors, the
critical buckling loads decrease with an increase of the porosity density,
power-law index and length scale parameter. For the computational

13
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Table 5
Mean and standard deviation (SD) of normalized fundamental frequency for FGP
microplates with 𝑎∕ℎ = 10 and CSCS boundary condition.

BCs 𝛽 𝑝 ℎ∕𝑙 Theory Mean SD Time (s) Present

CSCS 0.1 1 10 Ritz-BCMO 5.9709 0.0661 629 5.9773
BCMO-ANN 5.9776 0.0666 11

5 Ritz-BCMO 6.5932 0.0697 628 6.5935
BCMO-ANN 6.6068 0.0703 12

1 Ritz-BCMO 16.9205 0.1596 630 16.9323
BCMO-ANN 16.9302 0.1595 11

10 10 Ritz-BCMO 4.5456 0.1275 628 4.5427
Ritz-MCS 4.5391 0.1287 11

5 Ritz-BCMO 4.8913 0.1382 631 4.9086
BCMO-ANN 4.9023 0.1370 10

1 Ritz-BCMO 11.4432 0.3015 630 11.4652
BCMO-ANN 11.4558 0.3012 11

0.2 1 10 Ritz-BCMO 5.7790 0.0689 620 5.7776
BCMO-ANN 5.7884 0.0683 11

5 Ritz-BCMO 6.4178 0.0737 625 6.4255
BCMO-ANN 6.4172 0.0736 10

1 Ritz-BCMO 17.0373 0.1633 623 17.0376
BCMO-ANN 17.0405 0.1631 10

10 10 Ritz-BCMO 3.8388 0.1654 619 3.8509
BCMO-ANN 3.8154 0.1669 10

5 Ritz-BCMO 4.2145 0.1769 621 4.2046
BCMO-ANN 4.2134 0.1762 12

1 Ritz-BCMO 10.3099 0.3396 623 10.3087
BCMO-ANN 10.2909 0.3409 11

Table 6
Mean and standard deviation (SD) of normalized fundamental frequency for FGP
microplates with 𝑎∕ℎ = 10 and CCCC boundary condition.

BCs 𝛽 𝑝 ℎ∕𝑙 Theory Mean SD Time (s) Present

CCCC 0.1 1 10 Ritz-BCMO 7.8171 0.0853 626 7.8053
BCMO-ANN 7.8213 0.0848 11

5 Ritz-BCMO 8.7926 0.0918 628 8.7911
BCMO-ANN 8.8009 0.0916 11

1 Ritz-BCMO 24.2602 0.2261 622 24.2394
BCMO-ANN 24.2660 0.2246 10

10 10 Ritz-BCMO 5.8450 0.1658 629 5.8401
Ritz-MCS 5.8386 0.1659 11

5 Ritz-BCMO 6.4137 0.1806 624 6.4284
BCMO-ANN 6.4515 0.1806 12

1 Ritz-BCMO 16.3403 0.4260 630 16.3281
BCMO-ANN 16.3219 0.4286 12

0.2 1 10 Ritz-BCMO 7.5722 0.0897 623 7.5793
BCMO-ANN 7.5727 0.0884 10

5 Ritz-BCMO 8.5922 0.0947 625 8.6040
BCMO-ANN 8.5938 0.0946 10

1 Ritz-BCMO 24.4008 0.2330 619 24.4211
BCMO-ANN 24.3982 0.2328 12

10 10 Ritz-BCMO 4.9445 0.2153 631 4.9617
BCMO-ANN 4.9350 0.2156 12

5 Ritz-BCMO 5.5006 0.2257 630 5.5266
BCMO-ANN 5.4974 0.2265 12

1 Ritz-BCMO 14.6568 0.4808 628 14.7174
BCMO-ANN 14.6502 0.4800 11

Table 7
Normalized critical buckling loads of FGP plates with biaxial compression, 𝑎∕ℎ = 20
and CCCC boundary condition.
𝛽 Theory 𝑝

1 2 5 10

0 Present 12.5415 9.7627 8.1499 7.3803
IGA [16] 12.5747 9.7903 8.1821 7.4115

0.2 Present 8.7149 5.5752 3.8308 3.4123
IGA [16] 8.7341 5.5870 3.8437 3.4270

Table 8
Mean and standard deviation (SD) of normalized critical buckling loads for FGP
microplates with axial compression, 𝑎∕ℎ = 10 and different boundary conditions.

BCs 𝛽 𝑝 ℎ∕𝑙 Theory Mean SD Time (s) Present

SSSS 0.1 1 10 Ritz-BCMO 8.3720 0.2417 297 8.3650
BCMO-ANN 8.3790 0.2436 9

1 Ritz-BCMO 52.8194 1.8771 300 52.7334
BCMO-ANN 52.8290 1.8545 9

10 10 Ritz-BCMO 4.2241 0.0116 298 4.2227
Ritz-MCS 4.2242 0.0116 10

1 Ritz-BCMO 20.8353 0.1537 301 20.8252
BCMO-ANN 20.8384 0.1533 11

0.2 1 10 Ritz-BCMO 6.9308 0.1916 305 6.9123
BCMO-ANN 6.9324 0.1919 10

1 Ritz-BCMO 47.4213 1.6199 299 47.3156
BCMO-ANN 47.4764 1.6166 8

10 1 Ritz-BCMO 14.5998 0.1151 306 14.5857
BCMO-ANN 14.6030 0.1147 9

CSCS 0.1 1 10 Ritz-BCMO 12.7296 0.3869 304 12.7081
BCMO-ANN 12.7162 0.3848 9

1 Ritz-BCMO 100.2965 3.7066 299 100.0118
BCMO-ANN 100.1583 3.7333 10

10 10 Ritz-BCMO 6.2015 0.0138 298 6.2020
BCMO-ANN 6.2013 0.0137 10

1 Ritz-BCMO 38.8945 0.3129 300 38.8722
BCMO-ANN 38.9022 0.3105 10

0.2 1 10 Ritz-BCMO 10.5596 0.2964 303 10.5590
BCMO-ANN 10.5602 0.2956 9

1 Ritz-BCMO 90.2539 3.1370 302 90.0581
BCMO-ANN 90.2883 3.1192 9

10 1 Ritz-BCMO 27.4031 0.1820 307 27.4193
BCMO-ANN 27.4036 0.1825 8

CCCC 0.1 1 10 Ritz-BCMO 19.8302 0.6129 299 19.7962
BCMO-ANN 19.8289 0.6077 10

1 Ritz-BCMO 188.9939 7.0268 301 188.4538
BCMO-ANN 188.9322 7.0447 9

10 10 Ritz-BCMO 9.2737 0.0156 306 9.2742
BCMO-ANN 9.2735 0.0155 10

1 Ritz-BCMO 72.4573 0.5968 304 72.4134
BCMO-ANN 72.4720 0.5943 108

0.2 1 10 Ritz-BCMO 16.5572 0.4758 298 16.5561
BCMO-ANN 16.5580 0.4750 9

1 Ritz-BCMO 170.5385 5.9719 302 170.1653
BCMO-ANN 170.8541 5.9297 9

10 1 Ritz-BCMO 51.2885 0.3034 299 51.3261
BCMO-ANN 51.2984 0.3020 8

cost, the BCMO-ANN method again requires less computational time
than the Ritz-BCMO method, in which the computational time of the
BCMO-ANN method is about 1/30 times that of the Ritz-BCMO one.
Furthermore, the performance in predicting buckling responses of the
present BCMO-ANN is also illustrated in Figs. 8–11, in which the mean
square error is smaller than 10−4 for both training and test sets.

6. Conclusions

Optimal behaviors of natural frequencies and critical buckling loads
of FGP microplates with uncertainties of material properties has been
presented in this paper. It is based on a unified framework of higher-
order shear deformation theory and modified couple stress theory for
analysis of FGP materials. A combination of BCMO-ANN has been
proposed to solve the optimization problems and predict stochastic
vibration and buckling behaviors of FGP microplates subjected to un-
certainties of material properties. The effects of material distribution,
material length scale, porosity density and boundary conditions on
natural frequencies and critical buckling loads of FGP microplates
have been investigated for both Ritz-BCMO and BCMO-ANN algorithm.
Based on the obtained numerical results, the following important points
can be derived:

• Hybrid series solutions with exponential shape functions converge
quickly, number of series 𝑛 = 8 assure the convergency of the
solution field with different boundary conditions.
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Fig. 10. Regression of the normalized critical buckling loads with log transfer function for FGP microplates with axial compression, different boundary conditions, 𝑝 = 1 and
𝑎∕ℎ = 10.

• Present unified higher-order shear deformation theory and modi-
fied couple stress theory are found to be accurate and efficient in
predicting stochastic behaviors of FGP microplates.

• Natural frequencies and critical buckling loads decrease with an
increase of the porosity density, power-law index and material
length scale parameter.

• Proposed BCMO-ANN algorithm allows to significantly save com-
putational costs. The computational time of natural frequencies
required by the BCMO-ANN method is about 1/55 times that
of the Ritz-BCMO method, the computational time of critical
buckling loads by the BCMO-ANN method is about 1/30 times
that of the Ritz-BCMO method.
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Fig. 11. Loss function of the normalized critical buckling loads with axial compression for FGP microplates with different boundary conditions, 𝑝 = 10, 𝑎∕ℎ = 10 and ℎ∕𝑙 = 1.
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Table 9
Mean and standard deviation (SD) of normalized critical buckling loads for FGP
microplates with biaxial compression, 𝑎∕ℎ = 10 and different boundary conditions.

BCs 𝛽 𝑝 ℎ∕𝑙 Theory Mean SD Time (s) Present

SSSS 0.1 1 10 Ritz-BCMO 4.1910 0.1248 300 4.1847
BCMO-ANN 4.1931 0.1244 10

1 Ritz-BCMO 26.4796 0.9498 303 26.3915
BCMO-ANN 26.4859 0.9461 9

10 10 Ritz-BCMO 2.1124 0.0055 305 2.1124
Ritz-MCS 2.1125 0.0054 10

1 Ritz-BCMO 10.4221 0.0848 302 10.4126
BCMO-ANN 10.4204 0.0841 10

0.2 1 10 Ritz-BCMO 3.4483 0.1695 300 3.4580
BCMO-ANN 3.4518 0.1680 9

1 Ritz-BCMO 23.7306 0.8426 299 23.6802
BCMO-ANN 23.7248 0.8419 9

10 1 Ritz-BCMO 7.2935 0.0593 307 7.2996
BCMO-ANN 7.2956 0.0590 10

CSCS 0.1 1 10 Ritz-BCMO 6.7126 0.1933 301 6.6947
BCMO-ANN 6.7152 0.1939 9

1 Ritz-BCMO 52.1365 1.8639 297 52.0159
BCMO-ANN 52.1189 1.8692 9

10 10 Ritz-BCMO 3.2940 0.0078 302 3.2948
BCMO-ANN 3.2943 0.0078 10

1 Ritz-BCMO 20.2335 0.1634 305 20.2364
BCMO-ANN 20.2339 0.1624 9

0.2 1 10 Ritz-BCMO 5.5669 0.1480 301 5.5564
BCMO-ANN 5.5687 0.1480 9

1 Ritz-BCMO 46.8068 1.7522 303 46.8299
BCMO-ANN 46.8647 1.7555 8

10 1 Ritz-BCMO 14.2630 0.1006 300 14.2691
BCMO-ANN 14.2676 0.0998 9

CCCC 0.1 1 10 Ritz-BCMO 10.6631 0.3327 308 10.6407
BCMO-ANN 10.6714 0.3348 11

1 Ritz-BCMO 99.3258 3.7428 304 98.9116
BCMO-ANN 99.3542 3.7597 10

10 10 Ritz-BCMO 5.0716 0.0100 305 5.0732
BCMO-ANN 5.0714 0.0100 9

1 Ritz-BCMO 38.0749 0.3189 301 38.0524
BCMO-ANN 38.0630 0.3173 10

0.2 1 10 Ritz-BCMO 8.9167 0.2517 299 8.8781
BCMO-ANN 8.9151 0.2516 10

1 Ritz-BCMO 89.5446 3.2452 301 89.2872
BCMO-ANN 89.3834 3.2320 9

10 1 Ritz-BCMO 26.9385 0.1637 300 26.9569
BCMO-ANN 26.9352 0.1641 9
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ABSTRACT
Thermal buckling and vibration behaviors of functionally graded (FG) sand-
wich microplates are investigated by using a unified higher-order shear
deformation theory and stochastic collocation (SC) method. Uniform and
linear distributions are considered for thermal effect and lognormal distri-
butions are used to characterize the variability of the materials properties.
The governing equations are derived by using Hamilton’s principle and
solved by Ritz’s approach. To demonstrate the effectiveness and accuracy
of the current model, the results from SC are compared with those from
Monte Carlo Simulation. The effects of boundary conditions, temperature
distribution, thickness-to-length ratio, material scale characteristics and
power-law index on the fundamental frequencies and critical buckling tem-
perature of the FG sandwich microplates are investigated. The FG sand-
wich microplates’ stochastic analysis provides some new findings that may
be utilized as references in the future.
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1. Introduction

Potential engineering applications for functionally graded (FG) microplates with continually
changing in material properties have been investigated in literatures [1–5]. Consequently, several
methods have been proposed to consider the effects of small-scale phenomena using various
nano- and micro-scale theories [6–9]. These methods with different displacement fields have been
used to predict the static and dynamic behaviors of microplates [10–14] and nanostructures
[15,16]. Bensaid et al. [17] presented the size-dependent of FG sandwich nanobeams with the
Eringen’s nonlocal elasticity theory. Daikh et al. [18–20] investigated the bending, free vibration
and buckling analysis of sandwich FG nanoplates under different boundary conditions using the
higher-order shear deformation theory (HSDT). Besides, temperature environment can have vari-
ous effects on plates, depending on the material and temperature range it is exposed to. Thus, the
study of size-dependent FG microstructures in this environment has been attracted by many
researchers. Aria et al. [21] demonstrated the hygro-thermal behavior of FG sandwich microbe-
ams using nonlocal elasticity theory. Shojaeefard et al. [22] used classical plate theory (CPT) and
first-order shear deformation theory (FSDT) to investigate the temperature-dependent of FG por-
ous circular microplates under a nonlinear thermal load. Thai et al. [23] analyzed the post-
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buckling of FG microplates subject to mechanical and thermal loads using isogeometric analysis
and third-order shear deformation theory (IGA-TSDT) based on the modified strain gradient the-
ory (MST). Farzam et al. [10] investigated the size-dependent analysis of FG microplates with
temperature-dependent material properties using MST and IGA-refined plate theory (RPT). The
study of how temperature affects the behavior of FG plates has generated significant interest [24–
29]. Zenkour and Sobhy [30] studied the thermal buckling of various types of FG sandwich plates
using the sinusoidal shear deformation theory. Fazzolari et al. [31] studied thermal buckling of
FG sandwich plates using a refined quasi-3D theory. Daikh et al. [32–37] studied the thermal
buckling, bending analysis of FG sandwich beams/plates resting on elastic foundations using a
HSDT. The enhanced radial point interpolation mesh-free technique was used by Do et al. [38]
to study the thermal buckling of FG sandwich plates. Sahoo et al. [39] investigated nonlinear
vibration of FG sandwich structures under thermal loadings. The hydro-thermo-mechanical
effects on static responses of FG plates have been studied by Mudhaffar et al. [40] by using a
HSDT and Navier method. Daikh et al. [41] studied the thermal buckling of FG sandwich cylin-
drical shells with the simply supported boundary conditions by using the Donnell theory. It is
important to remember that the properties of the material may be uncertain in actuality [42–46],
owing to the manufacturing process or other unexpected situations. This uncertainty alters the
static and dynamic behaviors of the structures, necessitating the use of sophisticated computa-
tional techniques. Almost all FG microplate research [47] has primarily concentrated on deter-
ministic evaluation, disregarding the effect of random material properties. The most common and
straightforward approach for addressing this challenging issue is the Monte Carlo Simulation
(MCS) method [48], which was used for the laminated composite plates [49–51] and FG plates
[52,53]. However, this method can result in high computing costs, especially when a complex
physical model is considered. An alternative approach is to use polynomial chaos expansion
(PCE), which can accelerate the computation while maintaining accuracy, as a way to overcome
the limitations of MCS. The fundamental goal of this technique is to approximate random out-
puts as a series of basis functions and their corresponding coefficients in orthogonal space. The
behaviors of FG plates and laminated composite with material uncertainty have been analyzed
using this method [53–61]. Stochastic collocation (SC) [62–64] is known as one of stochastic
expansion method similar to the popular PCE. This method allows for the efficient and accurate
computation of statistics and solutions of mathematical models that involve stochastic input
parameters. It is particularly useful in the field of uncertainty quantification, where it can be used
to estimate the propagation of uncertainties in physical systems or to quantify the sensitivity of
system response to uncertain parameters. It derives the Lagrange interpolation polynomials for a
set of collocation points and reproduces the model responses at these collocation points as of
expansion coefficients. After reviewing the literature, it becomes evident that although several
studies have been conducted on the random reactions of FG plates, there is still a lack of research
on the stochastic behavior of FG sandwich microplates in a temperature environment.
Additionally, the SC method has not been extensively applied to address such complex issues.
Thus, this paper seeks to fill this gap in previous studies and make unique contributions to the
field.

The objective of this study is to propose a stochastic model by combining a general HSDT,
SC, and MCT for free vibration and thermal buckling of FG sandwich microplates. The governing
equations of motion are derived using Hamilton’s principle, and after that, it is solved by the
bidirectional series type with hybrid form functions. To assess the accuracy of the proposed SC
model, a MCS with ten thousand samples is considered as a reliable benchmark. For various con-
figurations of boundary conditions, material distribution, material uncertainty parameters on the
thermal buckling load and fundamental frequencies of the FG sandwich microplates, numerical
results are shown.
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2. Theoretical formulation

In the coordinate system ðx1, x2, x3Þ, the FG sandwich rectangular microplate is considered in
Figure 1 with thickness h and sides a� b: The microplate is made up of two FG faces comprised
of ceramic-metal components and a homogenous core.

2.1. Material properties and temperature distribution

The following formulas can be used to evaluate the effective material properties of FG sandwich
microplates:

Q x3ð Þ ¼ Qc � Qmð ÞVc x3ð Þ þ Qm (1)

where the volume fraction of the ceramic material Vcðx3Þ across the plate thickness is determined
by [65]:

Vc x3ð Þ ¼

z4�x3
z4�z3

� �p
, z3 � x3 � z4 FG top layer

1 z2 � x3 � z3 ceramic core layer
x3�z1
z2�z1

� �p
z1 � x3 � z2 FG bottom layer

8>>>><
>>>>:

(2)

with the power-law index p, Qc and Qm are the characteristics of ceramic and metal materials,
respectively, such as the Young’s moduli E, mass density q, and Poisson’s ratio �:

For the effect of the thermal field, two types of distribution temperature are considered as
below [31, 66]:

� For uniform distribution (UTR): TðzÞ ¼ To þ DT, the bottom surface’s reference temperature
is To:

� For linear distribution (LTR): TðzÞ ¼ ðTt � TbÞ z
h þ 1

2

� �þ Tb, temperatures at the top and bot-
tom of the plate surface are represented by Tt and Tb, respectively.

2.2. A size-dependent model for FG sandwich microplates

The displacement field using a general HSDT as follows [66]:

u1 x1, x2, x3ð Þ ¼ u01 x1, x2ð Þ þ U2 x3ð Þu1 x1, x2ð Þ þ U1 x3ð Þu03, 1 (3a)

u2 x1, x2, x3ð Þ ¼ u02 x1, x2ð Þ þ U2 x3ð Þu2 x1, x2ð Þ þ U1 x3ð Þu03, 2 (3b)

Figure 1. Geometry of a FG sandwich microplate.
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u3 x1, x2, x3ð Þ ¼ u03 x1, x2ð Þ (3c)

in which U1ðx3Þ ¼ HsWðx3Þ � x3,U2ðx3Þ ¼ HsWðx3Þ; Hs is the FG sandwich microplates’ trans-
verse shear stiffness.

Total potential energy of system can be calculated by using Hamilton’s principle:

ðt2
t1

dPUK þ dPVK � dPKKð Þdt ¼ 0 (4)

where dPUK , dPKK , dPVK are the variations of strain energy, kinetic energy, and work done by
membrane compressive forces, respectively.

The variation of strain energy dPUK is obtained by the modified couple stress theory (MCT)
[8]:

d
Y

UK
¼

ð
A

mdvþ rdeð ÞdA (5)

where the high-order stress m is related to the strain gradients v, and r is Cauchy stress. The fol-
lowing definitions describe the elements of strain eij and strain gradients vij :

eij ¼ 1
2

ui, j þ uj, ið Þ (6a)

vij ¼
1
2

hi, j þ hj, i
� �

(6b)

hi ¼ 1
2
curl uið Þ (6c)

The following constitutive equations are used to determine the stress components:

rij ¼ kekkdij þ 2leij;mij ¼ 2ll2vij (7)

where k, l are Lam�e constants; dij is Kronecker delta and l is material length scale parameter
(MLSP) which is used to measure the effect of coupled stress [67]. MLSP can be determined by
experimental works [9] and has value of zero for macro plates.

Substituting Eq. (3) into Eq. (6a), the in-plane and out-of-plane strains eT ¼ eðiÞ eðsÞ
� �

are
calculated as:

eðiÞ ¼ eð0Þ þ U1 x3ð Þeð1Þ þ U2 x3ð Þeð2Þ; eðsÞ ¼ U3 x3ð Þeð3Þ (8)

where U3ðx3Þ ¼ Hs � f, 3ðx3Þ
lðx3Þ and,

eð0Þ ¼
eð0Þ11

eð0Þ22

cð0Þ12

8>><
>>:

9>>=
>>; ¼

u01, 1
u02, 2

u01, 2 þ u02, 1

8>><
>>:

9>>=
>>;, eð1Þ ¼

eð1Þ11

eð1Þ22

cð1Þ12

8>><
>>:

9>>=
>>; ¼

u03, 11
u03, 22
2u03, 12

8>><
>>:

9>>=
>>;, eð2Þ ¼

eð2Þ11

eð2Þ22

cð2Þ12

8>><
>>:

9>>=
>>; ¼

u1, 1

u2, 2

u1, 2 þ u2, 1

8><
>:

9>=
>;

(9a)

eð3Þ ¼ cð0Þ13

cð0Þ23

( )
¼ u1 þ u03, 1

u2 þ u03, 2

� 	
(9b)

The symmetric rotation gradients are calculated by Eqs. (3) and (6c):

h1 ¼ 1
2

u3, 2 � u2, 3ð Þ ¼ 1
2

u03, 2 � U1, 3u
0
3, 2 � U2, 3u2

� �
(10a)
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h2 ¼ 1
2

u1, 3 � u3, 1ð Þ ¼ 1
2

�u03, 1 þ U1, 3u
0
3, 1 þ U2, 3u1

� �
(10b)

h3 ¼ 1
2

u2, 1 � u1, 2ð Þ ¼ 1
2

u02, 1 � u01, 2 þ U2 u2, 1 � u1, 2ð Þ
h i

(10c)

The rotation gradients are stated as follows by substituting Eq. (10) into Eq. (6b):

v ¼ U2v
ð5Þ þ U2, 33v

ð4Þ þ U1, 33v
ð3Þ þ U2, 3v

ð2Þ þ U1, 3v
ð1Þ þ vð0Þ (11)

in which vT ¼ v11 v22 2v12 v33 2v13 2v23
� �

and,

vð0Þ ¼ 1
2

u03, 12
�u03, 12

u03, 22 � u03, 11
0

u02, 11 � u01, 12
u02, 12 � u01, 22

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
, vð1Þ ¼ 1

2

�u03, 12
u03, 12

u03, 11 � u03, 22
0

0

0

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
, vð2Þ ¼ 1

2

�u2, 1

u1, 2

u1, 1 � u2, 2

u2, 1 � u1, 2

0

0

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(12a)

vð3Þ ¼ 1
2

0

0

0

0

�u03, 2
u03, 1

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
, vð4Þ ¼ 1

2

0

0

0

0

�u2

u1

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
, vð5Þ ¼ 1

2

0

0

0

0

u2, 11 � u1, 12

u2, 12 � u1, 22

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(12b)

Additionally, the following constitutive equations connect the stresses and strains:

rðiÞ ¼
r11
r22
r12

8<
:

9=
; ¼

Q11 Q12 0
Q12 Q22 0
0 0 Q66

2
4

3
5 e11

e22
c12

8<
:

9=
; ¼ QðiÞ

e eðiÞ (13a)

rðoÞ ¼ r13
r23

� 	
¼ Q55 0

0 Q44


 �
c13
c23

� 	
¼ QðoÞ

e eðsÞ (13b)

m ¼

m11

m22

m12

m33

m23

m13

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

¼ 2ll2

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2
6666666664

3
7777777775

v11
v22
v12
v33
v23
v13

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼ avI6�6v (13c)

where av ¼ 2ll2, Q11 ¼ Eðx3Þ
1��2 , Q22 ¼ Eðx3Þ

1��2 , Q12 ¼ �Eðx3Þ
1��2 , Q44 ¼ Q55 ¼ Q66 ¼ l ¼ Eðx3Þ

2ð1þ�Þ :
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According to Eq. (5), the variation of strain energy varies as follows:

d
Y

UK
¼

ð
A

mdvþ rdeð ÞdA

¼
ð
A

h
Pð0Þ
e deð0Þ þ Pð1Þ

e deð1Þ þ Pð2Þ
e deð2Þ þ Pð3Þ

e deð3Þ þ Pð0Þ
v dvð0Þ

1Pð1Þ
v dvð1Þ þ Pð2Þ

v dvð2Þ þ Pð3Þ
v dvð3Þ þ Pð4Þ

v dvð4Þ þ Pð5Þ
v dvð5Þ

i
dA

(14)

where

Pð0Þ
e ,Pð1Þ

e ,Pð2Þ
e

� �
¼

ðh=2
�h=2

1,U1,U2ð ÞrðiÞdx3;Pð3Þ
e ¼

ðh=2
�h=2

U3r
ðoÞdx3 (15a)

Pð0Þ
v ,Pð1Þ

v ,Pð2Þ
v ,Pð3Þ

v ,Pð4Þ
v ,Pð5Þ

v

� �
¼

ðh=2
�h=2

1,U1, 3,U2, 3,U1, 33,U2, 33,U2ð Þmdx3 (15b)

The stress resultants can be defined as follows:

Pð0Þ
e

Pð1Þ
e

Pð2Þ
e

Pð3Þ
e

8>>>><
>>>>:

9>>>>=
>>>>;

¼

Ae Be Be
s 0

Be De De
s 0

Be
s De

s He
s 0

0 0 0 Ae
s

2
66664

3
77775

eð0Þ

eð1Þ

eð2Þ

eð3Þ

8>>>><
>>>>:

9>>>>=
>>>>;

(16a)

Pð0Þ
v

Pð1Þ
v

Pð2Þ
v

Pð3Þ
v

Pð4Þ
v

Pð5Þ
v

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

¼

Av B
v

B
v
s B

v
B

v

s Bv
s

B
v

D
v

D
v
s E

v
E
v
s F

v
s

B
v
s D

v
s H

v
s G

v
s I

v
J
v

B
v

E
v

G
v
s D

v
D

v

s K
v
s

B
v

s E
v
s I

v
D

v

s H
v

s L

Bv
s F

v
s J

v
K

v
s L Hv

s

2
66666666664

3
77777777775

vð0Þ

vð1Þ

vð2Þ

vð3Þ

vð4Þ

vð5Þ

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(16b)

where the stiffness components are defined by:

Ae,Be,De,He
s ,B

e
s ,D

e
s

� � ¼ ðh=2
�h=2

1,U1,U
2
1,U

2
2,U2,U1U2

� �
QðiÞ

e dx3 (17a)

Ae
s ¼

ðh=2
�h=2

U2
3Q

ðoÞ
e dx3 (17b)

Av;B
v
;B

v
s ,B

v
;B

v

s ,B
v
s

� �
¼ Av;B

v
;B

v
s ,B

v
;B

v

s ,B
v
s

� �
I6�6

¼
ðh=2

�h=2

1,U1, 3,U2, 3,U1, 33,U2, 33,U2ð ÞavI6�6dx3
(17c)
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D
v
;D

v
s ,E

v
;E

v
s , F

v
s

� � ¼ D
v
;D

v
s ,E

v
;E

v
s , F

v
s

� �
I6�6

¼
ðh=2

�h=2

U1, 3 U1, 3,U2, 3,U1, 33,U2, 33,U2ð ÞavI6�6dx3
(17d)

H
v
s ,G

v
s , I

v
, J

v
� �

¼ H
v
s ,G

v
s , I

v
, J

v
� �

I6�6 ¼
ðh=2

�h=2

U2, 3 U2, 3,U1, 33,U2, 33,U2ð ÞavI6�6dx3 (17e)

D
v
,D

v

s ,K
v
s ,H

v

s , L
v
,Hv

s

� �
¼ D

v
,D

v

s ,K
v
s ,H

v

s , L
v
,Hv

s

� �
I6�6

¼
ðh=2

�h=2

U2
1, 33,U1, 33U2, 33,U1, 33U2,U

2
2, 33,U2, 33U2,U

2
2

� �
avI6�6dx3

(17f)

The variation of work produced by in-plane thermal load ðNt
0Þ as follows:

dPVK ¼ �
ð
A

Nt
0 u03, 1du

0
3, 1 þ u03, 2du

0
3, 2

� �
dA (18)

where

Nt
0 ¼

Ð zj
zi

Q11 þ Q12ð ÞaDTdz; i ¼ 1, 2, 3; j ¼ 2, 3, 4 (19)

in which a is the coefficient of thermal expansion; DT ¼ TðzÞ � To is the current temperature’s
deviation from reference one To:

The variation of kinetic energy d
Q

KK is represented as follows:

dPKK ¼ 1
2

ð
V

q _u1d _u1 þ _u2d _u2 þ _u3d _u3ð ÞdV

¼ 1
2

ð
A

h
I0 _u0

1d _u
0
1 þ _u0

2d _u
0
2 þ _u0

3d _u
0
3

� �þ I1 _u0
1d _u

0
3, 1 þ _u0

3, 1d _u
0
1 þ _u0

2d _u
0
3, 2 þ _u0

3, 2d _u
0
2

� �

þ J2 _u0
3, 1d _u1 þ _u1d _u

0
3, 1 þ _u0

3, 2d _u2 þ _u2d _u
0
3, 2

� �
þ K2 _u1d _u1 þ _u2d _u2ð Þ

þ J1 _u0
1d _u1 þ _u1d _u

0
1 þ _u0

2d _u2 þ _u2d _u
0
2

� �þ I2 _u0
3, 1d _u

0
3, 1 þ _u0

3, 2d _u
0
3, 2

� �i
dA

(20)

where qðx3Þ is mass density; _u1 ¼ u1, t , _u2 ¼ u2, t , _u3 ¼ u3, t are velocities in x1 � , x2� and x3�
directions, respectively, and I0, I1, I2, J1, J2,K2, are defined as:

I0, I1, I2, J1, J2,K2ð Þ ¼
ðh=2

�h=2

1,U1,U
2
1,U2,U1U2,U

2
2

� �
qdx3 (21)

3. Series of approximation functions of the FG sandwich microplate

According to the Ritz technique, the following series type solution of approximation functions
and related series values may be used to represent the transverse and membrane displacements,
rotations, ðu01, u02, u03,u1,u2Þ of the FG sandwich microplates:
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u01ðx1, x2, tÞ,u1ðx1, x2, tÞ
� 
 ¼

XN1

i¼1

XN2

j¼1

u1ijðtÞ, xijðtÞ
� 


Ri, 1 x1ð ÞPj x2ð Þ (22a)

u02ðx1, x2, tÞ,u2ðx1, x2, tÞ
� 
 ¼

XN1

i¼1

XN2

j¼1

u2ijðtÞ, yijðtÞ
� 


Ri x1ð ÞPj, 2 x2ð Þ (22b)

u03ðx1, x2, tÞ ¼
XN1

i¼1

XN2

j¼1

u3ijðtÞRi x1ð ÞPj x2ð Þ (22c)

where u1ij, u2ij, u3ij, xij, yij are variables that need to be calculated; the shape functions in the x1�
and x2� directions are represented by Riðx1Þ, Pjðx2Þ: Thus, just two shape functions are required
to find five unknowns of the microplate. It should be clearly explained that the shape functions
have an impact on the Ritz solution’s precision, convergence rates, and numerical instabilities, as
detailed in prior research [68–71]. The boundary conditions (BCs) that the clamped (C) and sim-
ply-supported (S) ones follow are satisfied by the functions Riðx1Þ and Pjðx2Þ :

� Simply supported (S): u02 ¼ u03 ¼ u2 ¼ 0 at x1 ¼ 0, a and u01 ¼ u03 ¼ u1 ¼ 0 at x2 ¼ 0, b
� Clamped (C): u01 ¼ u02 ¼ u03 ¼ u1 ¼ u2 ¼ 0 at x1 ¼ 0, a and x2 ¼ 0, b

The following BCs: SSSS, CSCS, and CCCC are produced when S and C are present on the
edges of FG sandwich microplates and will be examined in the numerical examples. Table 1 con-
tains a list of the hybrid shape functions Riðx1Þ and Pjðx2Þ for the various BCs in this study. The
characteristic equations of motion of the FG sandwich microplates are given by substituting
Eq. (22) into Eqs. (20), (18), and (5) and then incorporating the outcomes into Eq. (4) as follows:

KdþM€d¼0 (23)

where d ¼ u1 u2 u3 u1 u2

� �T
is the displacements vector to be calculated; K ¼ Ke þ Kv is

the stiffness matrix which is made from the symmetric rotation gradients Kv, strains Ke and
mass matrix is M: The following details are provided:

Table 1. The shape function for three types of boundary conditions (BCs).

BCs

Approximation functions

Rjðx1Þ Pjðx2Þ
SSSS x1ða� x1Þe�

jx1
a x2ðb� x2Þe�

jx2
b

CSCS x21ða� x1Þe�
jx1
a x22ðb� x2Þe�

jx2
b

CCCC x21ða� x1Þ2e�
jx1
a x22ðb� x2Þ2e�

jx2
b

Table 2. Convergence study for critical buckling temperatures analysis of FG sandwich microplates for various BCs (h=l ¼ 5,
a=h ¼ 10, p ¼ 0:5) under uniform distribution with biaxial compression.

Solution
Number of series N ¼ N1 ¼ N2

2 4 6 8 10 12

(MAT 1, 1-2-1)
SSSS 0.9955 0.9777 0.9774 0.9771 0.9770 0.9772
CSCS 1.7221 1.6223 1.6203 1.6198 1.6196 1.6197
CCCC 2.6960 2.6709 2.6639 2.6636 2.6638 2.6637
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Kn ¼

Kn11 Kn12 Kn13 Kn14 Kn15

TK
n12

Kn22 Kn23 Kn24 Kn25

TK
n13 TK

n23
Kn33 Kn34 Kn35

TK
n14 TK

n24 TK
n34

Kn44 Kn45

TK
n15 TK

n25 TK
n35 TK

n45
Kn55

2
6666666664

3
7777777775

with n ¼ e, vf g (24)

where the components of the stiffness matrix Kn and mass matrixM can be found more details in [61].
By solving Eq. (23) with M ¼ 0 and accounting for Eq. (19), it is possible to determine the

thermal buckling of the FG sandwich microplates. Their natural frequency x can be computed
using equation: ðK� x2MÞd ¼ 0 by designating dðtÞ ¼ deixt and i2 ¼ �1, which is imaginary
unit.

4. Stochastic collocation (SC)

In this paper, material properties are treated as random variables, which leads to random
responses of the model, such as fundamental frequency or thermal buckling load. These stochastic
responses can be effectively represented using a SC method.

For 1-D problem (i.e., one random input X) and ni interpolation points, it approximates the
stochastic response u by forming the Lagrange functions and estimating the model response at
interpolation points uðqiÞ as follows [72,73]:

Table 3. Non-dimensional critical buckling loads of square SSSS FG sandwich microplates (MAT 2) (a=h ¼ 10) with biaxial
compression.

p h=l Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1

0 1 Present 6.5028 6.5028 6.5028 6.5028 6.5028 6.5028
MCT [74] 6.5244 6.5244 6.5244 6.5244 6.5244 6.5244

5 Present 7.6525 7.6525 7.6525 7.6525 7.6525 7.6525
MCT [74] 7.6507 7.6507 7.6507 7.6507 7.6507 7.6507

5/3 Present 16.8490 16.8490 16.8490 16.8490 16.8490 16.8490
MCT [74] 16.6536 16.6536 16.6536 16.6536 16.6536 16.6536

1 Present 35.2385 35.2385 35.2385 35.2385 35.2385 35.2385
MCT [74] 34.6404 34.6404 34.6404 34.6404 34.6404 34.6404

1 1 Present 2.5838 2.9203 3.0972 3.2326 3.4749 3.7534
MCT [74] 2.5925 2.9301 3.1077 3.2435 3.4867 3.7662

5 Present 3.2653 3.6956 3.8959 4.0704 4.3440 4.6693
MCT [74] 3.2609 3.6906 3.8908 4.0649 4.3383 4.6632

5/3 Present 8.7161 9.8974 10.2848 10.7723 11.2954 11.9955
MCT [74] 8.5680 9.7282 10.1120 10.5884 11.1065 11.7939

1 19.6139 22.2967 23.0585 24.1715 25.1938 26.6433
MCT [74] 19.0532 21.6545 22.4164 23.4849 24.5068 25.9187

5 1 Present 1.3294 1.5215 1.7020 1.7900 2.0562 2.3675
MCT [74] 1.3337 1.5266 1.7077 1.7960 2.0632 2.3756

5 Present 1.6980 2.0469 2.2664 2.4197 2.7380 3.1275
MCT [74] 1.6960 2.0445 2.2636 2.4168 2.7346 3.1231

5/3 Present 4.6463 6.2490 6.7810 7.4568 8.1917 9.2066
MCT [74] 4.5696 6.1430 6.6668 7.3276 8.0512 9.0429

1 Present 10.5408 14.6501 15.8069 17.5270 19.0950 21.3603
MCT [74] 10.2367 14.1766 15.3203 16.9495 18.4979 20.6714

10 1 Present 1.2439 1.3734 1.5461 1.5976 1.8540 2.1401
MCT [74] 1.2479 1.3779 1.5514 1.6029 1.8603 2.1474

5 Present 1.4413 1.7118 1.9372 2.0199 2.3532 2.6647
MCT [74] 1.4115 1.6816 1.8885 1.9710 2.2723 2.6059

5/3 Present 3.9196 5.5886 6.1450 6.8379 7.6059 8.6601
MCT [74] 3.8578 5.4951 6.0425 6.7211 7.4766 8.5067

1 Present 8.6748 13.0792 14.3174 16.1503 17.8273 20.2462
MCT [74] 8.4504 12.6622 13.8814 15.6153 17.2662 19.5807
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Table 4. Non-dimensional critical buckling temperature T cr of square SSSS FG sandwich microplates (MAT 1) under uniform
distribution with biaxial compression.

a=h p h=l Theory 1-0-1 2-1-2 2-2-1 1-1-1 1-2-1

5 0.5 1 Present 2.8652 2.8237 2.8582 2.8263 2.8652
HPT [30] – – 2.8632 2.8322 2.8697
HPT[32] 2.8707 2.8302 – 2.8322 2.8697

10 Present 3.0391 2.9952 3.0275 2.9963 3.0336
5 Present 3.5609 3.5097 3.5356 3.5064 3.5387
2 Present 7.2172 7.1128 7.0927 7.0784 7.0753
1 Present 20.2608 19.9707 19.7861 19.8241 19.6944

2 1 Present 2.6301 2.3961 2.4177 2.3595 2.4279
HPT [30] – – 2.4183 2.3599 2.4287
HPT[32] 2.6345 2.3963 – 2.3599 2.4287

10 Present 2.8142 2.5734 2.5903 2.5336 2.5987
5 Present 3.3664 3.1055 3.1083 3.0558 3.1111
2 Present 7.2302 6.8289 6.7329 6.7105 6.6972
1 Present 21.0124 20.1094 19.6617 19.7458 19.4885

10 0.5 1 Present 0.8006 0.7895 0.8036 0.7920 0.8072
HPT [30] – – 0.8059 0.7945 0.8092
HPT[32] 0.8031 0.7922 – 0.7945 0.8092

10 Present 0.8445 0.8327 0.8464 0.8349 0.8496
5 Present 0.9761 0.9625 0.9745 0.9636 0.9771
2 Present 1.8983 1.8713 1.8719 1.8646 1.8694
1 Present 5.1908 5.1170 5.0767 5.0822 5.0556

2 1 Present 0.7169 0.6498 0.6612 0.6414 0.6656
HPT [30] – – 0.6621 0.6423 0.6668
HPT[32] 0.7178 0.6507 – 0.6423 0.6668

10 Present 0.7633 0.6945 0.7047 0.6853 0.7089
5 Present 0.9024 0.8285 0.8351 0.8168 0.8381
2 Present 1.8758 1.7663 1.7484 1.7374 1.7418
1 Present 5.1513 5.1143 5.0090 5.0241 4.9683

Table 5. Non-dimensional critical buckling temperature T cr of square SSSS FG sandwich microplates under linear distribution
with biaxial compression, Tb ¼ 25oC:

a=h p h=l Theory 1-0-1 2-1-2 2-2-1 1-1-1 1-2-1

5 0.5 1 Present 5.6189 5.5292 5.3622 5.5293 5.5998
HPT [30] – – 5.4417 5.6144 5.6894
HPT[32] 5.6914 5.6105 – 5.6144 5.6894

10 Present 5.9600 5.8650 5.6798 5.8620 5.9289
5 Present 6.9831 6.8723 6.6328 6.8598 6.9160
2 Present 14.1524 13.9264 13.3052 13.8469 13.8268
1 Present 39.7280 39.0998 37.1151 38.7782 38.4860

2 1 Present 5.1581 4.6895 4.3583 4.6133 4.7424
HPT [30] – – 4.4071 4.6699 4.8074
HPT[32] 5.2103 4.7427 – 4.6699 4.8074

10 Present 5.5190 5.0366 4.6695 4.9536 5.0760
5 Present 6.6017 6.0777 5.6031 5.9745 6.0768
2 Present 14.1778 13.3634 12.1359 13.1187 13.0802
1 Present 41.2017 39.3500 35.4382 38.6005 38.0611

10 0.5 1 Present 1.5708 1.5466 1.5167 1.5502 1.5782
HPT [30] – – 1.4972 1.5391 1.5685
HPT[32] 1.5562 1.5344 – 1.5391 1.5685

10 Present 1.6569 1.6313 1.5885 1.6341 1.6613
5 Present 1.9149 1.8853 1.8289 1.8857 1.9101
2 Present 3.7231 3.6646 3.5122 3.6483 3.6539
1 Present 10.1790 10.0190 9.5235 9.9421 9.8801

2 1 Present 1.4067 1.2725 1.1925 1.2549 1.3014
HPT [30] – – 1.1731 1.2347 1.2837
HPT[32] 1.3856 1.2515 – 1.2347 1.2837

10 Present 1.4976 1.3599 1.2708 1.3406 1.3855
5 Present 1.7703 1.6221 1.5060 1.5977 1.6376
2 Present 3.6790 3.4571 3.1521 3.3973 3.4026
1 Present 10.4936 10.0084 9.0288 9.8221 9.7038
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uðXÞ � ûðXÞ ¼
Xni
i¼1

u qið ÞLiðqÞ (25)

where q is a standard variable mapping to the physical variable X and for maximizing perform-
ance of this approach, qi are defined as appropriate Gauss quadrature points corresponding to
the distribution of q: More specifically, q could be normal, uniform or exponential variable, and
qi are probabilistic Gauss-Hermite, Gauss-Legendre or Gauss-Laguerre quadrature points, respect-
ively. The 1-D Lagrange interpolation LiðqÞ is defined as:

LiðqÞ ¼ P
ni

j ¼ 1

j 6¼ i

q� qj
qi � qj (26)

A tensor product of 1-D functions is applied to expand the SC approximation to the multi-
dimensional space. Particularly, the expansion of d-variable and nk collocation points for the kth

variable can be expressed as:

Table 6. Non-dimensional critical buckling temperature T cr of square FG sandwich microplates (MAT 1) under uniform distri-
bution with biaxial compression.

BCs p h=l Theory 1-0-1 2-1-2 2-2-1 1-1-1 1-2-1

CSCS 0.5 1 Present 4.2188 4.1548 4.1877 4.1550 4.1920
10 Present 4.5793 4.5102 4.5388 4.5036 4.5412
5 Present 5.6498 5.5657 5.5812 5.5502 5.5776
2 Present 13.0949 12.9023 12.8237 12.8234 12.7779
1 Present 39.5812 39.0115 38.5968 38.7035 38.3992

2 1 Present 3.9457 3.6089 3.6173 3.5456 3.6242
10 Present 4.3266 3.9758 3.9747 3.9069 3.9778
5 Present 5.4591 5.0670 5.0370 4.9780 5.0287
2 Present 13.3304 12.6528 12.4203 12.4232 12.3328
1 Present 41.3300 39.6361 38.6845 38.9069 38.3152

CCCC 0.5 1 Present 6.0403 5.9696 5.9703 5.9712 5.9830
10 Present 6.7604 6.6550 6.6614 6.6319 6.6559
5 Present 8.8280 8.6919 8.6757 8.6523 8.6555
2 Present 23.2428 22.8973 22.6967 22.7331 22.5951
1 Present 74.4843 73.4092 72.5563 72.8005 72.1597

2 1 Present 5.8827 5.3268 5.2999 5.2335 5.2793
10 Present 6.5364 6.0414 5.9914 5.9246 5.9784
5 Present 8.7276 8.1530 8.0464 7.9963 8.0113
2 Present 23.9800 22.8551 22.3528 22.4250 22.1628
1 Present 78.1686 75.0826 73.1813 73.6825 72.4412

a=h ¼ 10
CSCS 0.5 1 Present 1.2629 1.2447 1.2646 1.2478 1.2698

10 Present 1.3546 1.3340 1.3533 1.3364 1.3576
5 Present 1.6242 1.6010 1.6170 1.6011 1.6198
2 Present 3.5111 3.4605 3.4532 3.4448 3.4456
1 Present 10.2315 10.0853 9.9942 10.0122 9.9487

2 1 Present 1.1380 1.0329 1.0486 1.0189 1.0553
10 Present 1.2337 1.1251 1.1384 1.1094 1.1441
5 Present 1.5198 1.4006 1.4067 1.3799 1.4097
2 Present 3.5114 3.3192 3.2751 3.2633 3.2585
1 Present 10.6067 10.1548 9.9316 9.9733 9.8451

CCCC 0.5 h=l ¼ 1 Present 1.9793 1.9499 1.9779 1.9508 1.9854
10 Present 2.1554 2.1239 2.1499 2.1253 2.1541
5 Present 2.6817 2.6424 2.6614 2.6319 2.6636
2 Present 6.3550 6.2624 6.2357 6.2286 6.2173
1 Present 19.4421 19.1633 18.9723 19.0172 18.8798

2 1 Present 1.7995 1.6372 1.6558 1.6148 1.6632
10 Present 1.9849 1.8154 1.8306 1.7888 1.8377
5 Present 2.5416 2.3515 2.3524 2.3146 2.3540
2 Present 6.4214 6.0892 5.9919 5.9838 5.9545
1 Present 20.2446 19.4079 18.9595 19.0571 18.7855
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ûðqÞ ¼
Xn1
j1¼1

:::
Xnd
jd¼1

u q1j1 , :::, q
d
jd

� �
� L1j1 � :::� Ldjd

� �
(27)

where q ¼ q1, q2, :::, qd
� �T

is a vector of random inputs and Lkjk ¼ P nk
s ¼ 1
s 6¼ jk

qk�qks
qkjk

�qks
in which qks is a col-

location point of the variable qk: Note that in this paper, qk is the standard normal variable and
qks is Gauss-Hermite quadrature point. For convenience, the number of quadrature points for
each variable is chosen equally such that:

n1 ¼ n2 ¼ ::: ¼ nd ¼ Ngp (28)

The total number of Gauss point for the full tensor product is ðNgpÞd: Note that in Eq. (27),

uðq1j1 , :::, qdjdÞ is the “correct” response achieved from the “right” model by solving Eq. (23). When

the SC model is constructed, MCS can perform directly from Eq. (27) to facilitate the probabilis-
tic characteristics of the output, u: The cost for evaluating the approximate u using Eq. (27) is

Table 7. Non-dimensional critical buckling temperature T cr of square FG sandwich microplates (MAT 1) under linear distribu-
tion with biaxial compression, Tb ¼ 25oC:

BCs p h=l Theory 1-0-1 2-1-2 2-2-1 1-1-1 1-2-1

a=h ¼ 5
CSCS 0.5 1 Present 8.2731 8.1351 7.8562 8.1208 8.1926

10 Present 8.9800 8.8310 8.5147 8.8104 8.8749
5 Present 11.0790 10.8976 10.4700 10.8576 10.9002
2 Present 25.6773 25.2613 24.0553 25.0843 24.9704
1 Present 77.6111 76.3782 72.3996 75.7077 75.0373

2 1 Present 7.7376 7.0658 6.5206 6.9356 7.0788
10 Present 8.4844 7.7805 7.1646 7.6383 7.7694
5 Present 10.7051 9.9158 9.0793 9.7320 9.8218
2 Present 26.1390 24.7593 22.3865 24.2862 24.0863
1 Present 81.0401 77.5589 69.7241 76.0570 74.8287

CCCC 0.5 1 Present 11.3498 11.6886 11.0893 11.5192 11.6801
10 Present 13.2567 13.0291 12.4996 12.9769 13.0029
5 Present 17.3110 17.0191 16.2743 16.9250 16.9179
2 Present 45.5751 44.8296 42.5747 44.4686 44.1542
1 Present 146.0485 143.7224 140.0998 142.4044 141.0091

2 1 Present 11.3820 10.4687 9.5652 10.4857 10.3737
10 Present 12.8190 11.8248 10.8069 11.5793 11.6859
5 Present 17.1112 15.9533 14.5040 15.6295 15.6496
2 Present 47.0206 44.7227 40.2883 43.8378 43.2838
1 Present 153.2727 146.9189 139.8997 143.0374 141.4751

a=h ¼ 10
CSCS 0.5 1 Present 2.4771 2.4377 2.3737 2.4416 2.4823

10 Present 2.6548 2.6122 2.5393 2.6150 2.6538
5 Present 3.1858 3.1354 2.0526 3.1329 3.1664
2 Present 6.8856 6.7759 6.4783 6.7391 6.7339
1 Present 20.0628 19.7461 18.7476 19.5854 19.4417

2 1 Present 2.2323 2.0222 1.8907 1.9928 2.0618
10 Present 2.4200 2.2026 2.0526 2.1697 2.2354
5 Present 2.9809 2.7417 2.5362 2.6985 2.7540
2 Present 6.8860 6.4958 5.9037 6.3800 6.3647
1 Present 20.7985 19.8714 17.9010 19.4970 19.2279

CCCC 0.5 1 Present 3.8819 3.8270 3.4247 3.8245 3.8766
10 Present 4.2267 4.1577 4.0323 4.1589 4.2104
5 Present 5.2592 5.1741 4.9934 5.1644 5.2064
2 Present 12.4618 12.2613 11.6975 12.1844 12.1503
1 Present 38.1228 37.5191 35.5885 37.1999 36.8942

2 1 Present 3.5242 3.2014 2.9860 3.1533 3.2524
10 Present 3.8936 3.5540 3.3005 3.4976 3.5894
5 Present 4.9846 4.6020 4.2407 4.5257 4.5983
2 Present 12.5920 11.9164 10.8003 11.6984 11.6310
1 Present 39.6963 37.9774 34.1725 37.2542 36.6881
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considerably lower than that for the original model in Eq. (23); hence, the total cost when using

the SC model may be thought of as simply the cost of ðNgpÞd truth model runs. To assess the
accuracy of the proposed SC model, 10,000 samples of MCS drawn from the original computa-
tional model represented in Eq. (23) are also generated. To distinguish between MCS carried out
on the SC model (Eq. (27)) and MCS performed with the model in Eq. (23), the former is
referred to simply as the SC method. It is demonstrated in the following section that to achieve
sufficient accuracy, the computational cost of the SC model is much lower than that of MCS (i.e.,
Nd

gp ¼ 10, 000). It is also noted that for high-dimensional problems (i.e., the number of random

variable, d is large), the SC method is also expensive compared to MCS, then alternative surrogate
models with or without dimension reduction techniques should be adopted. This paper only con-
siders four random variables for buckling analysis, six random variables for vibration analysis,
and because of its well-known theoretical development, straightforward implementation, the SC
approach is employed here.

Table 8. The standard deviation (SD), mean, Skewness, Kurtosis for the biaxial thermal buckling of FG sandwich microplates
(MAT 1, a=h ¼ 10) under uniform distribution of SC (256 samples) and MCS (10,000 samples).

BCs p Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

1-1-1
h=l ¼ 1
SSSS 0.5 SC 5.1240 0.4618 3.7233 0.5720 9.0 35 5.0822

MCS 5.1272 0.4625 3.7173 0.5728 9.0 345
2 SC 5.0582 0.4206 3.3517 0.4612 8.3 40 5.0241

MCS 5.0586 0.4199 3.3488 0.4622 8.3 337
CCCC 0.5 SC 19.1480 1.7282 3.6560 0.5447 9.0 40 19.0172

MCS 19.1660 1.7298 3.6663 0.5463 9.0 333
2 SC 19.2059 1.5587 3.3783 0.4601 8.1 41 19.0571

MCS 19.1902 1.5537 3.3739 0.4625 8.1 338
h=l ¼ 5
SSSS 0.5 SC 0.9702 0.0896 3.9393 0.4313 9.2 34 0.9636

MCS 0.9711 0.0889 3.9440 0.4318 9.2 338
2 SC 0.8229 0.0758 3.5360 0.4483 9.1 35 0.8168

MCS 0.8239 0.0753 3.5357 0.4481 9.1 335
CCCC 0.5 SC 2.6516 0.2388 3.7487 0.6004 9.0 36 2.6319

MCS 2.6437 0.2373 3.7387 0.6016 9.0 341
2 SC 2.3275 0.2043 3.4008 0.4579 8.8 37 2.3146

MCS 2.3244 0.2038 3.4017 0.4598 8.8 339
2-1-2
h=l ¼ 1
SSSS 0.5 SC 5.1575 0.4437 3.6578 0.5488 8.6 33 5.1170

MCS 5.1630 0.4431 3.6507 0.5451 8.6 330
2 SC 5.1476 0.3989 3.3984 0.4576 7.7 35 5.1143

MCS 5.1497 0.3972 3.3867 0.4550 7.7 336
CCCC 0.5 SC 19.2746 1.7223 4.0047 0.4794 8.9 36 19.1633

MCS 19.3199 1.7202 4.0166 0.4751 8.9 337
2 SC 19.5098 1.5476 3.7307 0.3735 7.9 34 19.4079

MCS 19.4620 1.5415 3.7325 0.3733 7.9 339
h=l ¼ 5
SSSS 0.5 SC 0.9701 0.0848 3.6716 0.4538 8.7 33 0.9625

MCS 0.9694 0.0845 3.6585 0.4554 8.7 334
2 SC 0.8354 0.0738 3.3880 0.3847 8.8 33 0.8285

MCS 0.8359 0.0740 3.3960 0.3858 8.8 329
CCCC 0.5 SC 2.6647 0.2316 3.6160 0.5683 8.7 37 2.6424

MCS 2.6566 0.2312 3.6124 0.5677 8.7 331
2 SC 2.3663 0.2010 3.4978 0.4153 8.5 35 2.3515

MCS 2.3593 0.2001 3.4965 0.4160 8.5 334
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5. Numerical examples

In this part, FG sandwich microplates with various BCs are utilized to analyze stochastic thermal

buckling and vibration, where the shear function Wðx3Þ ¼ cot�1 h
x3

� �
� 16x33

15h3 [70] is chosen. They

are made from a ceramic and metal whose mean material properties are given by:

� MAT 1: ZrO2 (Ec ¼ 244:27 GPa, ac ¼ 12:766� 10�61/C, �c ¼ 0:3), Ti�Al6� 4V (Em ¼ 66:2
GPa, am ¼ 10:3� 10�6 1/C, �m ¼ 0:3).

� MAT 2: Al2O3 (Ec ¼ 380 GPa, qc ¼ 3800 kg/m3, ac ¼ 7:4� 10�61/C, �c ¼ 0:3), Al (Em ¼ 70
GPa, qm ¼ 2702 kg/m3, am ¼ 23� 10�61/C, �m ¼ 0:3).

The following normalized parameters are used:

x ¼ xa2

h

ffiffiffiffiffi
q0
E0

r
;xT ¼ xa2

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qm 1� v2m

� �
Em

s
; ðE0 ¼ 1GPa, q0 ¼ 1 kg=m3Þ (29a)

Table 9. The standard deviation (SD), mean, Skewness, Kurtosis for the biaxial thermal buckling of FG sandwich microplates
(MAT 1, a=h ¼ 10) under linear distribution of SC (256 samples) and MCS (10,000 samples), Tb ¼ 25oC:

BCs p Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

1-1-1
h=l ¼ 1
SSSS 0.5 SC 10.0239 0.8972 3.7410 0.5955 8.9 30 9.9421

MCS 10.0179 0.8962 3.7306 0.5927 8.9 325
2 SC 9.8862 0.8221 3.4865 0.5257 8.3 33 9.8221

MCS 9.9028 0.8225 3.4923 0.5270 8.3 330
CCCC 0.5 SC 37.4986 3.3337 3.4160 0.5005 9.0 40 37.1999

MCS 37.4981 3.3363 3.4145 0.4994 9.0 342
2 SC 37.4604 3.1073 3.4426 0.4919 8.3 41 37.2542

MCS 37.4520 3.1061 3.4461 0.4912 8.3 340
h=l ¼ 5
SSSS 0.5 SC 1.9025 0.1750 3.5750 0.5379 9.2 31 1.8857

MCS 1.8990 0.1741 3.5568 0.5388 9.2 331
2 SC 1.6121 0.1451 3.4563 0.4883 9.0 32 1.5977

MCS 1.6120 0.1459 3.4534 0.4870 9.0 343
CCCC 0.5 SC 5.2057 0.4802 3.7467 0.5627 9.2 35 5.1644

MCS 5.2083 0.4811 3.7479 0.5611 9.2 339
2 SC 4.5258 0.4083 3.5553 0.5651 9.0 33 4.5257

MCS 4.5315 0.4093 3.5512 0.5664 9.0 342
2-1-2
h=l ¼ 1
SSSS 0.5 SC 10.1009 0.8765 3.6702 0.5612 8.7 36 10.0190

MCS 10.1144 0.8751 3.6789 0.5680 8.7 336
2 SC 10.0814 0.7879 3.6023 0.4996 7.8 32 10.0084

MCS 10.0814 0.7875 3.6088 0.4978 7.8 340
CCCC 0.5 SC 37.8308 3.2790 3.4421 0.4947 8.7 38 37.5191

MCS 37.7803 3.2773 3.4489 0.4940 8.7 345
2 SC 38.1656 2.9707 3.3935 0.4623 7.8 35 37.9774

MCS 38.0900 2.9685 3.3911 0.4637 7.8 339
h=l ¼ 5
SSSS 0.5 SC 1.9006 0.1756 3.6637 0.5696 9.2 32 1.8853

MCS 1.8996 0.1749 3.6758 0.5677 9.2 330
2 SC 1.6355 0.1449 3.4050 0.4536 8.9 31 1.6221

MCS 1.6344 0.1459 3.4225 0.4503 8.9 342
CCCC 0.5 SC 5.2082 0.4516 3.6203 0.5790 8.7 37 5.1741

MCS 5.2046 0.4527 3.6243 0.5781 8.7 336
2 SC 4.6453 0.3921 3.2125 0.3540 8.4 33 4.6020

MCS 4.6464 0.3925 3.2137 0.3433 8.4 335
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Ncr ¼ Ncra2

100h3E0
;Tcr ¼ DTcr � 10�3, (29b)

The material properties (Ec, Em, qc, qm and ac, am) are taken to be used at random using the
lognormal distributions with their coefficient of variation (COV) of 10% as a case-study. The pro-
posed method can work for any continuous probability distributions with different values of
COV. It should be mentioned that these distributions must be calibrated using experimental data
for real application. The assumptions of lognormal distributions are appropriate for non-negative
values. For comparison, 10,000 samples of the MCS are utilized.

Non-dimensional critical buckling temperatures of FG sandwich square microplates with p ¼
0:5, a=h ¼ 10 and h=l ¼ 5 are shown in Table 2 for the convergence investigation. The number
of series in the x1� and x2� directions is the same (N1 ¼ N2 ¼ NÞ for different BCs. It can be
seen that the results converge extremely rapidly, and since N ¼ 8 is the requisite number of series
to achieve convergence and it is used in the following numerical examples.

5.1. Buckling analysis

The biaxial of non-dimensional deterministic critical buckling loads of SSSS Al=Al2O3 microplates
(MAT 2) are shown in Table 3 for various values of a=h ¼ 10, p and h=l, and compared with
those published by Thai et al. [74]. An excellent agreement with earlier ones can be observed.
The deterministic critical buckling temperature of SSSS FG sandwich microplates with MAT 1

Table 10. Comparison of non-dimensional fundamental frequency x of square SSSS FG sandwich microplates (MAT
2, a=h ¼ 10).

p h=l Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1

0.5 1 Present 1.4414 1.4814 1.5044 1.5182 1.5448 1.5728
MCT [74] 1.4462 1.4861 1.5084 1.5213 1.5492 1.5766

5 Present 1.5978 1.6412 1.6639 1.6793 1.7059 1.7345
MCT [74] 1.5987 1.6423 1.6643 1.6788 1.7064 1.7345

5/3 Present 2.5192 2.5876 2.6090 2.6353 2.6650 2.6996
MCT [74] 2.5006 2.5667 2.5900 2.6142 2.6437 2.6787

1 Present 3.7337 3.8305 3.8583 3.8965 3.9337 3.9800
MCT [74] 3.6872 3.7836 3.8126 3.8488 3.8885 3.9325

1 1 Present 1.2428 1.3002 1.3330 1.3536 1.3951 1.4398
MCT [74] 1.2449 1.3019 1.3352 1.3552 1.3975 1.4413

5 Present 1.3972 1.4622 1.4948 1.5189 1.5610 1.6054
MCT [74] 1.3963 1.4612 1.4941 1.4941 1.5590 1.6038

5/3 Present 2.2831 2.3940 2.4305 2.4687 2.5162 2.5745
MCT [74] 2.2638 2.3729 2.4092 2.4492 2.4950 2.5512

1 Present 3.4251 3.5941 3.6398 3.7004 3.7575 3.8367
MCT [74] 3.3769 3.5413 3.5882 3.6486 3.7072 3.7830

5 1 Present 0.9468 0.9822 1.0308 1.0442 1.1094 1.1739
MCT [74] 0.9473 0.9832 1.0320 1.0461 1.1105 1.1756

5 Present 1.0994 1.1394 1.1886 1.2156 1.2796 1.3500
MCT [74] 1.1083 1.1379 1.1882 1.2136 1.2785 1.3480

5/3 Present 1.7689 1.9910 2.0574 2.1321 2.2139 2.3144
MCT [74] 1.7540 1.9730 2.0398 2.1137 2.1944 2.2944

1 Present 2.6648 3.0474 3.1405 3.2691 3.3784 3.5261
MCT [74] 2.6261 2.9984 3.0933 3.2160 3.3274 3.4702

10 1 Present 0.9284 0.9430 0.9922 0.9960 1.0605 1.1229
MCT [74] 0.9296 0.9443 0.9935 0.9969 1.0625 1.1247

5 Present 1.0338 1.0924 1.1448 1.1626 1.2313 1.2991
MCT [74] 1.0326 1.0912 1.1434 1.1619 1.2294 1.2982

5/3 Present 1.6480 1.9024 1.9786 2.0600 2.1486 2.2601
MCT [74] 1.6350 1.8863 1.9614 2.0420 2.1309 2.2392

1 Present 2.4530 2.9105 3.0198 3.1652 3.2897 3.4536
MCT [74] 2.4205 2.8645 2.9739 3.1138 3.2394 3.3986
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under biaxial compression is also estimated in order to further validate the proposed technique
with uniform and linear distribution. The outcomes are compared with those obtained by
Zenkour et al. [30] and Daikh et al. [32]. As seen in Tables 4 and 5, the present solutions match
well with those from earlier ones. Tables 6 and 7 provide some new results of the thermal buck-
ling of CSCS and CCCC FG sandwich microplates.

Stochastic thermal buckling analysis takes into account four random variables Em, Ec, ac, am
that are presumptively distributed lognormally with MAT 1 mean values. For the SC model with
the Gauss quadrature point Ngp ¼ 4, only 256 samples are needed. Tables 8 and 9 list the results
of the FG sandwich microplates with h=l ¼ 1 and h=l ¼ 5 for two types of BCs, a=h and p: The
statistical moments derived from SC and MCS exhibit strong concordance. It is noted that this
case’s computing time is around 1/10 of the time required by the direct MCS technique. Again,
for both SC and MCS, the mean values of the critical buckling temperature are quite similar to
the corresponding deterministic responses.

Table 11. Non-dimensional natural frequency xT of square FG sandwich microplates under uniform distribution (MAT 2,
a=h ¼ 10), DT ¼ 600oC:

p h=l Theory 2-1-1 1-1-1 2-2-1 1-2-1 1-8-1

SSSS
0.5 1 Present 5.2828 5.5053 5.8330 6.1849 7.5599

10 Present 5.6804 5.9002 6.2190 6.5494 7.8887
5 Present 6.7502 6.9571 7.2390 7.5427 8.7866
1 Present 21.7290 21.9876 22.2244 22.5426 23.5853

1 1 Present 3.3546 3.7458 4.3526 4.9427 7.0961
10 Present 3.9058 4.2720 4.8168 5.3696 7.4425
5 Present 5.2381 5.5431 6.0010 6.4990 8.3592
1 Present 20.3576 20.7811 21.1600 21.6622 23.2434

2 1 Present 1.0349 1.3045 2.6476 3.6014 6.6425
10 Present 1.6559 2.3509 3.3179 4.1329 6.9974
5 Present 3.6867 4.1199 4.7776 5.4491 7.9550
1 Present 18.9069 19.5118 20.0411 20.7504 22.9113

CSCS
0.5 1 Present 9.2418 9.4377 9.7615 10.0928 11.5272

10 Present 9.8156 10.0126 10.3226 10.6504 12.0520
5 Present 11.3549 11.5560 11.8480 12.1655 13.4940
1 Present 34.1543 34.5217 34.8508 35.2996 36.7173

1 1 Present 7.4475 7.7481 8.2590 8.7898 10.9900
10 Present 8.0847 8.3837 8.8720 9.3889 11.5307
5 Present 9.7417 10.0445 10.4945 10.9918 13.0024
1 Present 32.1924 32.7971 33.3236 34.0426 36.2349

2 1 Present 5.6557 6.0253 6.7434 7.4690 10.4629
10 Present 6.3822 6.7506 7.4232 8.1226 11.0151
5 Present 8.1803 8.5594 9.1656 9.8283 12.5190
1 Present 30.0657 30.9575 31.7100 32.7355 35.7494

CCCC
0.5 1 Present 13.4057 13.6605 13.9256 14.3084 15.9403

10 Present 14.2449 14.4422 14.7806 15.1027 16.6347
5 Present 16.4696 16.7153 17.0222 17.4042 18.8916
1 Present 49.4877 49.9962 50.4376 51.0499 52.9363

1 1 Present 11.4477 11.7521 12.3305 12.8608 15.2125
10 Present 12.3330 12.6339 13.1914 13.6853 16.0937
5 Present 14.6262 14.9790 15.4730 16.0375 18.2948
1 Present 46.7919 47.6390 48.3560 49.3432 52.2943

2 1 Present 9.5184 9.8784 10.5923 11.3128 14.7131
10 Present 10.4395 10.8537 11.5183 12.2454 15.4720
5 Present 12.7946 13.2360 13.8757 14.6515 17.7552
1 Present 43.8247 45.0873 46.1175 47.5447 51.6388
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5.2. Vibration analysis

Non-dimensional deterministic fundamental frequencies of SSSS Al=Al2O3 sandwich microplates
(MAT 2) are shown in Table 10 to demonstrate the correctness of the current theory for vibra-
tion analysis. It is noted that the results are computed without temperature effects and validated
with those from Thai et al. [74]. Table 11 presents some new results of FG sandwich microplates
under uniform temperature distribution for three boundary conditions (SSSS, CSCS, CCCC).

Six random variables (Em, Ec, qm, qc, ac, am) used in stochastic vibration analysis are assumed
to follow lognormal distributions and their mean values are taken from MAT 2. It should be
noticed that just 4096 samples are required for the SC model, whereas 10,000 samples are
required to estimate the cost of the MCS. Table 12 compares the standard deviation (SD), mean,
kurtosis and skewness, which are the first four statistical moments of the natural frequencies as
calculated by the SC and MCS models for a range of p and a=h values. It is clear that there is
consistently strong agreement between all statistical moments derived from two models.
Comparing the current technique to the direct MCS method, the computing time is around 1/14.
For all boundary conditions and various values of power index p, the mean fundamental fre-
quency values for SC and MCS are nearly identical to the deterministic values.

Table 12. The standard deviation (SD), mean, Skewness, Kurtosis for the natural frequencies xT of FG sandwich microplates
(1-2-1) under uniform distribution of SC (4096 samples) and MCS (10,000 samples) (MAT 2, a=h ¼ 10), DT ¼ 600oC:

BCs p Theory Mean SD Kurtosis Skewness COV (%) Time (s) Present

h=l ¼ 1
SSSS 0.5 SC 22.6602 2.0772 3.1872 0.2472 9.2 101 22.5426

MCS 22.6515 2.0821 3.2086 0.2464 9.2 1425
1 SC 21.7469 1.9354 3.1576 0.2720 8.9 99 21.6622

MCS 21.7353 1.9309 3.1168 0.2674 8.9 1421
2 SC 20.8142 1.7360 3.0883 0.2400 8.3 102 20.7504

MCS 20.8017 1.7312 3.0987 0.2384 8.3 1427
CSCS 0.5 SC 35.4451 3.3220 3.1932 0.2635 9.4 100 35.2996

MCS 35.4430 3.3328 3.1935 0.2667 9.4 1419
1 SC 34.1428 2.9795 3.0064 0.1946 8.7 104 34.0426

MCS 34.1526 2.9763 3.0023 0.1958 8.7 1425
2 SC 32.8265 2.7542 3.1626 0.2596 8.4 102 32.7355

MCS 32.8231 2.7507 3.1633 0.2583 8.4 1426
CCCC 0.5 SC 51.2987 4.7779 3.0567 0.2155 9.3 103 51.0499

MCS 51.2902 4.7786 3.0478 0.2161 9.3 1423
1 SC 49.5010 4.4544 3.1195 0.2677 9.0 101 49.3432

MCS 49.5012 4.4578 3.1212 0.2664 9.0 1424
2 SC 47.7206 3.9214 3.1770 0.2183 8.2 99 47.5447

MCS 47.7163 3.9259 3.1798 0.2177 8.2 1427
h=l ¼ 5
SSSS 0.5 SC 7.5787 0.7032 3.1579 0.2657 9.3 103 7.5427

MCS 7.5762 0.7048 3.1580 0.2655 9.3 1423
1 SC 6.5071 0.5581 2.9883 0.2181 8.6 104 6.4990

MCS 6.5097 0.5595 2.9870 0.2196 8.6 1422
2 SC 5.4565 0.4318 3.1400 0.2212 7.9 105 5.4491

MCS 5.4497 0.4329 3.1363 0.2222 7.9 1429
CSCS 0.5 SC 12.2202 1.1289 3.2599 0.3121 9.2 105 12.1655

MCS 12.2159 1.1254 3.2554 0.3160 9.2 1425
1 SC 11.0292 0.9435 3.2227 0.2880 8.6 104 10.9918

MCS 11.0278 0.9453 3.2207 0.2892 8.6 1427
2 SC 9.8561 0.7592 3.1190 0.1959 7.7 102 9.8283

MCS 9.8528 0.7555 3.1193 0.1952 7.7 1426
CCCC 0.5 SC 17.4699 1.6109 3.1958 0.2921 9.2 102 17.4042

MCS 17.4736 1.6157 3.1948 0.2928 9.2 1428
1 SC 16.0781 1.3699 3.0924 0.2469 8.5 101 16.0375

MCS 16.0823 1.3742 3.0888 0.2477 8.5 1425
2 SC 14.6956 1.1520 3.1677 0.2234 7.8 104 14.6515

MCS 14.7067 1.1541 3.1697 0.2241 7.8 1422
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5.3. Results of reliability estimation

Figures 2–4 compare the linear quantile–quantile, probability of exceeding (PoE), and probability
density function (PDF) of SC and MCS for the fundamental frequency and thermal buckling of
the FG sandwich microplates with various BCs. It is clear that the SC method offers a feasible

Figure 2. Quantile-quantile, PDF and PoE of MCS and SC for the critical buckling temperature of the (1-1-1) FG sandwich micro-
plates under uniform distribution with SSSS, CCCC BCs (MAT 1, p¼ 0.5, a/h¼ 10).
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alternative approach for simulating the uncertainties of various material characteristics. A
decrease in frequency and critical buckling temperature is observed with an increase in the mater-
ial length scale parameter with h=l ¼ 1 being the minimal value (Figure 5). Additionally, this
graph interestingly shows that a decrease of h=l leads to the uncertainty expansion of the fre-
quency and critical buckling temperature. It is interesting to see in Figure 6 that when p

Figure 3. Quantile-quantile, PDF and PoE of MCS and SC for the critical buckling temperature of the (2-1-2) FG sandwich micro-
plates under linear distribution with SSSS, CCCC BCs (MAT 1, p¼ 2, a/h¼ 10).
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decreases, the frequency and thermal buckling uncertainty appears to expand. It is similar when
comparing the COV of these stochastic responses in Figure 7. It is worth noting that even when
maintaining a constant COV of the input random variables, the fundamental frequency’s COV
drops as p increases. As p rises, the COV of stochastic thermal buckling temperatures falls.

Figure 4. Quantile-quantile, PDF and PoE of MCS and SC for the free vibration of the (1-2-1) FG sandwich microplates under uni-
form distribution with SSSS, CCCC BCs (MAT 2, p¼ 1, a/h¼ 10).
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6. Conclusions

A higher-order shear deformation microplate model for stochastic thermal buckling and vibration
analysis of functionally graded sandwich microplates is investigated in this study. The governing
equations are developed using Hamilton’s principle and solved by Ritz’s approach using a hybrid
shape function. The stochastic collocation method is utilized and the obtained results are com-
pared with those from Monte Carlo Simulation. The effects of material distribution, ratio of side-
to-thickness, and boundary conditions on the natural frequencies and thermal buckling of FG
sandwich microplates are investigated. The following important points can be derived from the
numerical results obtained:

� The accuracy and efficiency of predicting stochastic thermal buckling and fundamental fre-
quencies of FG sandwich microplates have been demonstrated.

� In contrast to the Monte Carlo Simulation, which requires 10,000 samples, the stochastic col-
location approach requires just 256 samples to calculate stochastic thermal buckling, the fun-
damental frequencies are 4096 samples, respectively.

� It is also interesting to note that when the power-law index p and ratio of thickness-to-MLSP
h=l decrease, the frequency and thermal buckling uncertainty appears to expand.

Figure 5. Probability density function (PDF) for the critical buckling temperature and free vibration of (1-2-1) FG sandwich micro-
plates under uniform distribution with various ratio thickness to material h/l, (a/h¼ 10, p¼ 0.5).
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Figure 6. Probability density function (PDF) for the natural frequencies and critical buckling temperature of (1-2-1) FG sandwich
microplates under uniform distribution with various power-law index p (a/h¼ 10).
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ABSTRACT 
The authors propose an intelligent computational method using the deep 
feedforward neural network integrated with an improved balance compos
ite motion optimization algorithm to formulate a so-called iBCMO-DNN for 
solving the stochastic thermal buckling problems of functionally graded 
porous microplates. In the present approach, the deterministic behaviors 
of the functionally graded porous microplates were firstly analyzed by the 
combination of a unified higher-order shear deformation theory, modified 
strain gradient theory, and Ritz-type series solutions, and then stochastic 
responses under uncertainty of material properties are obtained by the 
iBCMO-DNN algorithm. The deep neural network with the long short-term 
memory model is used as a surrogate method to replace the time-consum
ing computational model, while the improved balance composite motion 
optimization is used to search for the optimal solutions. The obtained 
numerical results for various boundary conditions, uncertainty parameters, 
and three types of temperature distribution indicated that the proposed 
method achieves its accuracy and effectiveness in predicting stochastic 
thermal buckling of the functionally graded porous microplates. The 
improved balance composite motion optimization algorithm demonstrates 
a computational time �1.7 times faster than its predecessor. Furthermore, 
integrating a deep neural network into the improved algorithm reduces 
computational time to about 2/5 compared to the method without it.
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1. Introduction

The functionally graded materials (FGMs) have been increasingly studied for applications in dif
ferent engineering fields, such as nano-electromechanical systems (NEMS) [1], micro-electro
mechanical systems (MEMs) [2,3], and atomic force microscopes (AFMs) [4] since its smooth 
variation of material properties could meet severe thermo-mechanical conditions in comparison 
with conventional multilayered materials. However, in practice, the FGMs may contain internal 
defects, such as pores, uncertainty in material properties, and size effects at small-scale structures, 
which result in its behavior variations and therefore require efficient computational methods. 
These interesting topics have attracted numerous researchers with different approaches.

For analysis of functionally graded porous (FGP) plates at macro scale in thermo-mechanical 
environments, many investigations on behaviors of FGP plates have been performed with various 
approaches [5–7] in which it could be noted that the effects of porosities impacted importantly 
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on responses of the FGP plates. Nevertheless, when considering such structures at a small scale, 
the standard elasticity theory would be not able to forecast accurately, hence the nano and micro 
theories were developed to capture the size effects. Based on this approach, several researches 
have been carried out to examine thermo-mechanical behaviors of FGM nanostructures [8–10] 
using nonlocal strain gradient theory [11,12], FGM microplates [13–16], and FGP microplates 
[17]. It is worth noticing that to examine the size effects of isotropic microplates, the modified 
coupled stress theory (MCT) [18] including one material length scale parameter (MLSP) and add
itional strain gradient in constitutive equations has been commonly employed by its simplicity. 
Alternatively, by introducing the dilatation and deviatoric stretch gradients in constitutive equa
tions, the modified strain gradient theory (MST) [19,20] derived from the five-MLSP strain gradi
ent theory [21,22] appeared to be more accurate than the MCT. Furthermore, in practice, the 
material properties of FGP microplates could be uncertain due to manufacture processing or 
other unexpected phenomena, it led to changes of behaviors of the FGP microplates and therefore 
required advanced computational methods to quantify the solution field. Practically, to predict 
stochastic responses of structures, Monte Carlo Simulation (MCS) method is the simplest one to 
solve this complicated problem. Nonetheless, this approach is infeasible in different cases due to 
its expensive computational cost, especially when a complicated physical model is considered. 
Another approach is to use polynomial chaos expansion (PCE) which speeds up the computing 
process while still maintains the accuracy. Several earlier studies have been conducted for stochas
tic analysis of FGM and FGP plates [23,24], and FG/FGP microplates [25,26].

In addition, there has been a significant interest in the optimal design of FGM plates, as evi
denced by numerous studies [27–29]. Optimization algorithms can be classified into two primary 
categories: gradient-based methods, such as sequential quadratic programming, optimality criter
ion, force method, and non-gradient-based methods. The algorithms in the first group [30–32] 
quickly find the best solutions. However, a common limitation of these algorithms is their ten
dency to become stuck at local optimal solutions. Furthermore, it is imperative to conduct the 
sensitivity analysis of both the fitness and constraint functions, as they play a crucial role in the 
optimization process. However, it is worth noting that those analyses can be intricate and 
resource-intensive. To mitigate these limitations, a variety of alternative algorithms have been 
devised, such as the Firefly Algorithms (FA) [33], Memetic Algorithm (MA) [34], Ant Colony 
Optimization (ACO) [35], Particle Swarm Optimization (PSO) [36], and modified symbiotic 
organism search (mSOS) [37], Balancing composite motion optimization method (BCMO) [38], 
etc. The candidates within this particular group are generated in a random manner within the 
search domain without any reliance on gradient information. As a result, these algorithms have 
the potential to achieve a solution that is globally optimal. However, a notable drawback is the 
high computational cost associated with them, particularly when dealing with optimization prob
lems that involve a large number of design variables. Moreover, it should be noted that the 
machine learning and balancing composite motion optimization method (BCMO) have been 
developed for different optimization problems of structure behaviors, which could be considered 
in enhancing computational costs. The BCMO [38] is an optimization approach based on the fact 
that the search motions of potential solutions are compositely balanced in both local and global. 
A candidate solution can advance both to further explore the search space and to approach better 
ones in the local areas. Thereby, the best individual generated in each generation after ranking 
could jump from one space to another right away or strengthen its existing local space. In prac
tice, the BCMO could be integrated with the artificial neural network (ANN) to optimize behav
iors of the composite structures and reduce computational costs. Thanh Duong et al. [39] 
presented the BCMO-ANN algorithm for the optimization design of rectangular concrete-filled 
steel tube short columns. Khatir et al. [40] used the BCMO-ANN for damage assessment of FGM 
plates. Tran et al. [41] recently investigated stochastic vibration and buckling optimization of 
FGP microplates using the BCMO-ANN and MCT. A literature review shows that the effects of 
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porosity, uncertainty in material properties, and size effects of FGP microplates have been a chal
lenging topic that needs to be studied further. Particularly, when confronted with the uncertain 
and naturally variable mechanical properties of the materials, these factors present major difficul
ties that necessitate more deep study. So, in the present work, we focus on improving the BCMO 
algorithm and combining it with deep learning (DNN) to resolve this problem. The main contri
bution of this paper is a novel intelligent computation algorithm iBCMO-DNN for solving the 
stochastic thermal buckling problems of FGP microplates using the MST, unified higher-order 
shear deformation theory (HSDT), and Ritz method.

With the aim of reducing the computational time in dealing with stochastic problems, this 
study proposes a novel intelligent computational algorithm, namely iBCMO-DNN, for handling 
stochastic thermal buckling analysis of FGP microplates. The theory is developed via the 
improved BCMO, DNN, MST, and unified higher-order shear deformation theory (HSDT). The 
deterministic responses of FGP microplates are derived from the Ritz-based solver, a general 
HSDT, and MST. The approximation functions of the Ritz approach are shown as a hybrid with 
a sequence of exponential functions mixed with a polynomial to meet the boundary conditions. 
The solution field is then generated randomly and optimally selected by a modified BCMO, and 
the subsequent results are trained via the DNN. Numerical results are displayed for various con
figurations of boundary conditions, uncertainty parameters, and three types of temperature distri
bution on the critical buckling temperature of FGP microplates.

2. Theoretical formulation

Considering a rectangle FGP microplate in the coordinate system ðx1, x2, x3Þ with thickness h, 
sides a� b as provided in Figure 1.

2.1. Material properties and temperature distribution

The effective material properties of FGP microplates are given by [42]:

P x3ð Þ ¼ Pc − Pmð Þ
2x3 þ h

2h

� �p

þ Pm −
b

2
Pc þ Pmð Þ (1) 

where Pc and Pm are the Poisson’s ratio �, Young’s moduli E of ceramic and metal materials, 
respectively; p is the power-law index; 0 � b� 1 is the porosity volume fraction; x3 2

−h=2, h=2½ �: Moreover, to investigate the effect of temperature on the buckling responses, three 
types of temperature distribution are considered below [43,44]:

� For uniform temperature distribution (UTR): TðzÞ ¼ To þ DT where the bottom surface’s ref
erence temperature is To:

Figure 1. Geometry of FGP microplates.
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� For linear temperature distribution (LTR): TðzÞ ¼ ðTt − TbÞ
z
hþ

1
2

� �
þ Tb where the temperatures 

at the top and bottom surfaces of FGP microplates are represented by Tt and Tb, respectively.
� For the nonlinear temperature rise (NLTR): the expression of the current temperature is 

derived from the Fourier equation of steady-state heat conduction as follows: TðzÞ ¼

TðbÞ þ Tt−TbÐ h=2

−h=2
1=kðzÞdz

Ð z
−h=2

1
kðnÞdn 

where kðzÞ is the coefficient of thermal conductivity. It is noted 

that, in the present work, the material properties are supposed to be temperature-independent, 
and the effects of temperature dependency on the thermal buckling of FGM microplates could 
be referred to Refs. [45,46] for more details.

2.2. FGP microplates’ unified kinematics

A general HSDT kinematic of FGP microplates is generated from Refs. [25,44] as follows:

u1 x1, x2, x3ð Þ ¼ U2 x3ð Þu1 x1, x2ð Þ þ U1 x3ð Þu0
3, 1 þ u0

1 x1, x2ð Þ (2a) 

u2 x1, x2, x3ð Þ ¼ U2 x3ð Þu2 x1, x2ð Þ þ U1 x3ð Þu0
3, 2 þ u0

2 x1, x2ð Þ (2b) 

u3 x1, x2, x3ð Þ ¼ u0
3 x1, x2ð Þ (2c) 

with U2ðx3Þ ¼ HsWðx3Þ, U1ðx3Þ ¼ HsWðx3Þ − x3, Wðx3Þ ¼
Ð x3

0
f, 3

lðx3Þ
dx3; uj ðj ¼ 1, 2, 3Þ are dis

placements in x1 − , x2 − , and x3− directions, respectively; u0
1, u0

2 and u0
3 are membrane and 

transverse displacements at neutral plane; u1, u2 are rotations at neutral plane with respect to the 
x1− and x2− axis, respectively; Hs is the transverse shear stiffness; f ðx3Þ is a higher-order term 
which satisfies the boundary condition f, 3 x3 ¼ 6 h

2

� �
¼ 0:

The FGP microplates’ total potential energy is calculated by using Hamilton’s principle as fol
lows [47]:

ðt2

t1

dPUB þ dPVBð Þdt ¼ 0 (3) 

where dPVB, dPUB are the variations of work done by membrane compressive forces, and strain 
energy, respectively.

The strain energy variation of the system dPUB is obtained by the modified strain gradient 
theory (MST) [19,48,49]:

dPUB ¼

ð

A

rdeþ pdnþ sdgþmdvð ÞdA (4) 

where e, v, n, g are strains, symmetric rotation gradients, dilatation gradient, and deviation stretch 
gradient, respectively; r is Cauchy stress; m, p, s are high-order stresses corresponding with strain 
gradients v, n, g, respectively. The components of strain eij and strain gradients ni, gijk, vij are 
defined as follows:

eij ¼ ðui, j þ uj, iÞ=2; ni ¼ emm, i; vij ¼ ðun, mjeimn þ un, miejmnÞ=4 (5a) 

gijk ¼ ejk, i þ eki, j þ eij, kð Þ=3 − ni þ 2emi, mð Þdjk þ nk þ 2emk, mð Þdij þ nj þ 2emj, m
� �

dki
� �

=15 (5b) 

where dij is Kronecker delta; eimn is permutation symbol. The constitutive equations are used to 
determine the stress components as follows:

rij ¼ kekkdij þ 2leij; mij ¼ 2ll2
1vij; pj ¼ 2ll2

2nj; sijk ¼ 2ll23gijk (6) 

4 V.-T. TRAN ET AL.



where k, l are Lam�e constants; l1, l2, l3 are three material length scale parameters (MLSP) that 
should be practically determined by experimental works. Substituting Eq. (2) into Eq. (5a), the 
strains eT ¼ eðiÞ eðssÞ

� �
are achieved as follows:

e ssð Þ ¼ U3 x3ð Þe
ð3Þ; eðiÞ ¼ U2 x3ð Þe

ð2Þ þ U1 x3ð Þe
ð1Þ þ eð0Þ (7) 

where U3ðx3Þ ¼ Hsf, 3ðx3Þ=lðx3Þ: The non-zero components of dilatation gradients n ¼

n1 n2 n3
� �T are given by:

n ¼ nð0Þ þ U1n
ð1Þ þ U2n

ð2Þ þ U1, 3n
ð3Þ þ U2, 3n

ð4Þ (8) 

The expressions of deviatoric stretch gradient and strain gradient components are as follows:

g ¼ gð0Þ þ U1g
ð1Þ þ U2g

ð2Þ þ U3g
ð3Þ þ U1, 3g

ð4Þ þ U2, 3g
ð5Þ þ U3, 3g

ð6Þ (9a) 

v ¼ vð0Þ þ vð1ÞU1, 3 þ vð2ÞU2, 3 þ vð3ÞU1, 33 þ vð4ÞU2, 33 þ vð5ÞU2 (9b) 

where

gT ¼ g111 g222 g333 3g331 3g332 3g221 3g112 3g113 3g223 6g123
� �

,
vT ¼ v11 v22 2v12 v33 2v13 2v23

� �

The strain components of the FGP microplates are described in Appendix A. The stress-strain 
relationship of FGP microplates is represented as follows:

rðiÞ ¼

r11
r22
r12

8
<

:

9
=

;
¼ QðiÞe eðiÞ ¼

Q11 Q12 0
Q12 Q22 0

0 0 Q66

2

4

3

5
e11
e22
c12

8
<

:

9
=

;
(10a) 

rðoÞ ¼
r13
r23

� �

¼ QðoÞe e ssð Þ ¼
Q55 0

0 Q44

� �
c13
c23

� �

(10b) 

m ¼

m11
m22
m12
m33
m23
m13

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

¼ avI6�6v ¼ 2ll2
1

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

v11
v22
v12
v33
v23
v13

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

(10c) 

p ¼
p1
p2
p3

8
<

:

9
=

;
¼ anI3�3n ¼ 2ll2

2

1 0 0
0 1 0
0 0 1

2

4

3

5
n1
n2
n3

8
<

:

9
=

;
(10d) 

s ¼

s111
s222
s112
s221
s331
s332
s333
s113
s223
s123

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

¼ agI10�10g ¼ 2ll2
3

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

g111
g222
g112
g221
g331
g332
g333
g113
g223
g123

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

9
>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>;

(10e) 

where av ¼ 2ll2
1, an ¼ 2ll2

2, ag ¼ 2ll2
3, Q44 ¼ Q55 ¼ Q66 ¼ l ¼

Eðx3Þ

2ð1þ�Þ , Q12 ¼
�Eðx3Þ

1−�2 , 
Q22 ¼

Eðx3Þ

1−�2 , Q11 ¼
Eðx3Þ

1−�2 :
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The variation of the strain energy of FGP microplates is hence derived from Eq. (4) as follows:

dPUB ¼
Ð

A rdeþ pdnþ sdgþmdvð ÞdA
¼
Ð

A½ Pð3Þe deð3Þ þ Pð2Þe deð2Þ þ Pð1Þe deð1Þ þ Pð0Þe deð0Þ

þPð4Þn dnð4Þ1Pð3Þn dnð3Þ þ Pð2Þn dnð2Þ þ Pð1Þn dnð1Þ þ Pð0Þn dnð0Þ

þPð5Þv dvð5Þ þ Pð4Þv dvð4Þ þ Pð3Þv dvð3Þ þ Pð2Þv dvð2Þ þ Pð1Þv dvð1Þ þ Pð0Þv dvð0Þ

þPð6Þg dgð6Þ þ Pð5Þg dgð5Þ þ Pð4Þg dgð4Þ þ Pð3Þg dgð3Þ þ Pð2Þg dgð2Þ þ Pð1Þg dgð1Þ þ Pð0Þg dgð0Þ�dA
(11) 

where the stress resultants are given by:

Pð0Þe , Pð1Þe , Pð2Þe

� �

¼

ðh=2

−h=2

1, U1, U2ð ÞrðiÞdx3; Pð3Þe ¼

ðh=2

−h=2

U3r
ðoÞdx3 (12a) 

Pð0Þn , Pð1Þn , Pð2Þn , Pð3Þn , Pð4Þn

� �

¼

ðh=2

−h=2

1, U1, U2, U1, 3, U2, 3ð Þpdx3 (12b) 

Pð0Þv , Pð1Þv , Pð2Þv , Pð3Þv , Pð4Þv , Pð5Þv

� �
¼

ðh=2

−h=2

1, U1, 3, U2, 3, U1, 33, U2, 33, U2ð Þmdx3 (12c) 

Pð0Þg , Pð1Þg , Pð2Þg , Pð3Þg , Pð4Þg , Pð5Þg , Pð6Þg

� �
¼

ðh=2

−h=2

1, U1, U2, U3, U1, 3, U2, 3, U3, 3ð Þgdx3 (12d) 

The following stress resultants could be derived in terms of gradients and strains:

Pð0Þe

Pð1Þe

Pð2Þe

Pð3Þe

8
>>><

>>>:

9
>>>=

>>>;

¼

Ae Be Be
s 0

Be De De
s 0

Be
s De

s He
s 0

0 0 0 Ae
s

2

6
6
4

3

7
7
5

eð0Þ

eð1Þ

eð2Þ

eð3Þ

8
>><

>>:

9
>>=

>>;

(13a) 

Pð0Þn

Pð1Þn

Pð2Þn

Pð3Þn

Pð4Þn

8
>>>>>>>><

>>>>>>>>:

9
>>>>>>>>=

>>>>>>>>;

An Bn Bn
s

�Bn �Bn

s

Bn Dn Dn
s

�On �Pn

s
Bn

s Dn
s Hn

s
�Fn

s
�Jn

�Bn �On �Fn

s
�Dn �Dn

s
�Bn

s
�Pn

s
�Jn �Dn

s
�Hn

s

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

nð0Þ

nð1Þ

nð2Þ

nð3Þ

nð4Þ

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

(13b) 

Pð0Þv

Pð1Þv

Pð2Þv

Pð3Þv

Pð4Þv

Pð5Þv

8
>>>>>>>>><

>>>>>>>>>:

9
>>>>>>>>>=

>>>>>>>>>;

¼

Av �Bv �Bv

s
�B

v
�B

v

s Bv
s

�Bv �Dv �Dv

s
�Ev �Ev

s
�Fv

s
�Bv

s
�Dv

s
�Hv

s
�Gv

s
�Iv �Jv

�B
v

�Ev �Gv

s
�D

v
�D

v

s
�Kv

s
�B

v

s
�Ev

s
�Iv �D

v

s
�H

v

s
�L

Bv
s

�Fv

s
�Jv �Kv

s
�L Hv

s

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

vð0Þ

vð1Þ

vð2Þ

vð3Þ

vð4Þ

vð5Þ

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

(13c) 
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Pð0Þg

Pð1Þg

Pð2Þg

Pð3Þg

Pð4Þg

Pð5Þg

Pð6Þg

8
>>>>>>>>>>><

>>>>>>>>>>>:

9
>>>>>>>>>>>=

>>>>>>>>>>>;

¼

Ag Bg Bg
s Ag

s
�Bg �Bg

s
�Ag

s
Bg Dg Dg

s Dg
ts

�Og �Pg

s
�Qg

s
Bg

s Dg
s Hg

s Dg

hs
�Fg

s
�Jg �Fg

hs
Ag

s Dg
ts Dg

hs Hg
ts �Fg

ts
�Jg

hs
�Rg

�Bg �Og �Fg

s
�Fg

ts
�Dg �Dg

s
�Dg

ts
�Bg

s
�Pg

s
�Jg �Jg

hs
�Dg

s
�Hg

s
�Dg

hs
�Ag

s
�Qg

s
�Fg

hs
�Rg �Dg

ts
�Dg

hs
�Hg

ts

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

gð0Þ

gð1Þ

gð2Þ

gð3Þ

gð4Þ

gð5Þ

gð6Þ

8
>>>>>>>>><

>>>>>>>>>:

9
>>>>>>>>>=

>>>>>>>>>;

(13d) 

where the FGP microplate stiffness components are described in Appendix B. The variation of work 
done by membrane compressive loads in thermo-mechanical environments is determined by:

dPVB ¼ −
ð

A

N trð Þ u0
3, 1du0

3, 1 þ u0
3, 2du0

3, 2

� �
dA −

ð

A

NðmÞ1 u0
3, 1du0

3, 1 þ NðmÞ2 u0
3, 2du0

3, 2

� �

dA (14) 

where NðmÞ1 and NðmÞ2 are in-plane edge loads, NðmÞ12 ¼ 0; NðtrÞ1 ¼ NðtrÞ2 ¼ NðtrÞ, NðtrÞ12 ¼ 0 are the 
pre-buckling in-plane thermal loads given by:

N trð Þ ¼

ðh=2

−h=2
Q11 þ Q12ð ÞaDTdz (15) 

in which a is the coefficient of thermal expansion; DT ¼ TðzÞ − To is the current temperature’s 
deviation from the reference one To:

2.3. Ritz-type series solution

According to the Ritz approach, the following series of approximation functions and associated 
series values can be used to describe the membrane and transverse displacements 
ðu0

1, u0
2, u0

3, u1, u2Þ of the FGP microplates:

u0
1ðx1, x2Þ ¼

Xn1

i¼1

Xn2

j¼1
u1ijRi, 1 x1ð ÞPj x2ð Þ; u0

2ðx1, x2Þ ¼
Xn1

i¼1

Xn2

j¼1
u2ijRi x1ð ÞPj, 2 x2ð Þ (16a) 

u0
3ðx1, x2Þ ¼

Xn1

i¼1

Xn2

j¼1
u3ijRi x1ð ÞPj x2ð Þ; u2ðx1, x2Þ ¼

Xn1

i¼1

Xn2

j¼1
yijRi x1ð ÞPj, 2 x2ð Þ (16b) 

u1ðx1, x2Þ ¼
Xn1

i¼1

Xn2

j¼1
xijRi, 1 x1ð ÞPj x2ð Þ (16c) 

where u1ij, u2ij, u3ij, xij, yij represent unknown variables which need to determined; the shape func
tions in x1− and x2− direction are Riðx1Þ, Pjðx2Þ, respectively. As a consequence, only two shape 
functions affect the five unknowns of the microplates. It should be noted that the decision of the 
shape functions affects the accuracy, convergence rates, and numerical instabilities of the Ritz 
solution, which was discussed in detail in Refs. [50,51]. The functions Riðx1Þ and Pjðx2Þ are gen
erated to satisfy the boundary conditions (BCs) at the microplate edges as follows:

� Clamped (C): u2 ¼ u1 ¼ u0
3 ¼ u0

2 ¼ u0
1 ¼ 0 at x2 ¼ 0, b and x1 ¼ 0, a

� Simply supported (S): u2 ¼ u0
3 ¼ u0

2 ¼ 0 at x1 ¼ 0, a and u1 ¼ u0
3 ¼ u0

1 ¼ 0 at x2 ¼ 0, b:

Noting that the use of modified strain gradient theory to capture the size effects could lead to 
an increase in the order of differential characteristic equations and additional higher-order 
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boundary conditions [48,49,52]. However, for the simplicity purpose, the effect of non-classical 
boundary conditions is not considered in this paper.

The combination of clamped and simply-supported BCs on the edges of the microplates leads 
to the various ones as follows: SSSS, SCSC, CCCC which will be taken into account in the 
numerical examples as follows:

� For SSSS BC: Riðx1Þ ¼ x1ða − x1Þe−ix1
a , Pjðx2Þ ¼ x2ðb − x2Þe−jx2

b

� For CCCC BC: Riðx1Þ ¼ x2
1ða − x1Þ

2e−ix1
a , Pjðx2Þ ¼ x2

2ðb − x2Þ
2e−jx2

b

� For SCSC BC: Riðx1Þ ¼ x1ða − x1Þ
2e−ix1

a , Pjðx2Þ ¼ x2ðb − x2Þ
2e−jx2

b :

Additionally, to construct characteristic equations of motion for the FGP microplates, substi
tuting the approximations in Eq. (16) into Eq. (3) by accounting for Eqs. (11) and (14) leads to:

Kd ¼ 0 (17) 

where d ¼ u1 u2 u3 x y
� �T is the displacement vector to be determined; K ¼ Ke þ Kv þ

Kn þ Kg is the stiffness matrix which is composed of those of the strains Ke, symmetric rotation 
gradients Kv, dilatation gradient Kn, and deviation stretch gradient Kg: These components are 
given in more detail as follows:

Kj ¼

Kj11 Kj12 Kj13 Kj14 Kj15

TKj12 Kj22 Kj23 Kj24 Kj25

TKj13 TKj23 Kj33 Kj34 Kj35

TKj14 TKj24 TKj34 Kj44 Kj45

TKj15 TKj25 TKj35 TKj45 Kj55

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

with j ¼ e, n, v, gf g (18) 

where the components of the stiffness matrix Ke and Kv can be referenced to the earlier work 
[25]. The stiffness matrix’s components Kn and Kg are given in Appendix C.

2.4. iBCMO-DNN algorithm

It is known that the material properties may be uncertain due to the manufacturing process or 
other major circumstances. Because of this uncertainty, structures’ static and dynamic behaviors 
are fluctuated, it hence required the advanced computational methods to predict its stochastic 
behaviors. As mentioned in the introduction, many approaches could be used with different 
degrees of success, the present section proposes an intelligent computational iBCMO-DNN algo
rithm which enables to capture uncertain responses of the FGP microplates.

2.4.1. An improved balancing composite motion optimization (iBCMO)
The balancing composite motion optimization (BCMO) is a meta-heuristic algorithm technique 
which was initially developed by Le-Duc et al. [38] in which the key idea of this approach is to 
balance the individual composite motion features within the global optimum. Balancing global 
and local search via a probabilistic decision model creates a mechanism of mobility for each 
individual.

Initialization: As follows, a random initialization is used to create the population distribution,

xi ¼ xL
j þ rand 1, dð Þ � xU

i − xL
j

� �
(19) 

where xL
i is the lower bound and xU

i is the upper bound of the ith− individual; the number of 
items is d:
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Best individual and instant global point: The instant global point xt
Oin is determined as the 

prior best of xt−1
1 with regard to a trial ut

1, where ut
1 is calculated using population information 

from the current generation as follows:

ut
1 ¼ LBþ UBð Þ=2þ vt

k1=k2 þ vt
k2=1 (20) 

where vt
k1=k2 is the relative motions of the individual kth

1 with respect to the individual kth
2 ; vt

k2=1 
is the relative motions of the individual kth

2 with respect to the previous best one. vt
k1=k2 and vt

k2=1                                            

Figure 2. Deep neural network.

Figure 3. The flowchart of the stochastic response of FGP microplates.
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are determined as follows:

vi=j ¼ xj − xið Þ
randð1, dÞ
−randð1, dÞ

if TVj > f

otherwise

�

(21) 

where f is the probability threshold in selecting the mutation and crossover phases. The value of 
f ¼ 0:5 has been chosen for the balance of global and local search phases as well as mutation and 
crossover mechanisms for solving general optimization problems [38]. Instant global point is 
defined as follows:

xt
Oin ¼

ut
1

xt−1
1

if f ut
1

� �
< f xt−1

1
� �

otherwise

�

(22) 

Individuals’ composite mobility in the solution space: In BCMO, vj represents the global 
search motion, which is governed by:

vj ¼ LGS � dvj � xOin − xjð Þ (23) 

where

LGS ¼
e−1

d
j

NPr2
j

e
−1

d 1− j
NPð Þr2

j

if TVj > f

otherwise ; dvij ¼
randð1, dÞ
−randð1, dÞ

if TVj > f

otherwise

�
8
<

:
(24) 

where NP is the population size. These vik instances have equal probability and can be calculated 
as follows:

PðvikÞ ¼ Pðvi=jÞ � PðvjÞ ¼ f2 with k ¼ 1, :::, 4 (25) 

The ith individual’s position is updated as follows:

xtþ1
i ¼ xt

i þ vi=j þ vj (26) 

It is noted that in the original BCMO, the function rand is a random number which is uni
formly distributed in the range 0, 1½ �, the present iBCMO tries to enhance convergence speed                      

Figure 4. Convergence study of series solution of Al/Al2O3 FGP microplates with different boundary conditions (a=h ¼ 20, 
p ¼ 5, b ¼ 0:1, h=l ¼ 5).
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while guarantees the solution accuracy by defining a subset a1, b1½ � 2 0, 1½ � which gives the most 
optimal values. Moreover, it is worthy to noticing that the probabilistic threshold f for choosing 
its mutation and crossover phases might be changed with different problems, therefore which will 
be selected throughout numerical simulations.

2.4.2. iBCMO-DNN algorithm
A deep feedforward neural network is shown in Figure 2 in which the input data of the neural 
network is passed through the input layer, hidden layers, and output layer. Before reaching the 
nodes, the input data from the outside is multiplied by the weights. Each node in the succeeding 
layers will get the total of the preceding nodes’ output values multiplied by their respective 

Table 1. Normalized critical buckling load �Ncr ¼ ðNm
cr a2=h3EmÞ of Al/Al2O3 FGP square microplates (b ¼ 0, a=h ¼ 10, SSSS).

p Theory

h=l

1 10 5 2 1

Axial compression ðNðmÞ1 , NðmÞ2 , NðmÞ12 ¼ 1, 0, 0Þ
0.5 Present 12.1593 14.1562 20.1595 62.2324 212.5038

MST [60] 12.1236 14.1490 20.1999 62.1669 211.1461
RPT [62] 12.1213 14.1543 20.2387 62.6144 213.5682
IGA [61] 12.1230 14.0850 19.9551 60.8187 206.3342

1 Present 9.3724 11.0035 15.9002 50.1979 172.6696
MST [60] 9.3391 10.9906 15.9260 50.1870 171.9637
RPT [62] 9.3391 10.9968 15.9590 50.5419 173.7865
IGA [61] 9.3391 10.9375 15.7204 49.0315 167.6943

2 Present 7.2889 8.5648 12.3864 39.0974 134.4300
MST [60] 7.2631 8.5419 12.3708 39.0731 134.2383
RPT [62] 7.2631 8.5479 12.4000 39.3331 135.4673
IGA [61] 7.2631 8.4979 12.1985 38.0563 130.3251

5 Present 6.0563 7.0017 9.7751 28.8861 96.9485
MST [60] 6.0353 6.9468 9.6789 28.7840 96.9802
RPT [62] 6.0353 6.9549 9.7100 28.9617 97.6728
IGA [61] 6.0353 6.9131 9.5425 27.9155 93.4952

10 Present 5.4723 6.2570 8.5295 24.0504 79.2548
MST [60] 5.4529 6.1945 8.4150 23.9178 79.2302
RPT [62] 5.4528 6.2026 8.4445 24.0660 79.7717
IGA [61] 5.4528 6.1674 8.3032 23.1847 76.2541

Biaxial compression ðNðmÞ1 , NðmÞ2 , NðmÞ12 ¼ 1, 1, 0Þ
0.5 Present 6.0800 7.0780 10.0781 31.1022 106.1940

MST [60] 6.0618 7.0745 10.1000 31.0834 105.6232
RPT [62] 6.0606 7.0772 10.1193 31.3072 106.7841
IGA [61] 6.0615 7.0425 9.9775 30.4094 103.1673

1 Present 4.6865 5.5017 7.9490 25.0897 86.2975
MST [60] 4.6696 5.4953 7.9630 25.0935 85.9820
RPT [62] 4.6695 5.4984 7.9795 25.2710 86.8932
IGA [61] 4.6696 5.4688 7.8602 24.5158 83.8473

2 Present 3.6447 4.2824 6.1925 19.5433 67.1946
MST [60] 3.6315 4.2710 6.1854 19.5365 67.1192
RPT [62] 3.6315 4.2740 6.2000 19.6665 67.7337
IGA [61] 3.6315 4.2490 6.0993 19.0282 65.1626

5 Present 3.0284 3.5007 4.8868 14.4394 48.4615
MST [60] 3.0177 3.4734 4.8395 14.3920 48.4902
RPT [62] 3.0177 3.4774 4.8550 14.4808 48.8364
IGA [61] 3.0177 3.4565 4.7712 13.9578 46.7476

10 Present 2.7363 3.1284 4.2640 12.0217 39.6153
MST [60] 2.7264 3.0972 4.2075 11.9589 39.6151
RPT [62] 2.7264 3.1013 4.2222 12.0330 39.8858
IGA [61] 2.7264 3.0837 4.1516 11.5924 38.1271
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Table 2. Normalized critical buckling load �Ncr ¼ ðNm
cr a2=h3EmÞ of Al/Al2O3 FGP square microplates with axial compression 

ðNðmÞ1 , NðmÞ2 , NðmÞ12 ¼ 1, 0, 0Þ, b ¼ 0, a=h ¼ 10, SCSC and CCCC boundary conditions

p Theory

h=l

1 10 5 2 1

SCSC
0.5 Present 20.4079 23.9355 34.5293 106.2774 360.4446

IGA [61] 20.7870 24.2336 34.4511 104.9240 355.0073
1 Present 15.7470 18.6220 27.2586 87.4220 300.6437

IGA [61] 16.0781 18.9077 27.2924 85.1205 290.3734
2 Present 12.2120 14.4381 21.1388 68.0160 234.9042

IGA [61] 12.4183 14.6427 21.2445 67.0440 230.0893
5 Present 10.0014 11.5889 16.3775 50.0462 170.4489

IGA [61] 9.9661 11.6057 16.4530 50.0703 169.7890
10 Present 8.9785 10.2705 14.1665 41.5532 139.4981

IGA [61] 8.8672 10.2203 14.1983 41.6312 139.1741

CCCC
0.5 Present 27.2737 31.9314 45.8300 140.3232 477.7048

IGA [61] 27.0706 31.6036 45.0313 137.6734 466.5827
1 Present 21.0949 24.8790 36.1457 114.3872 391.8628

IGA [61] 20.9471 24.6676 35.6870 111.7391 381.8401
2 Present 16.2844 19.2023 27.8882 88.3252 302.6476

IGA [61] 16.1682 19.0964 27.7817 88.0910 302.9154
5 Present 13.0268 15.1511 21.4006 64.5835 219.5999

IGA [61] 12.9218 15.0971 21.5034 65.8642 223.8079
10 Present 11.5736 13.3378 18.4901 53.8684 179.6851

IGA [61] 11.4711 13.2770 18.5512 54.7761 183.4780

Table 3. Normalized critical buckling load �N cr ¼ ðNm
cr a2=h3EmÞ of Al/Al2O3 FGP square microplates (a=h ¼ 10, 

SSSS), ðNðmÞ1 , NðmÞ2 , NðmÞ12 ¼ 1, 0, 0Þ:

b p Theory

h=l

1 10 5 2 1

SSSS
0.1 0.5 Present 10.7948 12.6701 18.3088 57.8304 198.9871

1 Present 7.9448 9.4448 13.9488 45.4984 158.1497
2 Present 5.7630 6.8953 10.2914 34.0529 118.8672
5 Present 4.5302 5.3182 7.6301 23.5858 80.4325
10 Present 4.0691 4.6990 6.5045 18.7935 62.4979

0.2 0.5 Present 9.4762 11.2247 16.4823 53.3286 184.9203
1 Present 6.5272 7.8908 11.9841 40.6488 142.9793
2 Present 4.1773 5.1601 8.1107 28.7696 102.5064
5 Present 2.8570 3.4750 5.2956 17.9166 62.9178
10 Present 2.5287 2.9923 4.2978 13.1640 44.7111

SCSC
0.1 0.5 Present 18.1615 21.4830 31.4557 100.8126 346.1531

1 Present 13.3906 16.0431 24.0094 79.4346 275.5905
2 Present 9.6990 11.6851 17.6630 59.4432 208.0289
5 Present 7.5049 8.8335 12.8445 41.0540 141.9227
10 Present 6.6698 7.6989 10.8027 32.6080 110.5416

0.2 0.5 Present 15.9821 19.0868 28.4059 93.1467 321.8675
1 Present 11.0405 13.4593 20.7214 71.1660 249.3802
2 Present 7.0742 8.8085 14.0286 50.4483 179.7521
5 Present 4.7670 5.8212 9.0096 31.4459 111.6549
10 Present 4.1405 4.8922 7.1593 23.0534 79.7902

CCCC
0.1 0.5 Present 24.3601 28.7527 41.8178 132.4741 453.8002

1 Present 18.0333 21.5132 31.8839 103.7666 358.2498
2 Present 13.0317 15.6155 23.3124 76.7932 264.9759
5 Present 9.8266 11.5830 16.7471 52.3538 179.5735
10 Present 8.5850 9.9884 14.0572 41.8132 123.2950

0.2 0.5 Present 21.5197 25.6169 37.8204 122.3423 421.5245
1 Present 14.9569 18.1229 27.5534 92.7331 322.8644
2 Present 9.6040 11.8409 18.4980 64.5556 221.4257
5 Present 6.3170 7.6725 11.6563 38.6637 132.2340
10 Present 5.3232 6.3350 9.2270 26.8966 92.8254
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weights, and the activation function’s output data for the sum is supplied as follows [53]:

yn
i ¼ u xn

i
� �

¼ u
XLn−1

j¼1
wn−1

ij � yn−1
j þ bn

i

0

@

1

A (27) 

where a data pair with output and input of activation function of node i which are yn
i and xn

i , 
respectively; bn

i is the bias of node j; wn−1
ij is the weight between the output node i and input                                            

Figure 5. Variation of normalized critical buckling load for axial compression with respect the power index p and length scale- 
to-thickness ratio h=l (a=h ¼ 10, b ¼ 0:1).
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node j; u is the activation function. Many kinds of activation functions are available in the litera
ture [54], in the present study, the long short-term memory network (LSTM) [55] will be applied 
in which the tanh activation function is used for nodes of the input layer and hidden layers, and 
the sigmoid activation function for the output nodes. The LSTM algorithm enhances the conven
tional recurrent neural network (RNN) by addressing memory storage and gradient dispersion 
issues. With its long short-term memory capabilities, the LSTM finds extensive application in 
time-series prediction tasks. Depth series and time series share fundamental characteristics, with 
each data point’s relationship extending from the past to the future. Consequently, the LSTM 
models are suitable for forecasting deep formation penetration rates.

The flowchart of iBCMO-DNN algorithm is presented in Figure 3. It is noted that the input 
and associated output of a data pair is namely a training data. A goal value will be estimated 
from the corresponding input data in the training data, this goal value is compared with the cor
responding output one to estimate the error value of the loss function. Moreover, in the present 
study, the mean square error (MSE) [56] will be used for the process of training as follows:

MSE ¼
1
L

XL

i
yi − y_ i

� �2
(28) 

where L is number of samples; yi is output data; y_ i is goal data to be predicted. Furthermore, 
the adaptive moment estimation (Adam) [57] to adjust weights and bias for minimizing the cost 
function is determined by the gradient of the loss function. The batch gradient descent (BGD) 
calculates gradients using the whole data set in the dataset and updates them only after all train
ing data has been assessed. As a result, various deficiencies in memory, training speed, and stabil
ity appear. Hence, in the current task, mini-batch gradient descent (mBGD) [58] was used.

3. Numerical results

In this section, numerical examples with the shear function f ðx3Þ ¼ x3 − 4x3
3=3h2 [47] are per

formed to explore the deterministic and stochastic responses of FGP microplates with various 
BCs. The FGP microplates are expected to be made of a combination of ceramic and metal mate

Figure 6. Size effect of the MST for the normalized critical buckling load with respect to the length scale-to-thickness ratio h=l 
under axial compression, a=h ¼ 10, and power–law index p ¼ 1, SSSS boundary condition.
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rials with mean properties as follows: Al2O3 (Ec ¼ 380 GPa, qc ¼ 3800 kg/m3, ac ¼ 7:4� 10−61/ 
C, �c ¼ 0:3), Al (Em ¼ 70 GPa, qm ¼ 2702 kg/m3, am ¼ 23� 10−61/C, �m ¼ 0:3). For simplifica
tion purposes, all three length scale parameters are considered to have the same value, i.e., l1 ¼
l2 ¼ l3 ¼ l: In practice, these material length scale values should be derived mainly via experimen
tal data. Unless special mention, square FGP microplates with three BCs (SSSS, SCSC, CCCC) are 
considered in numerical examples, and for convenience, the following normalized parameters are 
used in the computations:

�T cr ¼ Tcr � 10−3 (29) 

It is worth to noticing that the stretching-bending coupling effect appears in functionally 
graded microplates due to the change of material properties in its thickness. This coupling produ
ces deflection and bending moments when the microplate is subjected to in-plane compressive                                       

Figure 7. Size effect of the MCT and MST for the normalized critical buckling load with respect to the length scale-to-thickness 
ratio h=l under axial compression, a=h ¼ 10, SSSS boundary condition.
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loads. Earlier work [59] on buckling behaviors of functionally graded plates revealed that the 
bifurcation-type buckling occurs when the functionally graded plate is fully clamped. For mov
able-edge functionally graded plates, the bifurcation-type buckling occurs when the in-plane loads 
are applied at the neutral surface. For the present FGP microplates, it is supposed that the buck
ling analysis is performed for FGP microplates subjected to in-plane mechanical and thermal 
loads (Eq. 14) acting on the neutral surface.

For stochastic analysis, the material characteristics (Em, Ec, ac, am, p) are assumed to be distrib
uted randomly using uniform distributions, and the coefficient of variation (COV) is set at 10% 
for all random variables.

For the convergence study of the present solution, Figure 4 shows the normalized critical 
buckling temperatures �T cr of Al/Al2O3 FGP microplates under biaxial compression with 
a=h ¼ 20, p ¼ 5, b ¼ 0:1 and h=l ¼ 5: The results are calculated with three types of BCs (SSSS, 
SCSC, CCCC) and the same number of series in x1− and x2− direction (n1 ¼ n2 ¼ nÞ: It is 
observed from Figure 4 that the results converge quickly for a small number of series in which 
the CCCC and SCSC boundary conditions having more kinematic constraints converge lower 
than the SSSS one. Obviously, the number of series n ¼ 8 can be ensure the stability and conver
gence of the present solution, hence this value will be used for following numerical computations.

3.1. Deterministic buckling analysis

Example 1: This example aims to present a deterministic buckling analysis of FGP microplates 
with unchanged material properties and subjected to mechanical membrane loads. To verify the 
accuracy of the present theory in predicting buckling behaviors with deterministic material prop
erties, Table 1 presents normalized critical buckling loads of simply supported FGM microplates 
under mechanical loads in which the responses are calculated with both axial compression 
ðNðmÞ1 , NðmÞ2 , NðmÞ12 ¼ 1, 0, 0Þ and biaxial compression ðNðmÞ1 , NðmÞ2 , NðmÞ12 ¼ 1, 1, 0Þ, different values of 
h=l ¼ 1, 10, 5, 2, 1, and no porosity effect is accounted ðb ¼ 0Þ: These results are then com
pared with those reported by Thai et al. [60], Thai et al. [61], and Zhang et al. [62]. It can be 
seen from Table 1 that there are good agreements among models, the effects of thickness-to- 
MLSP ratio impacted importantly on critical buckling loads of FGM microplates. Similarly, the                     

Figure 8. The normalized critical buckling under impacting size effect of the MST and MCT with axial compression, a=h ¼ 10, 
b ¼ 0:2, p ¼ 1:
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accuracy of the present model in predicting buckling behaviors is also verified as expected in 
Table 2 for SCSC and CCCC boundary conditions of FGM microplates. Moreover, to investigate 
the effects of porosity, material distribution, boundary conditions, and size effects in mechanical 
buckling responses further, Table 3 introduces new numerical results of critical buckling loads for 
the FGP microplates under uniaxial compression with porous parameter b ¼ 0:1 and 0.2, side-to- 
thickness ratio a=h ¼ 10, different power indices p ¼ 0:5, 1, 2, 5, 10, various values of h=l ¼ 1, 
10, 5, 2, 1, and three boundary conditions (SSSS, SCSC, CCCC). The variation of normalized crit
ical buckling loads with respect to p and h=l is also plotted in Figures 5 and 6. It is observed that 
the critical buckling loads decrease with an increase in the power-law index p, porosity parameter 
b, and thickness-to-MLSP ratio h=l: This phenomena can be explained by the fact that the 
increase of p, b and h=l leads to the decrease of stiffness of the FGP microplates. It is interesting                                        

Table 4. Normalized thermal critical buckling load �T cr of Al/Al2O3 FGP square microplates with biaxial compression 
ðNðtrÞ

1 , NðtrÞ
2 , NðtrÞ

12 ¼ 1, 1, 0Þ and a=h ¼ 20 under uniform temperature distribution.

BCs p Theory

h=l

1 10 5 2 1

SSSS
b ¼ 0 0 Present 0.4218 0.4835 0.6691 1.9704 6.6189

HSDT [63] 0.4215 – – – –
1 Present 0.1964 0.2303 0.3324 1.0482 3.6054

HSDT [63] 0.1962 – – – –
5 Present 0.1786 0.2046 0.2823 0.8242 2.7581

HSDT [63] 0.1785 – – – –
10 Present 0.1834 0.2073 0.2784 0.7736 2.5401

HSDT [63] 0.1831 – – – –
b ¼ 0:1 0 Present 0.5437 0.6265 0.8758 2.6239 8.8690

1 Present 0.2206 0.2622 0.3871 1.2629 4.3917
5 Present 0.1930 0.2244 0.3182 0.9728 3.3096
10 Present 0.2067 0.2354 0.3207 0.9130 3.0261

b ¼ 0:2 0 Present 0.7513 0.8705 1.2289 3.7427 12.7232
1 Present 0.2494 0.3015 0.4583 1.5576 5.4844
5 Present 0.1924 0.2318 0.3496 1.1726 4.1113
10 Present 0.2235 0.2596 0.3663 1.1071 3.7505

SCSC
b ¼ 0 0 Present 0.6778 0.7785 1.0805 3.1951 10.7448

1 Present 0.3161 0.3716 0.5381 1.7036 5.8633
5 Present 0.2865 0.3282 0.4532 1.3291 4.4592
10 Present 0.2936 0.3317 0.4458 1.2450 4.1022

b ¼ 0:1 0 Present 0.8743 1.0093 1.4151 4.2562 14.4002
1 Present 0.3554 0.4233 0.6271 2.0541 7.1462
5 Present 0.3098 0.3601 0.5112 1.5695 5.3516
10 Present 0.3310 0.3764 0.5129 1.4686 4.8856

b ¼ 0:2 0 Present 1.2081 1.4029 1.9864 6.0725 20.6616
1 Present 0.4020 0.4873 0.7434 2.5356 8.9306
5 Present 0.3092 0.3726 0.5627 1.8936 6.6505
10 Present 0.3577 0.4146 0.5853 1.7804 6.0543

CCCC
b ¼ 0:0 0 Present 1.0893 1.2534 1.7454 5.1862 17.4462

1 Present 0.5092 0.5997 0.8710 2.7683 9.5260
5 Present 0.4587 0.5266 0.7303 2.1551 7.2379
10 Present 0.4691 0.5310 0.7169 2.0168 6.6553

b ¼ 0:1 0 Present 1.4057 1.6260 2.2871 6.9105 23.3840
1 Present 0.5731 0.6839 1.0162 3.3393 11.6128
5 Present 0.4965 0.5786 0.8248 2.5465 8.6892
10 Present 0.5285 0.6026 0.8249 2.3793 7.9270

b ¼ 0:2 0 Present 1.9443 2.2614 3.2123 9.8621 33.5549
1 Present 0.6491 0.7883 1.2057 4.1243 14.5162
5 Present 0.4969 0.6002 0.9100 3.0767 10.8067
10 Present 0.5710 0.6638 0.9419 2.8862 9.8272
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to see that the size effects of FGP microplates are importantly significant from h=l < 20 for both 
FGM microplates ðb ¼ 0Þ and FGP microplates ðb ¼ 0:1, 0:2Þ: Figure 6 also shows that the por
osity effect does not impact significantly on the size effects of FGP microplates with boundary 
condition. This can be explained by the fact that the effective properties of functionally graded 
porous materials are calculated in Eq. (1) based on the volume average approximation in which 
the effect of geometric size of porosity has not been considered.

To examine the size effects of FGP microplates further, Figures 7 and 8 provide the variation 
of the proportion of critical buckling loads derived from the MST and MCT with respect to h=l:
The results are computed for FGP microplates with a=h ¼ 10, b ¼ 0:2, p ¼ 1 and different 
boundary conditions. Three curves are observed in which the highest and lowest curves corres
pond to the SSSS and CCCC boundary conditions, respectively. It is clear from these graphs that                                        

Table 5. Normalized thermal critical buckling load �T cr of Al/Al2O3 FGP square microplates with biaxial compression 
ðNðtrÞ

1 , NðtrÞ
2 , NðtrÞ

12 ¼ 1, 1, 0Þ and a=h ¼ 20 under linear temperature distribution.

BCs p Theory

h=l

1 10 5 2 1

SSSS
b ¼ 0 0 Present 0.8325 0.9543 1.3206 3.8889 13.0637

HSDT [63] 0.8330 – – – –
1 Present 0.3638 0.4266 0.6157 1.9416 6.6783

HSDT [63] 0.3587 – – – –
5 Present 0.3040 0.3483 0.4804 1.4026 4.6940

HSDT [63] 0.2987 – – – –
10 Present 0.3213 0.3632 0.4879 1.3556 4.4515

HSDT [63] 0.3156 – – – –
b ¼ 0:1 0 Present 1.0730 1.2366 1.7286 5.1788 17.5047

1 Present 0.4050 0.4813 0.7106 2.3183 8.0619
5 Present 0.3141 0.3652 0.5178 1.5831 5.3857
10 Present 0.3468 0.3949 0.5379 1.5314 5.0761

b ¼ 0:2 0 Present 1.4829 1.7181 2.4255 7.3868 25.1115
1 Present 0.4521 0.5467 0.8310 2.8240 9.9438
5 Present 0.3095 0.3488 0.5261 1.7647 6.1874
10 Present 0.3436 0.3992 0.5633 1.7023 5.7669

SCSC
b ¼ 0 0 Present 1.3378 1.5366 2.1325 6.3061 21.2068

1 Present 0.5856 0.6883 0.9967 3.1556 10.8606
5 Present 0.4876 0.5585 0.7713 2.2619 7.5890
10 Present 0.5146 0.5812 0.7812 2.1818 7.1888

b ¼ 0:1 0 Present 1.7258 1.9921 2.7929 8.4005 28.4214
1 Present 0.6524 0.7771 1.1513 3.7707 13.1183
5 Present 0.5041 0.5860 0.8319 2.5540 8.7086
10 Present 0.5552 0.6315 0.8604 2.4634 8.1952

b ¼ 0:2 0 Present 2.3846 2.7688 3.9205 11.9852 40.7795
1 Present 0.7289 0.8836 1.3478 4.5974 16.1921
5 Present 0.4953 0.5607 0.8468 2.8499 10.0089
10 Present 0.5501 0.6375 0.9000 2.7376 9.3093

CCCC
b ¼ 0:0 0 Present 2.1500 2.4738 3.4449 10.2358 34.4334

1 Present 0.9432 1.1108 1.6134 5.1277 17.6450
5 Present 0.7806 0.8962 1.2429 3.6677 12.3179
10 Present 0.8220 0.9306 1.2564 3.5343 11.6630

b ¼ 0:1 0 Present 2.7744 3.2092 4.5141 13.6392 46.1527
1 Present 1.0521 1.2554 1.8654 6.1301 21.3176
5 Present 0.8079 0.9416 1.3422 4.1440 14.1401
10 Present 0.8865 1.0109 1.3838 3.9911 13.2970

b ¼ 0:2 0 Present 3.8373 4.4632 6.3400 19.4646 66.2268
1 Present 1.1769 1.4292 2.1860 7.4777 26.3194
5 Present 0.7878 0.9033 1.3695 4.6303 16.2639
10 Present 0.8779 1.0207 1.4484 4.4380 15.1107
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the MST with three MLSPs generates the critical buckling loads much larger than the MCT with 
one MLSP, especially when the MLSP is close to the microplate thickness. As seen in Figures 7
and 8, for h=l ¼ 1 and SSSS boundary condition, the critical buckling loads obtained from the 
MST are greater than three times than those from the MCT. The differences between these theo
ries are sharply decreased up to h=l ¼ 20 from which the size effects can be neglected. It under
lines how crucial it is to take into account three MLSPs while dealing with microplate problems.

Example 2: The next example is to consider deterministic critical buckling temperatures. 
Tables 4–6 present normalized critical buckling temperatures of FGP microplates with three types 
of temperature distribution (UTR, LTR, NLTR), a=h ¼ 20, p ¼ 0, 1, 5, 10 and h=l ¼ 1, 10, 5, 2, 
1. For verification purposes, the obtained critical buckling temperatures for FGM plates without 
porous parameters (b ¼ 0) and size effect are compared to those provided by Zenkour et al. [63], 
Yaghoobi et al. [64]. It is seen that there are good agreements among the models. The porosity                                       

Table 6. Normalized thermal critical buckling load �T cr of Al/Al2O3 FGP square microplates with biaxial compression 
ðNðtrÞ

1 , NðtrÞ
2 , NðtrÞ

12 ¼ 1, 1, 0Þ and a=h ¼ 20 under nonlinear temperature distribution.

BCs p Theory

h=l

1 10 5 2 1

SSSS
b ¼ 0 0 Present 0.8436 0.9670 1.3382 3.9407 13.2379

FSDT [64] 0.8330 – – – –
1 Present 0.6554 0.7687 1.1094 3.4982 12.0321

5 Present 0.4326 0.4955 0.6836 1.9956 6.6784
FSDT [64] 0.3746 – – – –

10 Present 0.4042 0.4569 0.6137 1.7051 5.5989
FSDT [64] 0.3660 – – – –

b ¼ 0:1 0 Present 1.0873 1.2531 1.7517 5.2479 17.7381
1 Present 0.7327 0.8706 1.2855 4.1939 14.5842
5 Present 0.4449 0.5173 0.7335 2.2425 7.6292
10 Present 0.4347 0.4951 0.6744 1.9199 6.3640

b ¼ 0:2 0 Present 1.5027 1.7410 2.4579 7.4853 25.4463
1 Present 0.8232 0.9954 1.5131 5.1421 18.1060
5 Present 0.4372 0.4907 0.7401 2.4824 8.7039
10 Present 0.4283 0.4976 0.7020 2.1216 7.1875

SCSC
b ¼ 0 0 Present 1.3557 1.5569 2.1610 6.3902 21.4896

1 Present 1.0550 1.2402 1.7957 5.6854 19.5674
5 Present 0.6937 0.7946 1.0974 3.2182 10.7974
10 Present 0.6473 0.7311 0.9826 2.7443 9.0419

b ¼ 0:1 0 Present 1.7486 2.0186 2.8301 8.5125 28.8004
1 Present 1.1802 1.4058 2.0827 6.8214 23.7315
5 Present 0.7141 0.8301 1.1785 3.6179 12.3362
10 Present 0.6960 0.7917 1.0787 3.0884 10.2745

b ¼ 0:2 0 Present 2.4162 2.8058 3.9728 12.1451 41.3232
1 Present 1.3272 1.6089 2.4541 8.3710 29.4832
5 Present 0.6976 0.7987 1.1912 4.0090 14.0796
10 Present 0.6856 0.7946 1.1217 3.4120 11.6025

CCCC
b ¼ 0:0 0 Present 2.1787 2.5067 3.4908 10.3723 34.8925

1 Present 1.6994 2.0013 2.9068 9.2386 31.7907
5 Present 1.1107 1.2751 1.7684 5.2183 17.5254
10 Present 1.0341 1.1705 1.5802 4.4453 14.6694

b ¼ 0:1 0 Present 2.8114 3.2520 4.5743 13.8211 46.7680
1 Present 1.9033 2.2712 3.3745 11.0895 38.5645
5 Present 1.1445 1.3338 1.9013 5.8702 20.0301
10 Present 1.1114 1.2674 1.7348 5.0036 16.6705

b ¼ 0:2 0 Present 3.8886 4.5227 6.4246 19.7241 67.1098
1 Present 1.2290 2.6023 3.9804 13.6157 47.9233
5 Present 1.1218 1.2907 1.9265 6.5135 22.8785
10 Present 1.0944 1.2722 1.8052 5.5312 18.8330
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and size effects on critical buckling temperatures reporting new numerical results are presented 
in Tables 4–6 and will be used as benchmarks for future researches. Figures 9–11 also display the 
variation of the critical buckling temperature with respect to the power-law index p, porosity par
ameter b, different temperature distributions (UTR, LTR, NLTR), and boundary conditions. It is 
interesting to observe from these graphs that the critical buckling temperatures increase with the 
porosity parameter b, this can be explained by the fact that an increase of the porous parameter 
led to the increase of the thermal conductivity coefficient and therefore it requires a higher criti
cal buckling load. Furthermore, the effect of three types of temperatures (UTR, LTR, NLTR) with 
respect to h=l is also displayed in Figures 9–11 for the microplates. The highest and lowest values 
are associated with the NLTR and UTR, respectively.

3.2. Stochastic analysis of critical buckling temperature

Example 3: The objective of this example is to examine the optimal random range a1, b1½ � and 
probability threshold f serving for studying stochastic critical buckling temperatures of FGP 

Figure 9. Variation of normalized thermal buckling load with respect the length scale-to-thickness ratio h=l (a=h ¼ 20) with 
biaxial compression and uniform temperature distribution.
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microplates. As explained in the introduction section, the BCMO is a meta-heuristic algorithm 
that enables to optimize responses and saves the computational costs [38]. However, in practice, 
the original BCMO algorithm will take a long time to tackle complicated problems, such as sto
chastic size effects. Alternatively, by narrowing the random range in a1, b1½ � 2 0, 1½ � and changing 
the probabilistic threshold f in the optimization process of solution field, and using the DNN for 
learning behaviors, the present iBCMO-DNN provides a novel intelligent computational algo
rithm for solving stochastic problems.

To determine the optimal random range a1, b1½ �, Table 7 presents the comparison of the nor
malized critical buckling temperature �Tcr of simply supported Al/Al2 O3 FGP square microplates 
under uniform temperature distribution. The results are computed with different random ranges 
a1, b1½ �, side to thickness ratio a=h ¼ 20, porous coefficient b ¼ 0:1, power-index p ¼ 1, thick

ness-to-MLSP ratio h=l ¼ 10, biaxial compression ðNðtrÞ1 , NðtrÞ2 , NðtrÞ12 ¼ 1, 1, 0Þ, and probability 

Figure 10. Variation of normalized thermal buckling load with respect the length scale-to-thickness ratio h=l (a=h ¼ 20) with 
biaxial compression and linear temperature distribution.
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Figure 11. Variation of normalized thermal buckling load with respect the length scale-to-thickness ratio h=l (a=h ¼ 20) with 
biaxial compression and nonlinear temperature distribution.

Table 7. Comparison of the rand coefficient of the Ritz-iBCMO algorithm for the normalized critical buckling temperature �T cr 
of Al/Al2O3 FGP square microplates with a=h ¼ 20, b ¼ 0:1, p ¼ 1, h=l ¼ 10 with biaxial compression ðNðtrÞ

1 , NðtrÞ
2 , NðtrÞ

12 ¼
1, 1, 0Þ under uniform temperature distribution and simply supported boundary condition.

Theory Mean SD Time(s) Present

randð0, 1Þ 0.2630 0.0124 3611 0.2622
randð0:1, 0:9Þ 0.2628 0.0099 2156
randð0:2, 0:8Þ 0.2624 0.0073 2116
randð0:3, 0:7Þ 0.2624 0.0051 2107
randð0:4, 0:6Þ 0.2623 0.0026 2066
randð0:4, 0:7Þ 0.2589 0.0036 1952
randð0:4, 0:9Þ 0.2523 0.0056 1999

22 V.-T. TRAN ET AL.



threshold f ¼ 0:6: It can be seen that as the random range steadily narrows, the standard devi
ation (SD) and computational time decreases. In comparison, the symmetric cases with 
randð0:2, 0:8Þ, randð0:3, 0:7Þ, and randð0:4, 0:6Þ show the rationality of the mean value and com
putational cost. Moreover, in order to investigate the choice of random range further, Figure 12
displays the probability density function (PDF) and probability of exceedance (PoE) of normal
ized critical buckling temperature with various values of the random ranges. It is observed that 
the asymmetric ranges (0.4,0.7) and (0.4,0.9) provide significant deviations of the mean values 
with the exact value, therefore the asymmetric ranges are not suitable for the present stochastic 
analysis. For the symmetric cases, it appears that the ranges of (0.3,0.7) and (0.4,0.6) present 
uneven graphs, while the random range (0.2,0.8) is found to be appropriate for stochastic 
responses, therefore the random range a1, b1½ � ¼ 0:2, 0:8½ � will be selected for the following 
numerical examples.

Furthermore, Figure 13 plots the probability density function of critical buckling loads of FGP 
microplates for different values of probabilistic threshold. It can be observed from this graph that 

Figure 12. Comparison of the efficiency of the rand coefficient differences for iBCMO algorithm of normalized thermal buckling 
load with biaxial compression, a=h ¼ 20, p ¼ 1, h=l ¼ 10, b ¼ 0:1, uniform temperature distribution, SSSS boundary 
condition.
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the probability threshold coefficient f ¼ 0:6 has the most uniform data density, that numerically 
confirms the correctness of this coefficient in the computations.

Example 4: To demonstrate the performance of the present theory in predicting stochastic 
buckling temperatures of FGP microplates further, Table 8 introduces the comparison of both 
BCMO and iBCMO algorithm for normalized critical buckling temperature �T cr of FGP micro
plates under uniform temperature distribution with a=h ¼ 20, b ¼ 0:1, and p ¼ 1: It can be seen 
that the computational cost from the iBCMO is lower about 1.7 times than that of the BCMO for 
different boundary conditions, with same mean values, the standard deviation from the iBCMO 
is much smaller than that from the BCMO. This is also verified by Figure 14 which displays the 
probability density function of thermal buckling loads of FGP microplates under uniform tem
perature distribution with a=h ¼ 20, p ¼ 1, and h=l ¼ 10:

Figure 13. Comparison of the efficiency of the probabilistic threshold (TV) differences for iBCMO algorithm of normalized ther
mal buckling load with biaxial compression, a=h ¼ 20, p ¼ 1, h=l ¼ 10, b ¼ 0:1, uniform temperature distribution, SSSS 
boundary condition.

Table 8. Comparison between BCMO and iBCMO algorithms for the normalized critical buckling temperature �T cr of Al/Al2O3 

FGP square microplates with a=h ¼ 20, b ¼ 0:1, p ¼ 1 with biaxial compression and uniform temperature distribution

BCs h=l Theory Mean SD Time(s) Present

SSSS 10 Ritz-BCMO 0.2634 0.0120 3611 0.2622
Ritz-iBCMO 0.2624 0.0073 2116

1 Ritz-BCMO 4.4061 0.1996 3618 4.3917
Ritz-iBCMO 4.3999 0.1169 2124

SCSC 10 Ritz-BCMO 0.4250 0.0195 3683 0.4233
Ritz-iBCMO 0.4243 0.0117 2127

1 Ritz-BCMO 7.1609 0.3134 3651 7.1462
Ritz-iBCMO 7.1610 0.1900 2133

CCCC 10 Ritz-BCMO 0.6860 0.0312 3653 0.6839
Ritz-iBCMO 0.6850 0.0195 2123

1 Ritz-BCMO 11.6378 0.5202 3652 11.6128
Ritz-iBCMO 11.6345 0.3095 2119
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To investigate stochastic critical buckling temperatures of FGP microplates, it is noted that five 
random variables of material properties (Em, i, Ec, i, at, i, am, i, q) are designed to be randomly dis
tributed with the same population size NP ¼ 2000: Additionally, the data training was generated 

Figure 14. Comparison of the efficiency of iBCMO with the BCMO algorithm of normalized thermal buckling load, a=h ¼ 20, 
p ¼ 1, h=l ¼ 10, biaxial compression and uniform temperature distribution.
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Table 9. Mean and standard deviation (SD) of normalized critical buckling temperature for FGP microplates with biaxial com
pression, a=h ¼ 20, SSSS boundary condition and uniform temperature distribution.

b p h=l Theory Mean SD Time(s) Present

0.1 0.5 10 Ritz-iBCMO 0.3291 0.0089 2123 0.3284
iBCMO-DNN 0.3307 0.0091 845

1 Ritz-iBCMO 5.1633 0.1343 2125 5.1596
iBCMO-DNN 5.1688 0.1347 844

2 10 Ritz-iBCMO 0.2239 0.0066 2124 0.2236
iBCMO-DNN 0.2259 0.0071 845

1 Ritz-iBCMO 3.8358 0.1084 2123 3.8278
iBCMO-DNN 3.8315 0.1082 846

0.3 0.5 10 Ritz-iBCMO 0.4960 0.0152 2121 0.4952
iBCMO-DNN 0.4995 0.0151 840

1 Ritz-iBCMO 8.6618 0.2454 2126 8.6440
iBCMO-DNN 8.6669 0.2460 841

2 10 Ritz-iBCMO 0.2373 0.0122 2127 0.2370
iBCMO-DNN 0.2389 0.0124 842

1 Ritz-iBCMO 6.2104 0.1712 2123 6.2009
iBCMO-DNN 6.2155 0.1718 843

Table 10. Mean and standard deviation (SD) of normalized critical buckling for FGP microplates with biaxial compression, 
a=h ¼ 20, SCSC boundary condition and uniform temperature distribution.

b p h=l Theory Mean SD Time(s) Present

0.1 0.5 10 Ritz-iBCMO 0.5307 0.0147 2129 0.5299
iBCMO-DNN 0.5311 0.0146 841

1 Ritz-iBCMO 8.4103 0.2165 2127 8.3968
iBCMO-DNN 8.4133 0.2173 845

2 10 Ritz-iBCMO 0.3614 0.0106 2124 0.3607
iBCMO-DNN 0.3658 0.0108 843

1 Ritz-iBCMO 6.2261 0.1744 2122 6.2152
iBCMO-DNN 6.2249 0.1740 840

0.3 0.5 10 Ritz-iBCMO 0.8008 0.0243 2133 0.7999
iBCMO-DNN 0.8014 0.0244 842

1 Ritz-iBCMO 14.1140 0.3999 2128 14.0821
iBCMO-DNN 14.1184 0.4009 844

2 10 Ritz-iBCMO 0.3843 0.0195 2127 0.3839
iBCMO-DNN 0.3849 0.0197 843

1 Ritz-iBCMO 10.1095 0.2818 2124 10.0882
iBCMO-DNN 10.1109 0.2826 841

Table 11. Mean and standard deviation (SD) of normalized critical buckling for FGP microplates with biaxial compression, 
a=h ¼ 20, CCCC boundary condition and uniform temperature distribution.

b p h=l Theory Mean SD Time(s) Present

0.1 0.5 10 Ritz-iBCMO 0.8568 0.0229 2122 0.8555
iBCMO-DNN 0.8575 0.0231 840

1 Ritz-iBCMO 13.6636 0.3535 2125 13.6417
iBCMO-DNN 13.6659 0.3541 841

2 10 Ritz-iBCMO 0.5831 0.0170 2124 0.5825
iBCMO-DNN 0.5838 0.0172 840

1 Ritz-iBCMO 10.1182 0.2835 2124 10.1004
iBCMO-DNN 10.1197 0.2842 843

0.3 0.5 10 Ritz-iBCMO 1.2957 0.0395 2119 1.2936
iBCMO-DNN 1.2967 0.0398 844

1 Ritz-iBCMO 22.9234 0.6409 2121 22.8856
iBCMO-DNN 22.9287 0.6413 843

2 10 Ritz-iBCMO 0.6249 0.0316 2127 0.6233
iBCMO-DNN 0.6255 0.0318 842

1 Ritz-iBCMO 16.4441 0.4720 2126 16.4167
iBCMO-DNN 16.4458 0.4726 844
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from the earlier analysis of Ritz-iBCMO solution. These values will be evaluated for the accuracy 
through the training process using the long short time memory model of the deep learning net
work. The initial normalization of the critical buckling temperatures is used as the output data 
for training samples, and these design factors are taken into consideration as the input data. 
Input-output pairs and randomly generated training samples are included in the data set, which is 
used to train via the DNN. It is worth noticing that the DNN processing involves 500 iterations with 
one epoch between each one, the DNN structure is 110-110-4. The data was divided into two groups 

Figure 15. Quantile-quantile plot of the Ritz-iBCMO model with DNN-iBCMO, a=h ¼ 20, p ¼ 1, h=l ¼ 5, b ¼ 0:1, 0.2, biaxial 
compression and uniform temperature distribution.
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with 80% for the training set and 20% for the test set. The type of DNN is the long short time mem
ory with tanh function for hidden layers and sigmoid function for output layer.

For Al/Al2O3 FGP microplates with three boundary conditions, the mean and standard deviation of 
normalized critical buckling temperatures from the Ritz-iBCMO and iBCMO-DNN models are shown 
in Tables 9–11. The critical buckling temperature responses are computed for the side-to-thickness 
ratio a=h ¼ 20, porous parameter b ¼ 0:1 and 0.3, power-law index p ¼ 0:5 and 2, thickness-to- 
MLSP ratio h=l ¼ 1 and 10. Obviously, the statistical moments of the critical buckling temperatures 

Figure 16. Quantile-quantile plot of the Ritz-iBCMO model with DNN-iBCMO, a=h ¼ 20, p ¼ 1, h=l ¼ 5, b ¼ 0:3, 0.5, biaxial 
compression and uniform temperature distribution.
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derived from the Ritz-iBCMO and iBCMO-DNN show good agreements for all cases. For all BCs, var
ied power-law indexes p and porosity parameters b, the mean values of the critical buckling tempera
tures for the Ritz-iBCMO and iBCMO-DNN are close to the deterministic responses. As expected, the 
critical buckling temperatures rise with the increase of b and h=l: In the comparison of the computa
tional time between the theories, the iBCMO-DNN approach takes less computational times than the 
Ritz-iBCMO method. The computational time of the iBCMO-DNN method is about 2/5 that of the 
Ritz-iBCMO method. Additionally, the performance of the current iBCMO-DNN algorithm in predict
ing buckling temperature responses is also shown in Figures 15–19 in which the mean square error is 

Figure 17. Probability density function (PDF) of Ritz-iBCMO and iBCMO-DNN methods the normalized thermal buckling with 
a=h ¼ 20, p ¼ 1, h=l ¼ 5, b ¼ 0:1, 0.2, biaxial compression and uniform temperature distribution.
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almost nil for both training and test sets. Figures 17 and 18 describe the probability density function 
of the critical buckling temperatures generated from the Ritz-iBCMO and iBCMO-DNN analysis. It 
can be seen again that the results of iBCMO-DNN are in good agreement with the Ritz-iBCMO. This 
proves that the present model in capturing size effects with the uncertainty of material properties based 
on the unified HSDT, Ritz solution and iBCMO-DNN is completely reliable. Finally, it can be seen 

Figure 18. Probability density function (PDF) of Ritz-iBCMO and iBCMO-DNN methods the normalized thermal buckling with 
a=h ¼ 20, p ¼ 1, h=l ¼ 5, b ¼ 0:3, 0.5, biaxial compression and uniform temperature distribution.
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that the improved balance composite motion optimization algorithm demonstrates a computational 
time faster than its predecessor. Furthermore, integrating a deep neural network into the improved 
algorithm reduces computational time compared to the method without it. The iBCMO-DNN method 
presented in this paper significantly helps save time and cost in predicting stochastic buckling behav
iors of FGP microplates.

4. Conclusions

This research proposed a novel intelligent computational algorithm, namely iBCMO-DNN, for 
stochastic buckling temperature analysis of FGP microplates with uncertainty of material proper
ties. It utilized a deep feedforward neural network made with the long short-term memory model 
to replace time-consuming computational methods. An improved BCMO algorithm was also used 
to search for optimal solutions. Deterministic responses of the microplates were obtained using a 
unified HSDT and MST approach. Ritz-iBCMO and iBCMO-DNN were two algorithms created 
to study how different factors affect the critical buckling temperatures of FGP microplates. The 

Figure 19. Loss function of the normalized critical buckling temperature with a=h ¼ 20, h=l ¼ 5, b ¼ 0:3:
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numerical results demonstrated the accuracy and efficiency of the proposed model in predicting 
stochastic buckling temperatures. The following significant points might be deduced as follows:

� The current unified HSDT and MST are proven to be accurate and effective in predicting the 
buckling responses of FGP microplates.

� An important difference in critical buckling loads is derived from the MST and MCT for the 
MLSP-to-thickness ratio h=l � 20, the MST hence showed its accuracy for capturing the size 
effects of FGP microplates.

� The porosity does not impact significantly on size effects of the FGP microplates.
� The critical buckling temperature increases with an increase in the porosity density. 

Meanwhile, critical buckling temperature decreases with an increase in the power-law index 
and thickness-to-MLSP ratio h=l:

� The computational cost of the proposed iBCMO algorithm is lower 1.7 times than that of the 
existing BCMO method.

� The proposed iBCMO-DNN algorithm provides for substantial cost savings in computing sto
chastic buckling responses of FGP microplates. The computational time of critical buckling 
temperatures from the iBCMO-DNN approach requires �2/5 that from the Ritz-iBCMO 
method.
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Appendix A 
The strain components of the FGP microplates.
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The non-zero components of deviatoric stretch gradients gijk are given by:
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Appendix B 
The FGP microplates stiffness components are described as follows:
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Appendix C 
The stiffness matrix’s components Kn are given as follows:
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ik S02

jl þ T11
ik S22

jl þ T20
ik S13

jl þ T00
ik S33

jl

� �
(C.1d) 

Kn24
ijkl ¼ Bn

s T31
ik S02

jl þ T20
ik S13

jl

� �
, Kn25

ijkl ¼ Bn
s T11

ik S22
jl þ T00

ik S33
jl

� �
(C.1e) 

Kn33
ijkl ¼ Dn T33

ik S00
jl þ T00

ik S33
jl þ T31

ik S02
jl þ T02

ik S31
jl þ T13

ik S20
jl þ T20

ik S13
jl þ T11

ik S22
jl þ T22

ik S11
jl

� �

þ�Dn T22
ik S00

jl þ T20
ik S02

jl þ T02
ik S20

jl þ T00
ik S22

jl

� � (C.1f) 

Kn34
ijkl ¼ Dn

s T33
ik S00

jl þ T31
ik S02

jl þ T22
ik S11

jl þ T20
ik S13

jl

� �
þ �Dn

s T22
ik S00

jl þ T20
ik S02

jl

� �
(C.1g) 

Kn35
ijkl ¼ Dn

s T13
ik S20

jl þ T11
ik S22

jl þ T02
ik S31

jl þ T00
ik S33

jl

� �
þ �Dn

s T02
ik S20

jl þ T00
ik S22

jl

� �
(C.1h) 

Kn44
ijkl ¼ Hn

s T33
ik S00

jl þ Hn
s T22

ik S11
jl þ

�Hn

s T22
ik S00

jl , Kn45
ijkl ¼ Hn

s T13
ik S20

jl þHn
s T02

ik S31
jl þ

�Hn

s T02
ik S20

jl (C.1i) 

Kn55
ijkl ¼ Hn

s T00
ik S33

jl þHn
s T11

ik S22
jl þ

�Hn

s T00
ik S22

jl (C.1j) 

The components of stiffness matrix Kg are defined as follows:

Kg11
ijkl ¼

Ag

25
22T33

ik S00
jl − 11T31

ik S02
jl − 11T13

ik S20
jl þ 18T11

ik S22
jl þ 72T22

ik S11
jl

� �
(C.2a) 

Kg12
ijkl ¼

2Ag

25
−11T13

ik S20
jl − 11T02

ik S31
jl þ 18T11

ik S22
jl þ 18T22

ik S11
jl

� �
(B.2a) 

Kg13
ijkl ¼

Bg

25
22T33

ik S00
jl − 11T31

ik S02
jl − 33T13

ik S20
jl þ 54T11

ik S22
jl − 22T02

ik S31
jl þ 108T22

ik S11
jl

� �

−
�Ag

s
25

11T13
ik S00

jl þ 7T11
ik S02

jl þ 14T02
ik S11

jl

� � (C.2b) 

Kg14
ijkl ¼

Bg
s

25
22T33

ik S00
jl − 11T31

ik S02
jl − 11T13

ik S20
jl þ 18T11

ik S22
jl þ 72T22

ik S11
jl

� �
−

�Ag

s
25

11T13
ik S00

jl þ 7T11
ik S02

jl

� �

(C.2c) 

Kg15
ijkl ¼

2Bg
s

25
18T11

ik S22
jl − 11T13

ik S20
jl þ 18T22

ik S11
jl − 11T02

ik S31
jl

� �
−

14�Ag

s
25

T02
ik S11

jl (C.2d) 

Kg22
ijkl ¼

Ag

25
72T11

ik S22
jl þ 22T00

ik S33
jl − 11T02

ik S31
jl − 11T20

ik S13
jl þ 18T22

ik S11
jl

� �
(C.2e) 

Kg23
ijkl ¼

Bg

25
22T00

ik S33
jl − 22T31

ik S02
jl þ 108T11

ik S22
jl − 11T02

ik S31
jl − 33T20

ik S13
jl þ 54T22

ik S11
jl

� �

−
�Ag

s
25

14T11
ik S02

jl þ 7T02
ik S11

jl þ 11T00
ik S13

jl

� � (C.2f) 

Kg24
ijkl ¼

2Bg
s

25
−11T31

ik S02
jl þ 18T11

ik S22
jl þ 18T22

ik S11
jl − 11T20

ik S13
jl

� �
−

14�Ag

s
25

T11
ik S02

jl (B.2a) 
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Kg25
ijkl ¼

Bg
s

25
72T11

ik S22
jl þ 22T00

ik S33
jl − 11T02

ik S31
jl − 11T20

ik S13
jl þ 18T22

ik S11
jl

� �
−

�Ag

s
25

7T02
ik S11

jl þ 11T00
ik S13

jl

� �

(C.2g) 

Kg33
ijkl ¼

Dg

25
22T33

ik S00
jl − 33T31

ik S02
jl − 33T13

ik S20
jl þ 162T11

ik S22
jl þ 162T22

ik S11
jl

� �

þ
Dg

25
22T00

ik S33
jl − 33T02

ik S31
jl − 33T20

ik S13
jl

� �

−
�Qg

s
25

11T00
ik S13

jl þ 11T13
ik S00

jl þ 11T31
ik S00

jl þ 11T00
ik S31

jl

� �

−
�Qg

s
25

21T02
ik S11

jl þ 21T11
ik S02

jl þ 21T11
ik S20

jl þ 21T20
ik S11

jl

� �

þ
Hg

ts þ 2�Fg

ts þ
�Dg

25
18T22

ik S00
jl − 7T20

ik S02
jl − 7T02

ik S20
jl þ 18T00

ik S22
jl þ 100T11

ik S11
jl

� �

þ
18 �Hg

ts
25

T11
ik S00

jl þ T00
ik S11

jl

� �

(C.2h) 

Kg34
ijkl ¼

Dg
s

25
22T33

ik S00
jl − 33T31

ik S02
jl − 11T13

ik S20
jl þ 54T11

ik S22
jl − 22T20

ik S13
jl þ 108T22

ik S11
jl

� �

−
�Qg

s
25

11T13
ik S00

jl þ 21T11
ik S02

jl

� �
þ

Hg
ts þ �Jg

hs þ
�Fg

ts þ
�Dg

s
25

18T22
ik S00

jl − 7T20
ik S02

jl þ 50T11
ik S11

jl

� �

−
�Fg

hs
25

14T20
ik S11

jl þ 11T31
ik S00

jl þ 7T11
ik S20

jl

� �
þ

18 �Hg

ts
25

T11
ik S00

jl

(C.2i) 

Kg35
ijkl ¼

Dg
s

25
108T11

ik S22
jl þ 54T22

ik S11
jl þ 22T00

ik S33
jl − 33T02

ik S31
jl − 11T20

ik S13
jl − 22T13

ik S20
jl

� �

−
�Qg

s
25

21T02
ik S11

jl þ 11T00
ik S13

jl

� �
þ

Hg
ts þ �Jg

hs þ
�Fg

ts þ
�Dg

s
25

18T00
ik S22

jl − 7T02
ik S20

jl þ 50T11
ik S11

jl

� �

−
�Fg

hs
25

14T11
ik S20

jl þ 11T00
ik S31

jl þ 7T20
ik S11

jl

� �
þ

18 �Hg

ts
25

T00
ik S11

jl

(C.2j) 

Kg44
ijkl ¼

Hg
s

25
22T33

ik S00
jl − 11T31

ik S02
jl − 11T13

ik S20
jl þ 18T11

ik S22
jl þ 72T22

ik S11
jl

� �
þ

18 �Hg

ts
25

T11
ik S00

jl

þ
Hg

ts þ 2�Jg

hs þ
�Hg

s
25

18T22
ik S00

jl þ 25T11
ik S11

jl

� �
−

�Fg

hs
25

11T31
ik S00

jl þ 7T11
ik S20

jl þ 11T13
ik S00

jl þ 7T11
ik S02

jl

� �

(C.2k) 

Kg45
ijkl ¼

Hg
s

25
36T11

ik S22
jl þ 36T22

ik S11
jl − 22T13

ik S20
jl − 22T02

ik S31
jl

� �
−

14�Fg

hs
25

T02
ik S11

jl þ T11
ik S20

jl

� �

þ
Hg

ts þ 2�Jg

hs þ
�Hg

s
25

25T11
ik S11

jl − 7T02
ik S20

jl

� � (C.2l) 

Kg55
ijkl ¼

Hg
s

25
72T11

ik S22
jl þ 22T00

ik S33
jl − 11T02

ik S31
jl − 11T20

ik S13
jl þ 18T22

ik S11
jl

� �
þ

18 �Hg

ts
25

T00
ik S11

jl

þ
Hg

ts þ 2�Jg

hs þ
�Hg

s
25

18T00
ik S22

jl þ 25T11
ik S11

jl

� �
−

�Fg

hs
25

11T00
ik S13

jl þ 7T02
ik S11

jl þ 11T00
ik S31

jl þ 7T20
ik S11

jl

� �

(C.2m) 

with Trs
ik ¼

Ð a
0
@rRi
@xr

1

@sRk
@xs

1
dx1, Srs

jl ¼
Ð b

0
@rPj
@xr

2

@sPl
@xs

2
dx2:

40 V.-T. TRAN ET AL.



ORIGINAL PAPER

Novel Computational Algorithms for Vibration, Buckling, and Transient
Analysis of Porous Metal Foam Microplates

Van-Thien Tran1 • Trung-Kien Nguyen2 • Van-Hau Nguyen1 • Thuc P. Vo3

Received: 25 April 2024 / Revised: 3 December 2024 / Accepted: 23 December 2024
� Springer Nature Singapore Pte Ltd. 2025

Abstract
Purpose This research proposes novel computational methods, namely the Ritz–Hermite and Ritz–Laguerre methods, for

the analysis of porous metal foam (PMF) microplates.

Method The analysis is based on higher-order shear deformation theory and modified couple stress theory, incorporating a

constant material length scale parameter. The dynamic responses of the microplates under an explosive blast load are

determined using Newmark’s technique. The proposed Ritz method employs orthogonal polynomial-generated shape

functions, constructed as hybrid functions by combining a base polynomial with a series of orthogonal polynomials

(Hermite and Laguerre), ensuring compliance with required boundary conditions.

Results and Conclusion The proposed methods exhibit superior convergence speed and stability compared to alternative

shape functions. The study presents, for the first time, the dynamic responses of PMF microplates under various loads,

including explosive blasts, triangular, and rectangular patterns. The research investigates the effects of the material length

scale parameter, damping factor, side-to-thickness ratio, porosity coefficient, porosity distribution, and boundary conditions

on the vibration, buckling, and transient responses of PMF microplates. The findings, supported by numerical results,

highlight the efficiency and accuracy of the proposed computational methods in predicting the structural characteristics of

PMF microplates.

Keywords Porous metal foam microplates � Ritz solution � Higher-order shear deformation theory � Vibration �
Buckling � Transient analysis
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BCs Boundary conditions

FSDT First-other shear deformation theory

HSDT High-other shear deformation theory

PMF Porous metal foam
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MCT Modified couple stress theory

MLSP Material length scale parameter

OP Orthogonal polynomials and

NOP Non-orthogonal polynomials
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C Damping matrix

M Mass matrix

K Stiffness matrix

F Force

d Displacement field
_d Velocity

€d Acceleration

E Young’s modulus

h The thickness

q Mass density

b The porosity volume fraction

x1; x2; x3 The coordinate system

m Poisson’s ratio

PSE The strain energy

PW Work done by membrane forces

PKE Kinetic energy
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e Strains

v Symmetric rotation gradients

r Cauchy stress

m The high-order stress corresponding with

strain gradients v
l Material length scale parameters

Ti x1ð Þ;Fj x2ð Þ The shape functions in direction in x1�,

x2�

Introduction

Owing to their distinctive properties in energy absorption

capacity, high strength, and lightweight design, porous

materials have been applied in various engineering fields,

such as aerospace and the petrochemical industry [1–4]. In

practice, the development of such materials accompanied

efficiently computational methods and models in order to

predict accurately their responses at different structural

scales.

Earlier experimental work has shown that constituent

size effects need to be considered when computing the

responses of micro and nanoscale structures. In this con-

text, it is well known that classical elasticity theory is

inadequate; therefore, surrogate theories accounting for

size effects have been explored to calculate their responses.

One such theory is the modified couple stress theory

(MCT) proposed by Yang [5], which used a single material

length scale parameter (MLSP) to account for the size

effects. Because of its simplicity, the MCT has been used

for size dependent analysis of functionally graded (FG) and

functionally graded porous (FGP) microplates with differ-

ent porosity densities. Li et al. [6] investigated thermal-

electric effects on dynamic behaviors of FG piezoelectric

sandwich microplates by using the MCT and hyperbolic

tangential mixed shear deformation theory. Tran et al.

[7, 8] developed a unified higher-order shear deformation

theory (HSDT) using the MCT and Ritz method to analyze

vibration and buckling behaviors of FGP microplates. Fan

et al. [9] employed isogeometric analysis (IGA) and HSDT

to investigate the nonlinear vibrations of FGP microplates.

Farzam and Hassani [10] investigated the structural

responses of FGP microplates using the IGA and a refined

HSDT. Using the classical plate theory (CPT), first-order

shear deformation theory (FSDT), MCT and Navier’s

solution, Kim et al. [11] demonstrated the structural

responses of FGP microplates. The nonlinear buckling and

vibration responses of FGP microplates were examined by

Thanh et al. [12] utilizing the MCT, IGA and a HSDT. An

alternative approach for exploring the size effects is to

utilize the modified strain gradient theory (MST) by

introducing the effects of rotation, dilatation and deviatoric

stretch gradients in constitutive equations [13], which

incorporates three MLSPs. This methodology has been

applied to forecast the behaviors of microstructures

[14–17]. In comparison, the MST could predict

microstructures’ responses more accurate than the MCT

owing to accounting for three MLSPs, however this

method is complicated in theoretical formulation and

implementation. Moreover, the nonlocal elasticity theory

(NET), also known as Eringen’s theory, is another method

for capturing the size effects for nanostructures [18]. The

NET has been applied to analyze FGP nanoplates [19–23]

by including the nonlocal parameter in constitutive

equations.

The exceptional material properties of porous metal

foams (PMF) have increasingly attracted researchers to

explore their characteristics and behaviors for various

applications. Wang et al. [24] investigated static and

buckling behaviors of 3D PMF plates within the context of

a refined HSDT, and Galerkin method. Pham et al. [25]

examined bending, free vibration, and forced vibration

transient responses of PMF plate by using the IGA and a

refined HSDT. Tu et al. [26] analyzed the buckling and

post-buckling responses of thin PMF plates using Galer-

kin’s analytical solution and CPT. Phung-Van et al. [27]

studied behaviors of PMF nanoplates using the IGA. Sobhy

et al. [28] investigated the phase velocity of the waves and

wave frequency of PMF nanoplates using a refined HSDT

and wave propagation analysis. Pham et al. [25] analyzed

PMF microplates using a refined HSDT, MST and IGA. Le

et al. [29] utilized the MCT and IGA to investigate the

linear bending and geometrically nonlinear responses of

PMF microplates.

In addition to plate models and size-dependent theories,

computational methods have also significantly impacted

the behavior of porous structures, which can be categorised

into numerical and analytical methods. Among these, the

Ritz approach is an efficient technique that enables the

approximation of the solution field with high accuracy and

simplicity in formulation and programming. Initially

introduced by Walter Ritz [30], this method was designed

to analyse the free vibrations of structures. Since then,

several researchers have used this method to investigate the

structural responses of beams, plates, and shells. It is

important to note that the accuracy, numerical stability, and

convergence rates of the Ritz method heavily rely on the

choice of approximation functions. Therefore, careful

selection of these functions is crucial to ensure both

accuracy and favourable numerical properties. The func-

tions must be linearly independent, complete, and com-

patible with the geometric boundary conditions (BCs) [31].

The Ritz method also faces challenges when applied to

systems with irregular geometries. In order to overcome
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this adverse, the pb2-Ritz method [32, 33] with a combi-

nation of two-dimensional polynomial function and basic

boundary function, or Ritz method with mapping technique

[34, 35] could solve different shaped plate problems. A

brief literature review shows that polynomial methods can

be categorised into two typical types: orthogonal polyno-

mials (OP) and non-orthogonal polynomials (NOP). For the

OP shape function, Chebyshev’s polynomial [36] is com-

monly used for analysis of composite structures due to its

convergence rate and numerical robustness [37–39] and it

can be formulated using the Gram-Schmidt procedure

[40–43]. In practice, the approximation functions of Ritz

method can also be expressed as a series of NOP [44, 45].

This particular set does not exhibit orthogonality, resulting

in the loss of certain computational benefits. However, the

primary advantage of these functions lies in their ability to

simplify the generation process compared to orthogonal

counterparts. The evaluation of integrals is significantly

easier than that involving their orthogonal equivalents.

Moreover, it is worth noting that the shape functions should

be selected to satisfy the boundary conditions (BCs)

[46–48], which have been found to be efficient in terms of

convergence rate. Alternatively, the penalty function

method can be used to incorporate the BCs; however, it

leads to an increase in the size of the mass and stiffness

matrices, thereby raising computational costs. A literature

review reveals that although OP offer significant advan-

tages in numerical computations, there remains a gap in

their development for the analysis of PMF microplates. The

novelty of this paper lies in the development and applica-

tion of the Hermite–Ritz and Laguerre–Ritz methods in

combination with the unified HSDT and MCT for the free

vibration, buckling, and transient analysis of PMF micro-

plates. This approach offers a significant advancement by

achieving faster convergence, enhanced numerical stabil-

ity, and reduced computational complexity through the

innovative use of orthogonal polynomials. The recursive

properties of these polynomials facilitate the development

of efficient algorithms, while their algebraic simplicity

ensures ease of implementation without compromising

accuracy. To the best of the authors’ knowledge, this is the

first study to comprehensively investigate such analyses

using this unique combination of methodologies. This

paper addresses a critical gap in the literature on PMF

microplate behavior, and this is the primary motivation

behind the study.

This paper proposes two new computational algorithms,

namely Ritz–Hermite and Ritz–Laguerre, in conjunction

with HSDT and MCT for the analysis of PMF microplates.

The characteristic equations are derived using Hamilton’s

principle. The study investigates the responses of PMF

microplates under various dynamic loads, including

explosive blasts, triangular, and rectangular patterns, using

Newmark’s technique. The influence of the MLSP,

damping factor, side-to-thickness ratio, porosity coeffi-

cient, porosity distribution, and BCs on the vibration,

buckling, and transient responses of the PMF microplates is

examined.

Theoretical Formulation

Porous Metal Foam Material (PMF)

Consider PMF rectangular microplate, which has three

types of porosity distributions, with the thickness h and

sides a� b as seen in Fig. 1. The effective material prop-

erties are expressed via porosity parameter b and maximum

Fig. 1 Three types of PMF microplates
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Young’s modulus Emax as well as the corresponding coef-

ficients bm and qmax of mass density as follows [49]:

• Distribution of uniform porosity (UD)

q zð Þ ¼ qmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � btð Þ
p

ð1aÞ
E zð Þ ¼ Emax 1 � btð Þ ð1bÞ

• Distribution of asymmetric porosity (AD)

q zð Þ ¼ qmax 1 � bm cos
pz
2h

þ p
4

� �h i

ð2aÞ

E zð Þ ¼ Emax 1 � b cos
pz
2h

þ p
4

� �h i

ð2bÞ

• Distribution of symmetric porosity (SD)

q zð Þ ¼ qmax 1 � bm cos
pz
h

� �� �

ð3aÞ

E zð Þ ¼ Emax 1 � b cos
pz
h

� �� �

ð3bÞ

where b and bm denote the porosity parameters of Young’s

modulus and mass density, which are given by:

b ¼ 1 � Emin

Emax

; 0\b\1 ð4aÞ

bm ¼ 1 � qmin

qmax

; 0\bm\1 ð4bÞ

bm ¼ 1 �
ffiffiffiffiffiffiffiffiffiffiffi

1 � b
p

ð4cÞ

where Emax, Emin and qmax, qmin are maximum/minimum

values of Young’s modulus and mass density, respectively.

It is noted that the material characteristics for UD remain

constant in the thickness direction and depend only on b.

Thereafter, the coefficient t in Eq. (1) is written as follows:

t ¼ 1

b
� 1

b
2

p

ffiffiffiffiffiffiffiffiffiffiffi

1 � b
p

� 2

p
þ 1

� �2

ð5Þ

Unified High-Order Shear Deformation Theory
(HSDT) of Porous Metal Foam Microplate

This paper proposes a novel unified shear deformation

theory [50] based on the fundamental equations of elas-

ticity, featuring fewer unknown variables. The displace-

ment field is expressed in a unified form, allowing for the

recovery of several shear deformation plate theories,

including zeroth-order, third-order, various HSDTs, and

refined four-unknown HSDTs. The Carrera Unified For-

mulation (CUF), proposed by Carrera et al. [51, 52], pro-

vides a comprehensive framework that unifies various

structural theories, offering high flexibility and accuracy in

modeling complex structures. The proposed theory can be

viewed as a simplified model that can be derived from the

CUF. For the analysis of PMF microplates, the kinematic

of HSDT [50] is written by:

u x1; x2; x3ð Þ ¼ HsW x3ð Þð Þu3 x1; x2ð Þ þ HsW x3ð Þ � x3ð Þu2

þ u1 x1; x2ð Þ
¼ !2 x3ð Þu3 x1; x2ð Þ þ !1 x3ð Þu2 þ u1 x1; x2ð Þ

ð6Þ

where u ¼
u1

u2

u3

8

<

:

9

=

;

, u1 ¼
u0

1

u0
2

u0
3

8

<

:

9

=

;

, u2 ¼
u0

3;1

u0
3;2

0

8

<

:

9

=

;

,

u3 ¼
u1

u2

0

8

<

:

9

=

;

; uj j ¼ 1; 2; 3ð Þ are displacements in x1�,

x2� and x3� directions, respectively; u0
1; u

0
2 and u0

3 are

membrane and transverse displacements at neutral plane;

u1;u2 are rotations at neutral plane with respect to the x1�
and x2� axis, respectively; Hs is the transverse shear

stiffness;

W x3ð Þ ¼
Z x3

0

2 1 þ mð Þf;3
E x3ð Þ dx3 ¼

Z x3

0

f;3
l x3ð Þ dx3

where f x3ð Þ is a higher-order shear function with

f;3 x3 ¼ � h
2

� �

¼ 0; the comma in index indicates the dif-

ferentiation of variable that follows. It is noted that the

accuracy of HSDT depends on the selection of shear

functions [53–56].

Modified Couple Stress Theory (MCT)

Hamilton’s principle is applied to compute the variation of

total potential energy:

dP ¼
Z

t2

t1

dPSE þ dPW � dPKEð Þdt ¼ 0 ð7Þ

where PKE, PW and PSE are the kinetic energy, work done

by external force and strain energy, respectively.

Moreover, following the MCT [5], the strain energy of

the microplate is defined as:

dPSE ¼
Z

A

rdeþmdvð ÞdA ð8Þ

where eij and vij, respectively, are strain and symmetric

rotation gradient components; rij are Cauchy’s stress

component; mij are the high-order stresses connected to the

strain gradient vij.
The components of the strain tensor are given by:

eij ¼
1

2
uj;i þ ui;j
� �

ð9Þ
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By substituting Eq. (6) into Eq. (9), the strain field is

written under compact form as follows:

eT ¼ e11 e22 c12 c13 c23½ � ð10aÞ

e ið Þ ¼ !3 x3ð Þe 3ð Þ þ !2 x3ð Þe 2ð Þ þ !1 x3ð Þe 1ð Þ þ e 0ð Þ ð10bÞ

where !3 x3ð Þ ¼ f;3 x3ð Þ
l x3ð Þ H

s.

Moreover, the symmetric rotation gradient tensor v is

written as:

vij ¼
1

2
hj;i þ hi;j
� �

ð11Þ

where hi is calculated using the displacements ui as shown

in:

h¼
h1

h2

h3

8

>

<

>

:

9

>

=

>

;

¼ � 1

2

u2;3 � u3;2

u3;1 � u1;3

u1;2 � u2;1

8

>

<

>

:

9

>

=

>

;

¼ 1

2

u0
3;2 � !1;3u

0
3;2 � !2;3u2

�u0
3;1 þ !1;3u

0
3;1 þ !2;3u1

u0
2;1 � u0

1;2 þ !2 u2;1 � u1;2

� �

8

>

<

>

:

9

>

=

>

;

ð12Þ

Substituting Eq. (12) into Eq. (11), the rotation gradi-

ents are represented as follows:

v ¼!2v
5ð Þ þ !2;33v

4ð Þ þ !1;33v
3ð Þ þ þ!2;3v

2ð Þ

þ !1;3v
1ð Þ þ v 0ð Þ ð13Þ

The strain components of the PMF microplates are

described in Appendix 1. The relationship between the

conventional stress and strain is illustrated as:

r ¼ Qee ð14Þ

where the stiffness Qe is represented by:

Qe ¼

Q11 Q12 0 0 0

Q12 Q22 0 0 0

0 0 Q66 0 0

0 0 0 Q55 0

0 0 0 0 Q44

2

6

6

6

6

4

3

7

7

7

7

5

ð15Þ

and Q44 ¼ Q55 ¼ Q66 ¼ l ¼ E x3ð Þ
2 1þmð Þ,

Q11 ¼ Q22 ¼ E x3ð Þ
1�m2 ,Q12 ¼ mE x3ð Þ

1�m2 , av ¼ 2ll2 and l is material

length scale parameter (MLSP) which is used to measure

the size effect.

According to the MCT [5], the higher-order stress

components are as follows:

m ¼

m11

m22

m12

m33

m23

m13

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

;

¼ 2ll2

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

v11

v22

v12

v33

v23

v13

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

9

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

;

¼ avI6�6v

ð16Þ

Substituting Eqs. (16) and (14) into Eq. (8), the strain

energy dPSE could be expressed in the following way:

dPSE ¼
Z

A

mdvþ rdeð ÞdA

¼
Z

A

N 3ð Þ
e de 3ð Þ þ N 2ð Þ

e de 2ð Þ þ N 1ð Þ
e de 1ð Þ þ N 0ð Þ

e de 0ð Þ
h

þ N 5ð Þ
v dv 5ð Þ þ N 4ð Þ

v dv 4ð Þ þ N 3ð Þ
v dv 3ð Þ

þN 2ð Þ
v dv 2ð Þ þ N 1ð Þ

v dv 1ð Þ þ N 0ð Þ
v dv 0ð Þ

i

dA

ð17Þ

where the stress resultants are supplied by:

N 3ð Þ
e ;N 2ð Þ

e ;N 1ð Þ
e ;N 0ð Þ

e

� �

¼
Z

h=2

�h=2

!3;!2;!1; 1
� �

rdx3 ð18aÞ

N 5ð Þ
v ;N 4ð Þ

v ;N 3ð Þ
v ;N 2ð Þ

v ;N 1ð Þ
v ;N 0ð Þ

v

� �

¼
Z

h=2

�h=2

!2;!2;33;!1;33;!2;3;!1;3; 1
� �

mdx3 ð18bÞ

The stress results could be calculated using strains and

its gradients as shown in Appendix 2. The variation of

work produced by membrane compressive loads is pre-

sented as:

dPW ¼ �
Z

A

N0 u0
3;1du

0
3;1 þ u0

3;2du
0
3;2

� �

dA ð19Þ

where N0
1 ¼ N0

2 ¼ N0;N0
12 ¼ 0.

The variation of kinetic energy dPKE is calculated by:
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dPKE ¼ 1

2

Z

V

q _u1d _u1 þ _u2d _u2 þ _u3d _u3

� �

dV

¼ 1

2

Z

A

I2 _u0
3;1d _u0

3;1 þ _u0
3;2d _u0

3;2

� �h

þ K2 _u1d _u1 þ _u2d _u2ð ÞI0 _u0
1d _u0

1 þ _u0
2d _u0

2 þ _u0
3d _u0

3

� �

þ I1 _u0
1d _u0

3;1 þ _u0
3;1d _u0

1 þ _u0
2d _u0

3;2 þ _u0
3;2d _u0

2

� �

þ J1 _u0
1d _u1 þ _u1d _u0

1 þ _u0
2d _u2 þ _u2d _u0

2

� �

þJ2 _u0
3;1d _u1 þ _u1d _u0

3;1 þ _u0
3;2d _u2 þ _u2d _u0

3;2

� �i

dA

ð20Þ

where I0; I1; I2; J1; J2;K2 are the mass components descri-

bed as:

K2; J2; J1; I2; I1; I0ð Þ ¼
Z

h=2

�h=2

!2
2;!1!2;!2;!

2
1;!1; 1

� �

qdx3

ð21Þ

Ritz Formulation

Based on the Ritz approach and variational formulation, a

series of approximation functions and associated values

can be utilized to represent the membrane and transverse

displacements u1;u2; u
0
1; u

0
2; u

0
3

� �

of the PMF microplates,

as follows:

u1ðx1; x2; tÞ; u0
1ðx1; x2; tÞ

� �

¼ R x1; x2ð Þ
X

n1

i¼1

X

n2

j¼1

xij tð Þ; u1ij tð Þ
� �

Fj x2ð ÞTi;1 x1ð Þ ð22aÞ

u2ðx1; x2; tÞ; u0
2ðx1; x2; tÞ

� �

¼ R x1; x2ð Þ
X

n1

i¼1

X

n2

j¼1

yij tð Þ; u2ij tð Þ
� �

Fj;2 x2ð ÞTi x1ð Þ ð22bÞ

u0
3ðx1; x2; tÞ ¼ R x1; x2ð Þ

X

n1

i¼1

X

n2

j¼1

u3ij tð ÞFj x2ð ÞTi x1ð Þ ð22cÞ

where xij; yij; u3ij; u2ij; u1ij are the unknown variables;

R x1; x2ð Þ ¼ R1 x1ð ÞR2 x2ð Þ is the admissible function that

satisfies BCs (Table 1). It is noted that two shape functions

in the x1� and x2� directions, namely Ti x1ð Þ and Fj x2ð Þ,
are sufficient to determine five unknowns variables. In this

study, the Hermite and Laguerre polynomials are used to

develop Ritz solutions, namely Hermite–Ritz, Laguerre–

Ritz.

The Hermite polynomials are characterized by the fol-

lowing recursion formula:

He0ðxÞ ¼ 1; He1ðxÞ ¼ 2x;
HenðxÞ ¼ 2x Hen�1ðxÞ � 2ðn� 1ÞHen�2ðxÞ

	

ð23Þ

where x denotes the coordinate x1 or x2. It is noted that the

Hermite polynomials satisfy the normalization as follows:
Z 1

�1
ðHeðxÞÞ2e�x2

dx ¼ 2n
ffiffiffi

p
p

n! ð24Þ

Moreover, the hypergeometric functions define the

generalized Laguerre function as follows:

Lðn; a; xÞ ¼ nþ a
a

� �

1F1 �n; aþ 1; xð Þ ð25Þ

where these functions return orthogonal generalized

Laguerre polynomials for nonnegative integer values of n:

f1; f2h i ¼
Z 1

0

e�xxaf1 xð Þf2 xð Þdx ð26Þ

Furthermore, generalized Laguerre polynomials fulfill

this normalization:

Lðn; a; xÞ;Lðm; a; xÞh i ¼
0 if n 6¼ m
C aþ nþ 1ð Þ

n!
if n ¼ m

(

ð27Þ

The first five Hermite polynomials, Laguerre polyno-

mials are displayed in Fig. 2. It is noted that the approxi-

mation functions Fj x2ð Þ and Ti x1ð Þ are combined with the

admissible functions to fulfill the following clamped–

clamped and simply-supported BCs:

• Clamped (C): u1 ¼ u2 ¼ u0
1 ¼ u0

2 ¼ u0
3 ¼ 0 at x2 ¼ 0; b

and x1 ¼ 0; a

• Simply-supported (S): u1 ¼ u0
1 ¼ u0

3 ¼ 0 at x2 ¼ 0; b

and u2 ¼ u0
3 ¼ u0

2 ¼ 0 at x1 ¼ 0; a.

The following BCs result from the combination of fully

clamped and simply-supported BCs on the borders of the

PMF microplates. The numerical examples will hence

include three representative BCs, namely SSSS, SCSC, and

CCCC.

By using Lagrange’s equations dP
dd � d

dt
dP
d _d

¼ 0, substi-

tuting Eq. (22) into Eqs. (20), (19) and (17) and then the

Table 1 Admissible functions for various BCs

BCs Solutions Tj x1ð Þ Fj x2ð Þ

SSSS Hermite x1 a� x1ð ÞHej x2 b� x2ð ÞHej
Laguerre x1 a� x1ð ÞLj x2 b� x2ð ÞLj

SCSC Hermite x1 a� x1ð Þ2Hej x2 b� x2ð Þ2Hej

Laguerre x1 a� x1ð Þ2Lj x2 b� x2ð Þ2Lj

CCCC Hermite x2
1 a� x1ð Þ2Hej x2

2 b� x2ð Þ2Hej

Laguerre x2
1 a� x1ð Þ2Lj x2

2 b� x2ð Þ2Lj
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subsequent results into Eq. (7), the characteristic equations

of motion are obtained as follows:

K� N0Kg
� �

dþ C_dþM€d¼F tð Þ ð28Þ

where d ¼ u1 u2 u3 x y½ �T is the displacement

vector; the stiffness matrix K ¼ Ke þKv is composed of

the stiffness matrix of the strains Ke and the stiffness

matrix of the symmetric rotation gradients Kv; Kg is the

geometric stiffness matrix; M is the mass matrix;

C ¼2fxM is the damping matrix; F tð Þ is the external load

vector. For the transient vibration analysis, a sinusoidal

transverse dynamic load is defined as follows [57]:

F tð Þ ¼q0 sin
px1

a

� �

sin
px2

b

� �

e�cd tð Þ Explosive blast pulse

1 � t=t0 0� t� t0

0 t[ t0

	

Triangular pulse

1 0� t� t0

0 t[ t0

	

Rectangular pulse

2

6

6

6

6

6

4

ð29Þ

where cd ¼ 330 s�1 is the decay coefficient of the wave-

form; q0 ¼ 16 is the load intensity.

The components of stiffness and mass matrix are

described in further in detail as follows:

ð30aÞ

Kg ¼

0 0 0 0 0

0 0 0 0 0

0 0 Kg33 0 0

0 0 0 0 0

0 0 0 0 0

2

6

6

6

6

6

6

4

3

7

7

7

7

7

7

5

with Kg33
ijkl

¼ H11
ik S

00
jl þ H00

ik S
11
jl

ð30bÞ

where the stiffness matrix components, Ke and Kv, are

described in Appendix 3. The mass matrix’s constituents M

are provided by:

M11
ijkl ¼ I0H

11
ik S

00
jl ;M

13
ijkl ¼ I1H

11
ik S

00
jl ;M

14
ijkl ¼ J1H

11
ik S

00
jl

M22
ijkl ¼ I0H

00
ik S

11
jl ;M

23
ijkl ¼ I1H

00
ik S

11
jl ;M

25
ijkl ¼ J1H

00
ik S

11
jl

M33
ijkl ¼ I0H

00
ik S

00
jl þ I2 H11

ik S
00
jl þ H00

ik S
11
jl

� �

;

M34
ijkl ¼ J2H

11
ik S

00
jl ;M

35
ijkl ¼ J2H

00
ik S

11
jl

M44
ijkl ¼ K2H

11
ik S

00
jl ;M

55
ijkl ¼ K2H

00
ik S

11
jl

ð31Þ

It is noted that the components of the stiffness and mass

matrices will be calculated using numerical integration via

adaptive Simpson’s quadrature [58]. Based on Eq. (28), the

critical buckling loads Ncr of the PMF microplate can be

obtained by disregarding the mass inertia components,

damping ratio and solving the characteristic equation

K� N0Kgð Þd ¼ 0. For free vibration analysis, it is sup-

posed that N0 ¼ 0 and d tð Þ ¼ deixt, where i2 ¼ �1 rep-

resents the imaginary unit, and x denotes the natural

frequency of the PMF microplate. By solving the equation

Fig. 2 The first five polynomials of approximation
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K� x2Mð Þd ¼ 0, the natural frequencies will be deter-

mined. For transient analysis, it is assumed that N0 ¼ 0,

and therefore the transient responses can be obtained from

Eq. (28) by using the Newmark’s method [59], as shown:

diþ1 ¼ di þ Dt _di þ 0:5 � gð ÞDt2 €di þ g€diþ1Dt
2 ð32aÞ

_diþ1 ¼ _di þ 1 � cð ÞDt€di þ cDt€diþ1 ð32bÞ

Substituting Eq. (32) into Eq. (28) leads to:

½KgDt2 þ CcDt þM�€diþ1 ¼ Fiþ1 � C½ _di þ ð1 � cÞDt€di�
�K½di þ Dt _di þ ð0:5
� gÞDt2 €di�

ð33aÞ

K̂€diþ1 ¼ f̂ iþ1 ð33bÞ

where

K̂ ¼ ½KgDt2 þ CcDt þM� ð34aÞ

f̂ iþ1 ¼ Fiþ1 � C½ _di þ ð1 � cÞDt€di� �K½di þ Dt _di þ ð0:5
� gÞDt2 €di�

ð34bÞ

with Dt ¼ 0:01; g ¼ 1
4
; c ¼ 1

2
.

Numerical Results

In this part, numerical examples are performed to explore

free vibration, buckling, and transient analysis of PMF

microplates with different BCs and three porosity distri-

butions (UD, AD, SD) in which the shear function W x3ð Þ ¼

cot�1 h
x3

� �

� 16x3
3

15h3 [60] is used. The PMF microplates are

designed to be made of metal foam materials whose

characteristics are followed:

• MAT 1 [25]:Emax ¼ 200 GPa, qmax ¼ 7850 kg/m.3,

vmax ¼ 0:33

• MAT 2 [61]: Emax ¼ 90 GPa, qmax ¼ 2700 kg/

m.3,vmax ¼ 0:23

The numerical results obtained in this work is performed

in an Intel� CoreTM i7 at 2.8 GHz, 8 GB of RAM. For

simplicity purpose, the numerical examples utilize the

following normalized response parameters:

x ¼ 100xh

ffiffiffiffiffiffiffiffiffi

qmax

Emax

r

; Ncr ¼
Ncra

2

h3Emax

ð35Þ

Example 1 To evaluate the convergence and efficiency of

the current computational method, this example compares

the convergence speed and stability of the proposed Her-

mite–Ritz and Laguerre–Ritz solutions with those obtained

from other shape functions in the Ritz method. The

following approximation functions will be used in Eq. (22)

for the computations:

a. Chebyshev polynomials [36]:

The Chebyshev polynomials are characterized by the

following recursion formula:

F0ðx2Þ ¼ 1; F1ðx2Þ ¼ x2;
Fjðx2Þ ¼ 2x2Fj�1ðx2Þ � Fj�2ðx2Þ

	

ð36Þ

where �1� x2 � 1. It is noted that the Chebyshev poly-

nomials satisfy the normalization as follows:

Z

1

�1

Fiðx2ÞFjðx2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � x2
2

p dx2 ¼
0 if i 6¼ j
p if i ¼ j ¼ 0
p
2

if i ¼ j 6¼ 0

8

>

<

>

:

ð37Þ

b. Static Beam Functions (SBF) [62]:

Fj x2ð Þ ¼ Aj þ Bjx2 þ Cjx
2
2 þ Djx

3
2 þ sin

jx2

b

� �

ð38Þ

with Aj ¼ 0;Bj ¼ � jp
b ;Cj ¼

jp �1ð Þ jþ2ð Þ
b2 ;Dj

¼ � jp �1ð Þ jþ1ð Þ
b3

c. Non-Orthogonal Polynomials (NOP) [63]:

Fj x2ð Þ ¼ b� x2ð Þ2xjþ1
2 ð39Þ

d. Product of Trigonometric Functions (PTF) [64]:

Fj x2ð Þ ¼ sin
px2

b

� �

sin
jpx2

b

� �

ð40Þ

e. Characteristic Functions (CF) [65]:

Fj x2ð Þ ¼ sin ajx2 � sinh ajx2

� /j cos ajx2 � cosh ajx2

� �

ð41Þ

with /j ¼
sin ajb�sinh ajb
cos ajb�cosh ajb

; aj ¼ jþ0:5ð Þp
b .

It is noted that the shape functions Ti x1ð Þ in the x1�
direction are defined in a similar way by replacing in

Eqs. (36)–(41) the coordinate x2 by x1, the length b by the

width a.

Moreover, for the purpose of investigating the conver-

gence of approximation functions, the reference distance is

defined as follows:

df ¼ xiþ1 � xi ð42Þ

where xi and xiþ1 are the fundamental frequencies at

number of series ni and niþ1.

In order to evaluate the convergence of the proposed

Ritz solutions, Table 2 and Fig. 3 compare the conver-

gence speed of fundamental frequencies of the PMF CCCC

plates with side-to-thickness ratio a=h ¼ 10 and porous

parameter b ¼ 0:3. It is worthy to noticing that the results
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are computed with seven types of shape functions

(Hermite–Ritz, Laguerre–Ritz, Chebyshev–Ritz, SBF,

NOP, CF and PTF), the number of series in x2� and x1�
direction are supposed to be similar, i.e. n1 ¼ n2 ¼ n. The

tabular data and graph illustrate that the overall trend of the

solutions is a decrease as the number of series increases,

eventually reaching a converged value, after which the

graphs stabilize. In comparison, it is observed that the

responses derived from the SBF function require the largest

number of series n ¼ 15, while the proposed Hermite,

Laguerre, and Chebyshev orthogonal polynomials achieve

convergence with the lowest number of series n ¼ 3. The

responses from NOP and PTF and CF functions are obvi-

ously converged at n ¼ 8 and n ¼ 9, respectively. Figure 3

shows the elapsed time required to compute the natural

frequencies for various shape functions, where the com-

putational cost logically increases with the number of

series. Consequently, the proposed model demonstrates

significantly faster convergence compared to other meth-

ods like SBF, NOP, PTF, and CF, resulting in more effi-

cient numerical computations. Additionally, the use of

orthogonal polynomials enhances numerical efficiency by

improving stability and reducing computational complex-

ity, especially when compared to non-orthogonal polyno-

mials. These polynomials also possess algebraic simplicity,

making them easier to implement in numerical models

without compromising accuracy. Notably, the performance

of the proposed Hermite–Ritz and Laguerre–Ritz methods

is comparable to that of the well-known Chebyshev poly-

nomials, which are widely recognised for their accuracy

and efficiency, making the proposed model a highly com-

petitive and promising approach for enhancing the Ritz

method.

In order to examine the convergence of buckling and

free vibration responses of PMF microplates with

a=h ¼ 10, b ¼ 0:1 and h=l ¼ 1. The results in Table 3

demonstrate rapid convergence of the proposed solution

across all cases, with a convergence point observed at

n ¼ 3. This value will be used in the following numerical

examples. The current Hermite–Ritz and Laguerre–Ritz

solutions show greater efficiency in terms of both

Table 2 Comparison of the

convergence speed of the series

solution for normalized

fundamental frequencies of

PMF CCCC plates (a=h ¼ 10

and b ¼ 0:3)

Solution Number of series n ¼ n1 ¼ n2

2 3 5 6 8 9 10 15 16 17

SBF 11.765 11.27 10.681 10.125 9.905 9.858 9.772 9.4444 9.444 9.444

NOP 9.455 9.44 9.382 9.373 9.362 9.363 9.362 9.364 9.362 9.362

PTF 9.784 9.486 9.401 9.400 9.362 9.364 9.362 9.364 9.363 9.362

CF 9.560 9.545 9.503 9.467 9.402 9.388 9.388 9.388 9.388 9.388

Chebyshev 9.649 9.382 9.382 9.383 9.381 9.384 9.383 9.383 9.382 9.382

Hermite 9.649 9.382 9.382 9.382 9.381 9.383 9.384 9.381 9.382 9.382

Laguerre 9.534 9.364 9.364 9.364 9.364 9.364 9.364 9.364 9.364 9.364

IGA [25] 9.520

Fig. 3 Comparison of the convergence speed and computational cost

of normalized fundamental frequencies of PMF CCCC plates with

respect to the number of series (a=h ¼ 10 and b ¼ 0:3)
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convergence and computational time compared to earlier

shape functions [36, 62–65].

Example 2 In this example, free vibration behaviors of the

square PMF microplates with various BCs such as SSSS,

CCCC and SCSC are analysed. The results of the present

model in Table 4 are compared with those from previous

study [61] for PMF SSSS microplate with b ¼ 0:1, 0.3, 0.5,

l=h ¼ 0, 0.2, 0.4, 0.6, 0.8, a=h ¼ 10, and three porosity

distributions (UD, AD, SD) using the MAT2. There are

good agreements between the two models for all cases.

Moreover, the fundamental frequencies for PMF micro-

plate with various configurations are reported in Tables 5, 6

and 7. The obtained results are compared with those from

the earlier work of Pham et al. [25] for PMF macroplates

without the size effects, i.e. h=l ¼ 1. It can be seen from

Tables 5 and 6 that there are good agreements between the

two models for all cases. It is also observed from these

tables that the results vary with the porosity distribution in

which the largest and smallest frequencies correspond to

SD and UD. Some new results for microplates are given in

Tables 5, 6 and 7 can be used for the benchmark in future

research (Fig. 4).

Figures 5 and 6 illustrate the effect of the porosity

coefficients, porosity distribution, size effects and BCs on

the vibrational characteristics of square PMF microplates.

As observed, the frequencies decrease with increasing

porosity coefficients and thickness-to- MLSP ratios for all

BCs and porosity contributions. The curves become flat

when the ratio of h=l reaches to 20, indicating that size

effects become insignificant beyond this point. Notably, the

size effect is most pronounced at h=l ¼ 1 and decreases

sharply as the ratio increases from h=l ¼ 1 to h=l ¼ 10.

Example 3 In this example, buckling behaviors of the

square PMF microplates (MAT1) with various configura-

tions are considered and their buckling loads are given in

Tables 8, 9, 10 and 11. It is noted that the obtained results

in Tables 8 and 9 for PMF SSSS microplates under biaxial

compression N
0ð Þ

1 ;N
0ð Þ

2 ;N
0ð Þ

12 ¼ 1; 1; 0
� �

and uniaxial

compression N
0ð Þ

1 ;N
0ð Þ

2 ;N
0ð Þ

12 ¼ 1; 0; 0
� �

are verified with

those derived from Pham et al. [25] without the size effects

(h=l ¼ 1). It is observed that two models are in good

agreements for different cases. New results with different

thickness-to-MLSP ratios and BCs are provided in

Tables 8, 9, 10 and 11 for future benchmarks.

Moreover, Fig. 7 displays the normalized critical

buckling loads of PMF SD microplates with respect to the

thickness-to-MLSP ratio. It is interesting to observe that

the porosity does not significantly impact on the size effect,

when the thickness-to-MLSP ratio increases, the curves of

critical buckling loads decrease suddenly from h=l� 10

and then become stable from h=l� 20. As expected, the

normalized critical buckling loads slightly decrease with an

increase in the porous parameter due to the reduction in

stiffness. When comparing porosity distribution types, it is

observed that the UD requires a lower critical buckling

load than the SD one, similar to the trend seen in free

vibration responses. This confirms that symmetric porosity

distribution provides greater stiffness advantages over the

uniform arrangement.

Example 4 This example focuses on the responses of PMF

microplates under three types of dynamic load, namely

explosive blast load, rectangular load, and triangular load.

Since there is no available results of PMF microplates

Table 3 Convergence study of

the series solution of Hermite

and Laguerre polynomials for

UD CCCC microplates with

different BCs (MAT 1,

a=h ¼ 10, b ¼ 0:1, h=l ¼ 1)

BCs Solution Number of series n ¼ n1 ¼ n2

1 2 3 4 5 6 7

Normalized fundamental frequency

SSSS Hermite 15.6713 13.6135 13.6004 13.6005 13.6016 13.6008 13.6005

Laguerre 15.6197 13.5862 13.5604 13.5603 13.5604 13.5605 13.5604

SCSC Hermite 22.2541 20.2237 20.2040 20.2040 20.2042 20.2043 20.2041

Laguerre 22.1756 20.0831 20.0677 20.0679 20.0677 20.0678 20.0677

CCCC Hermite 29.6893 28.9057 28.6386 28.6385 28.6388 28.6387 28.6386

Laguerre 29.6589 28.8648 28.6135 28.6137 28.6136 28.6135 28.6135

Normalized critical buckling load for biaxial compression

SSSS Hermite 12.5538 10.7729 9.1169 9.1170 9.1169 9.1171 9.1170

Laguerre 12.5497 10.7654 9.1132 9.1133 9.1131 9.1132 9.1132

SCSC Hermite 19.9021 18.2037 17.3403 17.3426 17.3412 17.3408 17.3404

Laguerre 19.7828 18.1026 17.2474 17.2426 27.2424 27.2425 17.2424

CCCC Hermite 32.9265 31.8104 31.7498 31.7498 31.7499 31.7499 31.7498

Laguerre 32.9873 31.8926 31.8486 31.8487 31.8488 31.8486 31.8486
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under dynamic loads, the verification is carried for PMF

plates. It can be seen in Fig. 8 that the present results agree

well with those from the previous study published by Pham

et al. [25] for PMF SSSS plates under triangular load with

a=h ¼ 10 and b ¼ 0:1.

It is noted that since the dynamic load refers to an

intensely high load that occurs for a relatively short period

of time, hence the time step of Dt ¼ 0:01 seconds is

chosen. Moreover, in order to examine the effects of

porosity coefficient on dynamic responses of PMF micro-

plates, the normalized dynamic deflections w ¼ w= 1000hð Þ
are calculated for three types of porosity distribution (UD,

SD, AD) with a=h ¼ 10. Figure 9 shows the time-depen-

dent variation of nonlinear defections of PMF UD SSSS

microplates with b ¼ 0:1, 0.2, 0.3 and 0.4 under explosive

blast load. It is observed that for h=l ¼ 10 and f ¼ 0:05, an

increase in the porosity coefficient results in a reduction in

the microplate’s stiffness, which leads to an increase in

transverse displacement. Moreover, the nonlinear dis-

placement response of PMF microplates increases as the

ratio h=l decreases and reaches its maximum at h=l ¼ 1.

Figure 10 illustrates the influence of the damping factor on

the nonlinear dynamic characteristics of UD microplates

under explosive blast load. To quantify this, seven different

damping coefficient values f ¼ 0%, 1%, 2%, 3%, 4%, 6%

and 10% are used and the results are computed with h=l ¼
5 and 1. It is noted that a damping coefficient of f ¼ 0%

implies the absence of structural damping in the equation

of motion, the transverse displacements of PMF micro-

plates are reported for porosity coefficient b ¼ 0:2. As

depicted in Fig. 10, the damping coefficient profoundly

affects the nonlinear dynamic behavior of the structure.

Specifically, disregarding damping (f ¼ 0%) leads to a

sustained deflection amplitude over time post-load

removal. Conversely, increasing the damping parameter

substantially mitigates nonlinear dynamic responses.

Moreover, although higher damping ratios effectively

diminish deflection amplitudes, they have only a marginal

impact on motion periods. This underscores the substantial

role of structural damping in dissipating vibrational energy.

Table 4 Normalized

fundamental frequencies of

square PMF SSSS microplates

(MAT 2,a=h ¼ 10)

Type distribution b Theory l=h

0 0.2 0.4 0.6 0.8

UD 0.1 Ritz–Hermite 5.5729 6.0854 7.4391 9.2658 11.3390

Ritz–Laguerre 5.5647 6.0886 7.4423 9.2689 11.3423

IGA [61] 5.5753 6.0852 7.4069 9.1964 11.2321

0.3 Ritz–Hermite 5.3231 5.8425 7.1786 8.9737 11.0054

Ritz–Laguerre 5.3262 5.8456 7.1816 8.9769 11.0087

IGA [61] 5.3658 5.8566 7.1287 8.8509 10.8101

0.5 Ritz–Hermite 5.0481 5.5585 6.8658 8.6144 10.5878

Ritz–Laguerre 5.0511 5.5614 6.8688 8.6175 10.5911

IGA [61] 5.1129 5.5806 6.7927 8.4337 10.3006

SD 0.1 Ritz–Hermite 5.6465 6.1634 7.5032 9.3176 11.3817

Ritz–Laguerre 5.6499 6.1666 7.5066 9.3209 11.3851

IGA [61] 5.6517 6.1564 7.4679 9.2483 11.2774

0.3 Ritz–Hermite 5.6125 6.1092 7.4020 9.1598 11.1650

Ritz–Laguerre 5.6158 6.1126 7.4055 9.1634 11.1690

IGA [61] 5.6300 6.1062 7.3500 9.0477 10.9906

0.5 Ritz–Hermite 5.6119 6.0834 7.3177 9.0066 10.9415

Ritz–Laguerre 5.6151 6.0868 7.3214 9.0108 10.9462

IGA [61] 5.6364 6.0839 7.2570 8.8666 10.7168

AD 0.1 Ritz–Hermite 5.5777 6.1005 7.4519 9.2765 11.3484

Ritz–Laguerre 5.5810 6.1037 7.4550 9.2798 11.3518

IGA [61] 5.5896 6.0988 7.4192 9.2076 11.2428

0.3 Ritz–Hermite 5.3696 5.8871 7.2205 9.0146 11.0472

Ritz–Laguerre 5.3727 5.8903 7.2237 9.0178 11.0507

IGA [61] 5.4055 5.8971 7.1717 8.8985 10.8638

0.5 Ritz–Hermite 5.1129 5.6269 6.9441 8.7073 10.6982

Ritz–Laguerre 5.1159 5.6298 6.9472 8.7106 10.7017

IGA [61] 5.1658 5.6431 6.8785 8.5487 10.4470
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Similar results for PMF SD microplates under explosive

blast load are also observed in Fig. 11. Finally, the influ-

ence of two types of dynamic load (rectangular and trian-

gular) on the nonlinear deflections of PMF AD microplates

is shown in Figs. 12 and 13. Various porosity parameters

and damping ratios, specifically b ¼ 0:1, 0.3, 0.5 and 0.6,

and f ¼ 1%, 3%, 5%, and 7%, are employed while main-

taining h=l of 1, 2, and 5. Increasing the damping param-

eter significantly reduces nonlinear dynamic responses,

highlighting the vital role of structural damping in mini-

mizing and controlling oscillations in engineering struc-

tures. Furthermore, although higher damping ratios

effectively reduce deflection amplitudes, their impact on

motion periods remains marginal.

Conclusions

This paper proposes two new computational algorithms,

namely Ritz–Hermite and Ritz–Laguerre, in conjunction

with HSDT and MCT for the analysis of PMF microplates.

It is based on the higher-order shear deformation theory

and the modified couple stress theory with a constant

material length scale parameter. The dynamic responses of

the microplates under an explosive blast load are deter-

mined using Newmark’s technique. The influence of the

porosity parameters, shape functions, and boundary con-

ditions on the frequency, buckling, and dynamic responses

have been examined. The proposed model demonstrates

significantly faster convergence compared to other

Table 5 Normalized

fundamental frequencies of

square PMF SSSS microplates

(MAT 1, a=h ¼ 10)

Type distribution b Theory h=l

1 10 5 2 1

UD 0.1 Ritz–Hermite 5.7950 5.9242 6.2959 8.4518 13.6004

Ritz–Laguerre 5.7850 5.9136 6.2836 8.4305 13.5604

IGA [25] 5.7276 – – – –

0.2 Ritz–Hermite 5.6551 5.7849 6.1579 8.3123 13.4323

Ritz–Laguerre 5.6453 5.7745 6.1458 8.2914 13.3928

IGA [25] 5.6244 – – – –

0.3 Ritz–Hermite 5.5103 5.6404 6.0140 8.1634 13.2463

Ritz–Laguerre 5.5007 5.6302 6.0021 8.1428 13.2073

IGA [25] 5.5125 – – – –

0.4 Ritz–Hermite 5.3583 5.4886 5.8620 8.0019 13.0374

Ritz–Laguerre 5.3490 5.4786 5.8504 7.9815 12.9990

SD 0.1 Ritz–Hermite 5.8931 6.0203 6.3864 8.5195 13.6430

Ritz–Laguerre 5.8830 6.0095 6.3740 8.4983 13.6031

IGA [25] 5.8052 – – – –

0.2 Ritz–Hermite 5.8614 5.9868 6.3482 8.4562 13.5258

Ritz–Laguerre 5.8513 5.9761 6.3359 8.4351 13.4864

IGA [25] 5.7905 – – – –

0.3 Ritz–Hermite 5.8373 5.9607 6.3164 8.3945 13.4030

Ritz–Laguerre 5.8273 5.9501 6.3042 8.3737 13.3641

IGA [25] 5.7806 – – – –

0.4 Ritz–Hermite 5.8227 5.9437 6.2927 8.3360 13.2752

Ritz–Laguerre 5.8127 5.9332 6.2806 8.3154 13.2369

AD 0.1 Ritz–Hermite 5.8142 5.9431 6.3138 8.4655 13.6100

Ritz–Laguerre 5.8042 5.9324 6.3014 8.4443 13.5701

IGA [25] 5.7422 – – – –

0.2 Ritz–Hermite 5.6935 5.8226 6.1937 8.3414 13.4558

Ritz–Laguerre 5.6836 5.8121 6.1816 8.3204 13.4163

IGA [25] 5.6527 – – – –

0.3 Ritz–Hermite 5.5665 5.6958 6.0673 8.2097 13.2901

Ritz–Laguerre 5.5568 5.6856 6.0554 8.1890 13.2511

IGA [25] 5.5529 – – – –

0.4 Ritz–Hermite 5.4297 5.5594 5.9313 8.0680 13.1114

Ritz–Laguerre 5.4203 5.5493 5.9195 8.0475 13.0729

  203 Page 12 of 29 Journal of Vibration Engineering & Technologies          (2025) 13:203 

123



methods such as static beam functions, non-orthogonal

polynomials, products of trigonometric functions, charac-

teristic functions, and comparable to the well-known

Chebyshev polynomials. This results in more efficient

numerical computations, making the proposed model a

highly competitive and promising approach for enhancing

the Ritz method. Some findings are followed:

• The increase of the porosity coefficient and thickness-

to-MLSP ratio leads to the reduction of the stiffness,

natural frequencies and critical buckling loads of the

porous metal foam microplates.

• Among the porosity arrangements, the symmetric

porosity distribution reports a largest stiffness for

porous material foam microplates.

• The size effects are significant when the thickness-to-

MLSP ratio is smaller than 20, the porosity does not

impact importantly on the size effects of porous metal

foam microplates.

• Increasing the damping parameter significantly reduces

nonlinear dynamic responses, highlighting the vital role

of structural damping in minimizing and controlling

oscillations in engineering structures.

Table 6 Normalized

fundamental frequencies of

square PMF CCCC microplates

(MAT 1, a=h ¼ 10)

Type distribution b Theory h=l

1 10 5 2 1

UD 0.1 Ritz–Hermite 9.8398 10.2084 11.2347 16.6898 28.6386

Ritz–Laguerre 9.8202 10.1891 11.2161 16.6711 28.6135

IGA [25] 9.8918 – – – –

0.2 Ritz–Hermite 9.7059 9.9853 11.0126 16.4507 28.2951

Ritz–Laguerre 9.6968 9.9666 10.9945 16.4325 28.2804

IGA [25] 9.7136 – – – –

0.3 Ritz–Hermite 9.3824 9.7521 10.7786 16.1909 27.4022

Ritz–Laguerre 9.3639 9.7339 10.7610 16.1731 27.4001

IGA [25] 9.5202 – – – –

0.4 Ritz–Hermite 9.2358 9.5050 10.5287 15.9042 26.9741

Ritz–Laguerre 9.2178 9.4874 10.5117 15.8868 26.9688

SD 0.1 Ritz–Hermite 9.9853 10.3490 11.3634 16.7781 28.6911

Ritz–Laguerre 9.9653 10.3293 11.3444 16.7591 28.6658

IGA [25] 10.0044 – – – –

0.2 Ritz–Hermite 9.9215 10.2809 11.2836 16.6400 28.4350

Ritz–Laguerre 9.9015 10.2612 11.2647 16.6211 28.4099

IGA [25] 9.9537 – – – –

0.3 Ritz–Hermite 9.8661 10.2205 11.2095 16.4985 28.1614

Ritz–Laguerre 9.8462 10.2009 11.1906 16.4797 28.1365

IGA [25] 9.9063 – – – –

0.4 Ritz–Hermite 9.8213 10.1698 11.1428 16.3549 27.8712

Ritz–Laguerre 9.8013 10.1501 11.1238 16.3361 27.8465

AD 0.1 Ritz–Hermite 9.8687 10.2363 11.2605 16.7085 28.6519

Ritz–Laguerre 9.8524 10.2195 11.2422 16.6814 28.6226

IGA [25] 9.9133 – – – –

0.2 Ritz–Hermite 9.7140 10.0418 11.0654 16.4925 28.3518

Ritz–Laguerre 9.7080 10.0253 11.0474 16.4660 28.3035

IGA [25] 9.7558 – – – –

0.3 Ritz–Hermite 9.4686 9.8365 10.8590 16.2617 27.9877

Ritz–Laguerre 9.4531 9.8205 10.8415 16.2358 27.9804

IGA [25] 9.5816 – – – –

0.4 Ritz–Hermite 9.2470 9.6151 10.6365 16.0129 27.6375

Ritz–Laguerre 9.2319 9.5994 10.6195 15.9877 27.6314
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Appendix 1

The strain components of the PMF microplates are given

by:
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Table 7 Normalized

fundamental frequencies of

square PMF SCSC microplates

(MAT 1, a=h ¼ 10)

Type distribution b Theory h=l

1 10 5 2 1

UD 0.1 Ritz–Hermite 7.6602 7.8896 8.5375 12.1058 20.2040

Ritz–Laguerre 7.6430 7.8683 8.5058 12.0348 20.0677

0.2 Ritz–Hermite 7.4797 7.7099 8.3591 11.9203 19.9663

Ritz–Laguerre 7.4625 7.6886 8.3275 11.8498 19.8314

0.3 Ritz–Hermite 7.2922 7.5229 8.1724 11.7204 19.7014

Ritz–Laguerre 7.2751 7.5016 8.1409 11.6506 19.5679

0.4 Ritz–Hermite 7.0950 7.3256 7.9741 11.5015 19.4016

Ritz–Laguerre 7.0779 7.3045 7.9429 11.4326 19.2700

SD 0.1 Ritz–Hermite 7.7830 8.0090 8.6483 12.1852 20.2524

Ritz–Laguerre 7.7662 7.9881 8.6170 12.1143 20.1162

0.2 Ritz–Hermite 7.7377 7.9609 8.5924 12.0894 20.0745

Ritz–Laguerre 7.7213 7.9404 8.5615 12.0193 19.9396

0.3 Ritz–Hermite 7.7011 7.9209 8.5430 11.9935 19.8859

Ritz–Laguerre 7.6852 7.9010 8.5128 11.9242 19.7525

0.4 Ritz–Hermite 7.6752 7.8911 8.5022 11.8989 19.6876

Ritz–Laguerre 7.6601 7.8718 8.4727 11.8306 19.5557

AD 0.1 Ritz–Hermite 7.6843 7.9132 8.5594 12.1223 20.2155

Ritz–Laguerre 7.6767 7.9007 8.5350 12.0520 20.0710

0.2 Ritz–Hermite 7.5280 7.7572 8.4037 11.9558 19.9961

Ritz–Laguerre 7.5201 7.7445 8.3791 11.8861 19.8530

0.3 Ritz–Hermite 7.3635 7.5929 8.2393 11.7786 19.7597

Ritz–Laguerre 7.3554 7.5800 8.2147 11.7094 19.6182

0.4 Ritz–Hermite 7.1861 7.4158 8.0622 11.5877 19.5045

Ritz–Laguerre 7.1778 7.4028 8.0376 11.5192 19.3646

Fig. 4 Distance of normalized fundamental frequency of PMF CCCC

plates with respect to the number of series (a=h ¼ 10 and b ¼ 0:3)
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Appendix 2

The stress results could be calculated using strains and its

gradients as shown:
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Fig. 5 Variation of normalized fundamental frequencies of PMF UD

microplates with respect to h=l (a=h ¼ 10)
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where the PMF microplate’s stiffness components are

described as follows:
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Appendix 3

The stiffness matrix Ke components are described as

belows:
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where
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osTk
oxs1

dx1; S
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0

orFj

oxr2
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with i; k ¼ 1; :::; n1; j; l ¼ 1; :::; n2; r; s are the order of

partial derivatives.

The components of the stiffness matrix Kv are expressed

as follows:

(b)(a)

Fig. 6 Variation of normalized

fundamental frequencies of

PMF microplates with respect to

h=l (a=h ¼ 10 and b ¼ 0:2)
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Table 8 Normalized critical

buckling loads of the square

PMF SSSS microplates under

uniaxial compression (MAT 1,

a=h ¼ 10)

Type distribution b Theory h=l

1 10 5 2 1

UD 0.1 Ritz–Hermite 3.2565 3.4002 3.8312 6.8477 17.6179

Ritz–Laguerre 3.2576 3.4013 3.8324 6.8499 17.6228

IGA [25] 3.2625 – – – –

0.2 Ritz–Hermite 2.9905 3.1263 3.5339 6.3864 16.5708

Ritz–Laguerre 2.9915 3.1274 3.5351 6.3884 16.5753

IGA [25] 3.0337 – – – –

0.3 Ritz–Hermite 2.7274 2.8549 3.2376 5.9161 15.4791

Ritz–Laguerre 2.7282 2.8559 3.2387 5.9179 15.4833

IGA [25] 2.7992 – – – –

0.4 Ritz–Hermite 2.5627 2.7348 3.1309 5.6331 14.9277

Ritz–Laguerre 2.5679 2.7400 3.1363 5.6478 14.9290

IGA [25] 2.5578 – – – –

0.5 Ritz–Hermite 2.3250 2.4465 2.8109 5.3608 14.4634

Ritz–Laguerre 2.3297 2.4512 2.8157 5.3651 14.4632

IGA [25] 2.3076 – – – –

0.6 Ritz–Hermite 2.0427 2.1526 2.4824 4.7904 13.0289

Ritz–Laguerre 2.0468 2.1568 2.4867 4.7941 13.0286

IGA [25] 2.0459 – – – –

0.7 Ritz–Hermite 1.7507 1.8478 2.1393 4.1788 11.4591

Ritz–Laguerre 1.7542 1.8515 2.1430 4.1820 11.4588

IGA [25] 1.7679 – – – –

SD 0.1 Ritz–Hermite 3.3825 3.5275 3.9626 7.0081 17.8820

Ritz–Laguerre 3.3891 3.5345 3.9706 7.0230 17.9206

IGA [25] 3.3520 – – – –

0.2 Ritz–Hermite 3.2272 3.3645 3.7764 6.6593 16.9527

Ritz–Laguerre 3.2335 3.3712 3.7841 6.6736 16.9900

IGA [25] 3.2164 – – – –

0.3 Ritz–Hermite 3.0753 3.2046 3.5923 6.3057 15.9944

Ritz–Laguerre 3.0814 3.2109 3.5996 6.3194 16.0303

IGA [25] 3.0796 – – – –

0.4 Ritz–Hermite 2.9259 3.0467 3.4092 5.9459 15.0038

Ritz–Laguerre 2.9315 3.0526 3.4160 5.9588 15.0384

IGA [25] 2.9410 – – – –

0.5 Ritz–Hermite 2.7781 2.8901 3.2262 5.5785 14.5779

Ritz–Laguerre 2.7833 2.8957 3.2326 5.5908 14.5613

IGA [25] 2.8000 – – – –

0.6 Ritz–Hermite 2.6304 2.7332 3.0418 5.2012 13.2126

Ritz–Laguerre 2.6354 2.7385 3.0479 5.2132 13.2452

IGA [25] 2.6555 – – – –

0.7 Ritz–Hermite 2.4808 2.5741 2.8538 4.8117 11.8035

Ritz–Laguerre 2.4854 2.5789 2.8595 4.8232 11.8355

IGA [25] 2.5054 – – – –

Journal of Vibration Engineering & Technologies          (2025) 13:203 Page 17 of 29   203 

123



Table 9 Normalized critical

buckling loads of the square

PMF SSSS microplates under

biaxial compression (MAT 1,

a=h ¼ 10)

Type distribution b Theory h=l

1 10 5 2 1

UD 0.1 Ritz–Hermite 1.6598 1.7344 1.9582 3.5245 9.1169

Ritz–Laguerre 1.6617 1.7362 1.9599 3.5252 9.1132

IGA [25] 1.6313 – – – –

0.2 Ritz–Hermite 1.5242 1.5948 1.8064 3.2876 8.5757

Ritz–Laguerre 1.5260 1.5965 1.8080 3.2881 8.5722

IGA [25] 1.5169 – – – –

0.3 Ritz–Hermite 1.3901 1.4564 1.6551 3.0459 8.0114

Ritz–Laguerre 1.3917 1.4580 1.6566 3.0464 8.0081

IGA [25] 1.3996 – – – –

0.4 Ritz–Hermite 1.2566 1.3182 1.5032 2.7976 7.4187

Ritz–Laguerre 1.2581 1.3197 1.5045 2.7980 7.4157

IGA [25] 1.2789 – – – –

0.5 Ritz–Hermite 1.1284 1.1791 1.3492 2.5398 6.7905

Ritz–Laguerre 1.1298 1.1804 1.3505 2.5403 6.7876

IGA [25] 1.1538 – – – –

SD 0.1 Ritz–Hermite 1.6919 1.7645 1.9821 3.5452 9.1437

Ritz–Laguerre 1.6958 1.7685 1.9866 3.5434 9.1447

IGA [25] 1.6760 – – – –

0.2 Ritz–Hermite 1.6143 1.6830 1.8890 3.3308 8.6189

Ritz–Laguerre 1.6179 1.6868 1.8933 3.3386 8.6191

IGA [25] 1.6082 – – – –

0.3 Ritz–Hermite 1.5383 1.6029 1.7968 3.1539 8.0996

Ritz–Laguerre 1.5418 1.6066 1.8010 3.1614 8.0991

IGA [25] 1.5398 – – – –

0.4 Ritz–Hermite 1.4636 1.5240 1.7053 2.9740 7.5042

Ritz–Laguerre 1.4668 1.5274 1.7091 2.9811 7.5229

IGA [25] 1.4705 – – – –

0.5 Ritz–Hermite 1.3896 1.4457 1.6138 2.7902 6.9911

Ritz–Laguerre 1.3927 1.4489 1.6174 2.7970 7.0091

IGA [25] 1.4000 – – – –
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Table 10 Normalized critical

buckling loads of the square

PMF microplates under biaxial

compression with different BCs

(MAT 1, a=h ¼ 10)

BCs Type distribution b Theory h=l

1 10 5 2 1

SCSC UD 0.1 Ritz–Hermite 2.5725 2.7218 3.1684 6.2766 17.3403

Ritz–Laguerre 2.5757 2.7225 3.1620 6.2673 17.2474

0.2 Ritz–Hermite 2.3649 2.5061 2.9284 5.8675 16.3300

Ritz–Laguerre 2.3678 2.5066 2.9223 5.8509 16.2477

0.3 Ritz–Hermite 2.1591 2.2916 2.6882 5.4480 15.2726

Ritz–Laguerre 2.1616 2.2920 2.6823 5.4343 15.1917

0.4 Ritz–Hermite 1.9536 2.0770 2.4460 5.0145 14.0583

Ritz–Laguerre 1.9559 2.0772 2.4405 4.9939 13.9994

0.5 Ritz–Hermite 1.7467 1.8602 2.1996 4.5622 12.9731

Ritz–Laguerre 1.7487 1.8603 2.1945 4.5549 12.8973

SD 0.1 Ritz–Hermite 2.6373 2.7851 3.2271 6.3035 17.3759

Ritz–Laguerre 2.6396 2.7852 3.2212 6.2680 17.2914

0.2 Ritz–Hermite 2.5144 2.6542 3.0727 5.9848 16.3627

Ritz–Laguerre 2.5166 2.6545 3.0672 5.9450 16.2989

0.3 Ritz–Hermite 2.3934 2.5250 2.9189 5.6599 15.4188

Ritz–Laguerre 2.3956 2.5253 2.9138 5.6229 15.2963

0.4 Ritz–Hermite 2.2735 2.3966 2.7648 5.3274 14.4510

Ritz–Laguerre 2.2757 2.3971 2.7603 5.2934 14.3806

0.5 Ritz–Hermite 2.1539 2.2680 2.6095 4.9858 13.4462

Ritz–Laguerre 2.1561 2.2686 2.6055 4.9551 13.3688

CCCC UD 0.1 Ritz–Hermite 3.8964 4.1769 5.0167 10.8758 31.7498

Ritz–Laguerre 3.8916 4.1732 5.0160 10.8953 31.8486

0.2 Ritz–Hermite 3.5870 3.8523 4.6465 10.1878 29.9295

Ritz–Laguerre 3.5828 3.8490 4.6460 10.2061 30.0218

0.3 Ritz–Hermite 3.2794 3.5285 4.2743 9.4783 28.0183

Ritz–Laguerre 3.2755 3.5254 4.2739 9.4952 28.1040

0.4 Ritz–Hermite 2.9713 3.2031 3.8974 8.7412 25.9982

Ritz–Laguerre 2.9678 3.2004 3.8970 8.7567 26.0769

0.5 Ritz–Hermite 2.6601 2.8734 3.5121 7.9681 23.8437

Ritz–Laguerre 2.6569 2.8709 3.5117 7.9821 23.9152

SD 0.1 Ritz–Hermite 4.0128 4.2937 5.1346 11.0014 31.9071

Ritz–Laguerre 4.0101 4.2911 5.1323 11.0004 31.9084

0.2 Ritz–Hermite 3.8218 4.0876 4.8836 10.4371 30.2273

Ritz–Laguerre 3.8192 4.0851 4.8815 10.4361 30.2285

0.3 Ritz–Hermite 3.6324 3.8826 4.6318 9.8587 28.4864

Ritz–Laguerre 3.6299 3.8802 4.6298 9.8578 28.4875

0.4 Ritz–Hermite 3.4431 3.6771 4.3775 9.2638 26.6787

Ritz–Laguerre 3.4407 3.6748 4.3755 9.2628 26.6797

0.5 Ritz–Hermite 3.2524 3.4693 4.1187 8.6494 24.7981

Ritz–Laguerre 3.2501 3.4672 4.1169 8.6485 24.7990
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Table 11 Normalized critical

buckling loads of the square

PMF microplates under uniaxial

compression with different BCs

(MAT 1, a=h ¼ 10)

BCs Type distribution b Theory h=l

1 10 5 2 1

SCSC UD 0.1 Ritz–Hermite 4.7816 5.0648 5.9094 11.7613 32.5557

Ritz–Laguerre 4.7944 5.0757 5.9164 11.7602 32.5554

0.2 Ritz–Hermite 4.3975 4.6651 5.4635 10.9965 30.6609

Ritz–Laguerre 4.4087 4.6747 5.4694 10.9948 30.6594

0.3 Ritz–Hermite 4.0162 4.2675 5.0169 10.2118 28.6774

Ritz–Laguerre 4.0261 4.2757 5.0218 10.2096 28.6749

0.4 Ritz–Hermite 3.6353 3.8691 4.5663 9.4006 26.5867

Ritz–Laguerre 3.6439 3.8761 4.5703 9.3980 26.5831

0.5 Ritz–Hermite 3.2515 3.4664 4.1075 8.5539 24.3627

Ritz–Laguerre 3.2587 3.4723 4.1106 8.5508 24.3584

SD 0.1 Ritz–Hermite 4.9348 5.2183 6.0637 11.9181 32.7184

Ritz–Laguerre 4.9488 5.2303 6.0716 11.9175 32.7172

0.2 Ritz–Hermite 4.7033 4.9718 5.7723 11.3150 31.0072

Ritz–Laguerre 4.7171 4.9837 5.7802 11.3142 31.0035

0.3 Ritz–Hermite 4.4751 4.7279 5.4817 10.6997 29.2375

Ritz–Laguerre 4.4885 4.7395 5.4895 10.6987 29.2309

0.4 Ritz–Hermite 4.2482 4.4848 5.1900 10.0696 27.4035

Ritz–Laguerre 4.2617 4.4966 5.1979 10.0685 27.3939

0.5 Ritz–Hermite 4.0211 4.2408 4.8954 9.4221 25.4996

Ritz–Laguerre 4.0348 4.2528 4.9036 9.4207 25.4861

CCCC UD 0.1 Ritz–Hermite 7.2066 7.7529 9.3772 20.5925 60.5079

Ritz–Laguerre 7.2087 7.7607 9.3998 20.6066 60.5522

0.2 Ritz–Hermite 6.6402 7.1564 8.6914 19.2962 56.1332

Ritz–Laguerre 6.6424 7.1637 8.7125 19.3026 56.1381

0.3 Ritz–Hermite 6.0758 6.5601 8.0006 17.9581 51.9046

Ritz–Laguerre 6.0778 6.5668 8.0200 18.0165 51.9990

0.4 Ritz–Hermite 5.5495 5.9598 7.2997 16.5666 48.0675

Ritz–Laguerre 5.5513 5.9660 7.3175 16.6068 48.0901

SD 0.1 Ritz–Hermite 7.4160 7.9634 9.5899 20.8101 60.6146

Ritz–Laguerre 7.4182 7.9713 9.6128 20.9251 61.0770

0.2 Ritz–Hermite 7.0582 7.5769 9.1175 19.7408 57.4269

Ritz–Laguerre 7.0605 7.5846 9.1394 19.8490 57.8579

0.3 Ritz–Hermite 6.7020 7.1909 8.6423 18.6441 54.1228

Ritz–Laguerre 6.7040 7.1980 8.6627 18.7448 54.5204

0.4 Ritz–Hermite 6.3440 6.8020 8.1607 17.5149 50.6915

Ritz–Laguerre 6.3462 6.8089 8.1800 17.6081 51.0542
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bFig. 7 Variation of normalized critical buckling loads of PMF SD

microplates under uniaxial compression with respect to h=l
(a=h ¼ 10)

Fig. 8 Deflection response of the square PMF SD SSSS plate under

triangular load (a=h ¼ 10 and b ¼ 0:1)
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Fig. 9 Deflection response of the square PMF UD microplate under explosive blast loading (a=h ¼ 10 and f ¼ 0:05)
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Fig. 10 Deflection response of

the square PMF UD microplate

under explosive blast loading

for various damping ratios

(a=h ¼ 10 and b ¼ 0:2)
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Fig. 11 Deflection response of

the square PMF SD microplate

under explosive blast loading

(a=h ¼ 10)
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Fig. 12 Deflection response of the square PMF AD microplate under rectangular load (a=h ¼ 10)
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Fig. 13 Deflection response of

the square PMF AD microplate

under triangular load

(a=h ¼ 10)
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A B S T R A C T

The authors propose meta-heuristic optimization algorithms for the vibration and buckling analysis of laminated
composite plates. This approach combines unified higher-order shear deformation theory, the Ritz method, and
three optimization algorithms: the Shrimp and Goby Association Search Algorithm (SGA), Balancing Composite
Motion Optimization (BCMO), and Differential Evolution (DE). The Ritz method, utilizing hybrid shape func-
tions, is employed to solve optimization problems by using the Gram-Schmidt process to construct approximation
functions. The SGA and BCMO are applied for the first time to determine the optimal buckling loads and fre-
quencies of laminated composite plates. Numerical examples are provided to explore the influence of fiber angle,
modulus ratio, and various boundary conditions on the optimal results. The findings demonstrate that BCMO and
SGA are efficient and robust algorithms for addressing the optimization problems of laminated composite plates.

1. Introduction

Laminated composite plates have found extensive applications in
engineering fields such as mechanical engineering, aerospace, con-
struction, and more ([1-5]). Among the critical factors influencing their
mechanical properties, the customization of fiber orientation is a pivotal
element in shaping structural stiffness. In practice, achieving optimal
fiber orientation demands a complex computational process, which has
drawn the interest of numerous researchers employing various compu-
tational approaches.

In order to optimize responses of the laminated composite structures,
meta-heuristic optimization methods have been recently considered as
robust and reliable approaches for a wide range of complicated opti-
mization problems. The core components of metaheuristic algorithms
are exploration and exploitation. Exploration involves thoroughly
searching the entire solution space to generate a variety of potential
solutions, while exploitation focuses on refining the search within spe-
cific regions to identify the best solutions based on the knowledge
gained from previous candidates. Randomization plays a crucial role in
exploration, helping to avoid getting stuck in local optima. By such a
way, metaheuristic optimization algorithms could approach to global
optimization solutions. In general, meta-heuristic optimization

algorithms [6] could be divided in three popular categories. The first
category is inspired by the phenomenon of evolution observed in the
natural world in which the algorithms are generally derived from the
principles of Charles Darwin. Based on this approach, a number of
optimization algorithms have been developed such as differential evo-
lution (DE) [7,8], genetic algorithm (GA) [9], genetic programming
[10], non-dominated sorting genetic algorithm II (NSGA-II) [11]. In
general, they directly utilize the objective function and constraints to
seek optimal solutions. The selection of an optimal candidate for the
next generation necessitates consideration of their capacity to adapt and
thrive within their ecological surroundings. Some representative earlier
works are herein cited for optimization of laminated composite plates.
Karakaya et al. [12] compared the optimal buckling results obtained
using the GA algorithm with those obtained using the generalized
pattern search algorithm. Ho-Huu et al. [13] employed the DE algorithm
and the smoothed Finite Element Method (FEM) to analyze optimal
buckling responses, taking into account fiber angle and layer thickness
as design variables. By using the NSGA-II and GA algorithms, Kalantari
et al. [14] investigated the minimum flexural strength of composite
laminates with design variables being fiber angle and fiber volume
fraction. Drosopoulos et al. [15] used NSGA-II and FEM to scrutinize the
maximum frequency of laminate composite plate with layer thickness,
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fiber distribution, and fiber angles as design variables. Moreover, the
second type of meta-heuristic optimization algorithms encompasses
swarm-based approaches, from which a number of optimization algo-
rithms have been developed such as Ant colony optimization (ACO)
[16], shrimp and goby association search algorithm (SGA) [17], drag-
onfly algorithm (DA) [18], particle swarm optimization (PSO) [19], salp
swarm algorithm (SSA) [20]. The SGA is developed without depending
on input parameters. Its concept is inspired by the symbiotic relationship
between shrimp and goby fishes in their natural habitat. In this
ecosystem, the goby uses the shrimp’s burrow as a haven during the day
and a regular resting place at night. Essentially, the security level of the
shelter is contingent upon the shrimp’s capacity to allure the gobiid fish.
It is noted that the efficacy of these algorithms relies on the synchroni-
zation of a collective of particles, which impedes the ability to discern
and independently assess individual particles. Instead, particles partic-
ipate in collective communication to determine their subsequent course
of action. A collective of agents engaged in continuous movement and
interaction across several activities is often known as a particle swarm.
The use of these algorithms for optimization of laminated composite
plates could be mentioned in the following earlier works. By using a
higher-order shear deformation theory (HSDT), isogeometric method
(IGA) and the PSO algorithm, Shafei et al. [21] investigated the mini-
mum frequency of laminated composite plates. Based on the HSDT, FEM
and PSO, Vosoughi et al. ([22,23]) studied the optimal buckling loads of
composite laminated plates with design variables as fiber orientations.
Finally, the third set of meta-heuristic optimization algorithms com-
prises those influenced by physical principles. In order to direct the
movement of particles throughout the optimization process, these al-
gorithms take their cues from the most fundamental scientific laws.
Some examples of these types of algorithms are the balancing composite
motion optimization (BCMO) [24], the curved space optimization (CSO)
[25], and the water wave optimization (WWO) [26]. These principles
include the dynamics of magnetic fields, the gravitational interactions
among celestial bodies, electron charge transfers, chemical processes.
More importantly, these algorithms typically necessitate interrelated
parameters and involve substantial computational expenses. Besides, it
can be observed that the recent development of the BCMO eliminates the
need for interdependent parameters to address this challenge. This
approach draws inspiration from assuming the solution space operates
within Cartesian coordinates, balancing the global and local search
movements of potential solutions. Indeed, a potential solution can
approach superior solutions to exploit local areas and extend further to
explore the search landscape. Consequently, the highest-ranked indi-
vidual in each generation can swiftly transition between spaces or
enhance its existing local exploration.

In the realm of computational methods for structural analysis, various
approaches have been employed. Among these, the Ritz method [27] can
be considered as an efficient and accurate approximate solution. Due to
its advantages, researchers have widely applied this method to explore
static and dynamic responses in beams, plates, and shells. However, it is
noted that the precision, stability, and convergence of Ritz solutions rely
on the construction of approximation functions, which must satisfy
geometric boundary conditions (BCs) and be computationally stable

[28]. Many researchers have typically employed orthogonal polynomials
(OP) due to their convergence and numerical robustness. For example,
Zhou et al. [29] studied the free vibration of rectangular plates using the
Chebyshev polynomial for series type solution. Chen et al. [30] studied
the bending and stability of functionally graded (FG) porous plates based
on the Chebyshev-Ritz method. Non-orthogonal polynomial (NOP) series
offer computational simplicity but sacrifice orthogonality, impacting
certain advantages. For instance, Nguyen et al. ([31]) analysed the
structural responses of FG sandwich beams based on the NOP for ad-
missible function. In addition, the penalty function method [32] offers an
alternative for integrating the BCs. However, this technique results in
augmented dimensions of the mass and stiffness matrices, consequently
escalating computational expenses. In addition, there has been devel-
opment in the utilization of the admissible function as a hybrid form ([33,
34]). Moreover, the Gram-Schmidt (GS) procedure can make the admis-
sible OP function. Liew et al. [35] studied the frequency of regular
polygonal plates using the shape function created from the GS process
with the initialization function chosen to satisfy at least the geometrical
BCs. Based on this approach, there are some studies for laminated cy-
lindrical shells ([36-38]) with shape functions created from the GS
technique within the first function satisfying the BCs, which has caused
difficulty for structures with complex geometric designs.

A brief literature survey indicates that the BCMO and SGA algorithms
are recognized as efficient methods for structural optimization. However,
no research has been identified that specifically employs these algorithms
for solving optimization problems of laminated composite plates. This
study aims to address this gap by proposing meta-heuristic optimization
algorithms to minimize the critical buckling loads and fundamental fre-
quencies of laminated composite plates. Additionally, a new hybrid shape
function for the Ritz method is also presented in this study. The theoretical
framework incorporates a unified HSDT, Ritz method, three optimization
algorithms: BCMO, SGA and DE. To address the problems, the series-type
solution employs OP generated through the Gram-Schmidt process. SGA
and BCMO are employed to optimize vibration and buckling analysis of
laminated composite plates, and their performance is compared with the
DE algorithm. Numerical examples explore the impact of fiber angle,
modulus ratio, and various BCs on the optimum results.

2. Theoretical formulation

To address shear deformation in plates, the first-order shear defor-
mation theory is the simplest method, but it requires a shear correction
factor to properly handle the free-traction boundary conditions for shear
stresses [39]. In contrast, the HSDTs ([33,40-44]) with higher-order
variations of in-plane displacements or both in-plane and out-of-plane
displacements (Quasi-3D) ([45-49]) do not need such correction fac-
tors. However, the HSDTs ignore the thickness-stretching effect, resulting
in a uniform transverse displacement across the plate’s thickness. The
significance of considering the thickness-stretching effect has been
highlighted by Carrera et al. [50]. Although plate models incorporating
higher-order variations of both in-plane and out-of-plane displacements
generally provide more accurate predictions than the HSDTs, they are
more complex and costly to implement due to the increased number of
variables. For simplicity purpose, in the present study, the unified HSDT
for laminated composite plates in Fig. 1 is referenced by ([33]) as follows:

u1(x1, x2, x3, t) = θ1(x1, x2)Ψ2(x3) + u0
3,1Ψ1(x3) + u0

1(x1, x2)

u2(x1, x2, x3, t) = θ2(x1, x2)Ψ2(x3) + u0
3,2Ψ1(x3) + u0

2(x1, x2)

u3(x1, x2, x3, t) = u0
3(x1, x2)

(1)

where Ψ2(x3) = HsΦ(x3),Ψ1(x3) = HsΦ(x3) − x3; Hs is the transverse shear

stiffness; Φ(x3) =

∫ x3

0

2(1 + ν)f,3
E(x3)

dx3 =

∫ x3

0

f,3
μ(x3)

dx3, and f(x3) is a

higher-order component that needs to fulfill a specific condition f,3
(

x3 =

Fig. 1. Geometry of laminated composite plates
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±h
2

)

= 0; u0
1, u0

2 and u0
3 are membrane and transverse displacements at

neutral plane; θ1, θ2 are rotations at neutral plane with respect to the x1 −

and x2 − axis, respectively; the comma in the subscript is used to indicate
the differentiation of the variable that follows.

The components of strains εT = [ ε11 ε22 γ12 γ13 γ23 ] are found
as follows:

ε(i) = Ψ3(x3)ε(3) + Ψ2(x3)ε(2) + Ψ1(x3)ε(1) + ε(0) (2)

where Ψ3(x3) = Φ, 3Hs with Φ,3(x3) =
f,3(x3)

μ(x3)
and,

ε(0) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε(0)11

ε(0)22

γ(0)12

γ(0)13

γ(0)23

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u0
1,1

u0
2,2

u0
1,2 + u0

2,1

0
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, ε(1) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε(1)11

ε(1)22

γ(1)12

γ(1)13

γ(1)23

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u0
3,11

u0
3,22

2u0
3,12

0
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3a)

ε(2) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε(2)11

ε(2)22

γ(2)12

γ(2)13

γ(2)23

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

θ1,1
θ2,2

θ1,2 + θ2,1
0
0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, ε(3) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ε(3)11

ε(3)22

γ(3)12

γ(3)13

γ(3)23

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
0
0

θ1 + u0
3,1

θ2 + u0
3,2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3b)

The relationship between the strains and stresses for the k layer is
expressed as:

σ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

σ11
σ22
σ12
σ13
σ23

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎢
⎣

Q(k)
11 Q(k)

12 Q(k)
16 0 0

Q(k)
12 Q(k)

22 Q(k)
26 0 0

Q(k)
16 Q(k)

22 Q(k)
66 0 0

0 0 0 Q(k)
55 Q(k)

45

0 0 0 Q(k)
45 Q(k)

44

⎤

⎥
⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ε11
ε22
γ12
γ13
γ23

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

= Qεε

(4)

where

Q(k)
11 = Q(k)

22 sin4α + Q(k)
11 cos4α + 2

(
2Q(k)

66 +Q(k)
12
)
cos2αsin2α (5a)

Q(k)
12 = Q(k)

12
(
cos4α+ sin4α

)
+
(
Q(k)

11 − 4Q(k)
66 +Q(k)

22
)
cos2αsin2α (5b)

Q(k)
22 = 2

(
2Q(k)

66 +Q(k)
12
)
cos2αsin2α + Q(k)

11 sin4α + Q(k)
22 cos4α (5c)

Q(k)
16 =

(
2Q(k)

66 +Q(k)
12 − Q(k)

22
)
sin3αcosα +

(
Q(k)

11 −
(
Q(k)

12 +2Q(k)
66
))

sinαcos3α
(5d)

Q(k)
26 =

(
2Q(k)

66 +Q(k)
12 − Q(k)

22
)
sinαcos3α +

(
Q(k)

11 −
(
Q(k)

12 +2Q(k)
66
))

sin3αcosα
(5e)

Q(k)
66 =

(
Q(k)

22 +Q(k)
11 − 2

(
Q(k)

12 +Q(k)
66
))

cos2αsin2α + Q(k)
66
(
cos4α+ sin4α

)

(5f)

Q(k)
44 = Q(k)

44 cos2α + Q(k)
55 sin2α (5g)

Q(k)
55 = Q(k)

44 sin2α + Q(k)
55 cos2α (5h)

Q(k)
45 =

(
Q(k)

55 − Q(k)
44
)
cosαsinα (5k)

with α is the fiber angle in each layer (Fig. 1); Q(k)
ij of the orthotropic

composite plates in the local coordinate system are given by:

Q(k)
11 =

E1

1 − ν12ν21
,Q(k)

12 =
ν12E2

1 − ν12ν21
,Q(k)

22 =
E2

1 − ν12ν21
,Q(k)

66 = G12,Q(k)
44

= G23,Q(k)
55 = G13

(6)

To obtain the equations of motion, Hamilton’s principle is employed:

∫t2

t1

(δΠSE + δΠV − δΠK)dt = 0 (7)

The variation of the strain energy δΠSE is given by:

δΠSE =

∫

A

σδεdA =

∫

A

[
N(0)

ε δε(0) +N(1)
ε δε(1) +N(2)

ε δε(2) +N(3)
ε δε(3)

]
dA (8)

where the stress resultants can be derived based on the strains and their
gradients using the following expressions:

(
N(3)

ε ,N(2)
ε ,N(1)

ε ,N(0)
ε
)
=

∫h/2

− h/2

(Ψ3,Ψ2,Ψ1, 1)σdx3 (9)

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

N(0)
ε

N(1)
ε

N(2)
ε

N(3)
ε

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Aε Bε Bε
s 0

Bε Dε Dε
s 0

Bε
s Dε

s Hε
s 0

0 0 0 Aε
s

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

ε(0)
ε(1)
ε(2)
ε(3)

⎫
⎪⎪⎬

⎪⎪⎭

(10)

where the stiffness components are given:

(
Aε,Bε,Dε,Hε

s ,B
ε
s ,D

ε
s ,A

ε
s
)
=

∫h/2

− h/2

(
1,Ψ1,Ψ2

1,Ψ2
2,Ψ2,Ψ1Ψ2,Ψ2

3
)
Qεdx3

(11)

The change in the work done δΠV due to compressive membrane
loads (N0

1 = N0
2 = N0

12 = N0) is expressed as:

δΠV = −

∫

A

N0
(
u0

3,1δu0
3,1 + u0

3,2δu0
3,2 +2u0

3,1δu0
3,2

)
dA (12)

The variation of kinetic energy δΠK is calculated by:

δΠK =
1
2

∫

V

ρ(u̇3δu̇3 + u̇2δu̇2 + u̇1δu̇1)dV

=
1
2

∫

A

[
I2
(
u̇0

3,1δu̇0
3,1 + u̇0

3,2δu̇0
3,2

)
+ K2(θ̇1δθ̇1 + θ̇2δθ̇2)

I0
(
u̇0

1δu̇0
1 + u̇0

2δu̇0
2 + u̇0

3δu̇0
3
)
+ I1

(
u̇0

1δu̇0
3,1 + u̇0

3,1δu̇0
1 + u̇0

2δu̇0
3,2 + u̇0

3,2δu̇0
2

)

+J1
(
u̇0

1δθ̇1 + θ̇1δu̇0
1 + u̇0

2δθ̇2 + θ̇2δu̇0
2
)
+ J2

(
u̇0

3,1δθ̇1 + θ̇1δu̇0
3,1 + u̇0

3,2δθ̇2 + θ̇2δu̇0
3,2

)]
dA

(13)

V.-T. Tran et al. Engineering Analysis with Boundary Elements 169 (2024) 105974 

3 



where the overdot is used to indicate the derivative of the variable with
the time; K2,J2,J1,I2,I1,I0 are mass components of the laminated com-
posite plate which are determined as:

(K2, J2, J1, I2, I1, I0) =
∫h/2

− h/2

(
Ψ2

2,Ψ1Ψ2,Ψ2,Ψ2
1,Ψ1,1

)
ρdx3 (14)

3. Ritz method

The membrane and transverse displacements, as well as rotations
(
u0

1, u0
2, u0

3, θ1, θ2
)

can be represented through a series of shape functions
in x1 − , x2 − direction (Xi(x1) and Yj(x2)) and five unknowns variables
(u1ij,u2ij,u3ij,xij,yij), expressed as follows:

u0
2(x1, x2, t) =

∑n1

i=1

∑n2

j=1
u2ij(t)Yj,2(x2)Xi(x1); u0

1(x1, x2, t)

=
∑n1

i=1

∑n2

j=1
u1ij(t)Yj(x2)Xi,1(x1) (15a)

θ2(x1, x2, t) =
∑n1

i=1

∑n2

j=1
yij(t)Yj,2(x2)Xi(x1); θ1(x1, x2, t)

=
∑n1

i=1

∑n2

j=1
xij(t)Yj(x2)Xi,1(x1) (15b)

u0
3(x1, x2, t) =

∑n1

i=1

∑n2

j=1
u3ij(t)Yj(x2)Xi(x1) (15c)

The shape functions are pivotal in dictating the convergence rates,
accuracy, and susceptibility to numerical instabilities within the Ritz

solution. This critical relationship underscores the significance of
meticulously crafting and analyzing shape functions, a topic detailed in
prior studies ([31,34,51]). Next, the admissible orthogonal polynomial
(OP) functions proposed by Bhat [52] are discussed, which are con-
structed using the Gram-Schmidt (GS) method [53]. These functions
exhibit a rapid convergence rate, although they encounter challenges in
determining the initial function. Using the GS approach is defined as
follows:

ϕ1(x) = (x − A1)ϕ0(x), ϕk(x) = (x − Ak)ϕk− 1(x) − Dkϕk− 2(x) (16a)

Ak =

∫d

c

xw(x)ϕ2
k− 1(x)dx

∫d

c

w(x)ϕ2
k− 1(x)dx

; Dk =

∫d

c

xw(x)ϕk− 1(x)ϕk− 2(x)dx

∫d

c

w(x)ϕ2
k− 2(x)dx

(16b)

where w(x) being the weighting function. The orthogonality is satisfied
by the polynomials ϕk(x) as below:

∫d

c

w(x)ϕk(x)ϕl(x) =
{

0 if k ∕= l
akl if k = l (17)

with w(x) = 1; ϕ0(x) = 2x + 1, and [c, d] ∈ [ − 1, 1]. The first five
orthogonal polynomials are shown in Fig. 2. The shape functions Xi(x1)
and Yj(x2) in Table 1 are made to satisfy the BCs in which clamped (C)
and the simply-supported (S) edges are as follows:

• Clamped (C): θ1 = θ2 = u0
1 = u0

2 = u0
3 = 0 at x1 = 0, a and x2 = 0, b

• Simply supported (S):θ2 = u0
2 = u0

3 = 0 at x1 = 0, a and at
u0

1 = u0
3 = θ1 = 0x2 = 0, b

The laminated composite plate’s edge conditions, a mix of simply-
supported, clamped and free boundaries (SSSS, SFSF, CSCS, CCCC),
are pivotal in numerical analyses. By incorporating Eq. (15) into Eqs.
(8), (12), and (13), and the subsequent outcomes into Eq. (7), the
characteristic motion equations are derived via the displacement vector
d, stiffness matrix Kand mass matrix M as follows:

Kd+Md̈=0 (18)

where

d = [u1 u2 u3 x y ]TandK =

⎡

⎢
⎢
⎢
⎢
⎣

K11 K12 K13 K14 K15

TK12 K22 K23 K24 K25

TK13 TK23 K33 K34 K35

TK14 TK24 TK34 K44 K45

TK15 TK25 TK35 TK45 K55

⎤

⎥
⎥
⎥
⎥
⎦

(19)

Fig. 2. The first five orthogonal polynomials

Table 1
Approximation functions of series-type solution.

BCs Xj(x1) Yj(x2)

SSSS x1(a − x1)ϕj x2(b − x2)ϕj

CSCS x2
1(a − x1)ϕj x2

2(b − x2)ϕj

CCCC x2
1(a − x1)

2ϕj x2
2(b − x2)

2ϕj

SFSF x1ϕj x2ϕj

Table 2
Convergence study for [0o/90o/90o/0o] plates with different BCs (a/h = 10, E1/
E2 = 40).

BCs Number of series n = n1 = n2

2 4 6 7 8 9

Normalized fundamental frequency
SSSS 16.2797 15.5288 15.1192 15.1191 15.1192 15.1191
CSCS 21.1622 19.5302 19.2501 19.2502 19.2501 19.2501
CCCC 23.4273 22.3269 22.0249 22.0247 22.0248 22.0249
SFSF 4.1909 4.0209 4.0109 4.0110 4.0109 4.0110
Normalized critical buckling load under uniaxial compression

(
N0

1,N0
2,N0

12 = 1,0,0
)

SSSS 27.1409 25.1061 23.7876 23.3042 23.3043 23.3042
CSCS 36.5583 34.8010 34.6724 34.5755 34.5757 34.5755
CCCC 46.4065 44.3619 44.1133 44.0404 44.0403 44.0404
SFSF 4.7865 4.7274 4.7109 4.7084 4.7085 4.7084
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The components of K is formulated as:

K11
ijkl = A11T22

ik S
00
jl + 2A16T12

ik S
10
jl + A66T11

ik S
11
jl

K12
ijkl = A12T02

ik S
20
jl + A16T21

ik S
01
jl + A26T10

ik S
12
jl + A66T11

ik S
11
jl

K13
ijkl = B11T22

ik S
00
jl + B12T02

ik S
20
jl + 2B16T21

ik S
01
jl + B26T10

ik S
12
jl + 2B66T11

ik S
11
jl

K14
ijkl = Bs11T22

ik S
00
jl + 2Bs16T21

ik S
01
jl + Bs66T11

ik S
11
jl

K15
ijkl = Bs12T02

ik S
20
jl + Bs16T21

ik S
01
jl + Bs26T10

ik S
12
jl + Bs66T11

ik S
11
jl

K22
ijkl = A22T00

ik S
22
jl + 2A16T01

ik S
21
jl + A66T11

ik S
11
jl

K23
ijkl = B12T20

ik S
02
jl + B22T00

ik S
22
jl + 2B16T10

ik S
12
jl + B26T21

ik S
01
jl + 2B66T11

ik S
11
jl

Kε24
ijkl = Bs12T20

ik S
02
jl + Bs16T10

ik S
12
jl + Bs26T21

ik S
01
jl + Bs66T11

ik S
11
jl

K25
ijkl = Bs22T00

ik S
22
jl + 2Bs16T10

ik S
12
jl + Bs66T11

ik S
11
jl

K34
ijkl = Ds11T22

ik S
00
jl + Ds12T20

ik S
02
jl + 2Ds66T11

ik S
11
jl + 2Ds16T12

ik S
10
jl

+Ds16T01
ik S

21
jl + As45T01

ik S
10
jl + As55T11

ik S
00
jl

K35
ijkl = Ds12T02

ik S
20
jl + Ds22T00

ik S
22
jl + 2Ds66T11

ik S
11
jl + Ds16T21

ik S
01
jl

+2Ds26T10
ik S

12
jl + As45T10

ik S
01
jl + As44T00

ik S
11
jl

K44
ijkl = Hs11T22

ik S
00
jl + Hs66T11

ik S
11
jl + 2Hs16T21

ik S
01
jl + As55T11

ik S
00
jl

Table 3
Normalized fundamental frequencies of [0o/90o/90o/0o] plates.

BCs a/h Theory E1/E2

3 10 20 30 40

SSSS 10 TSDT [55] 7.240 9.847 12.225 13.987 15.112
​ ​ TSDT [54] 7.247 9.853 12.238 13.892 15.143
​ ​ Present 7.2137 9.8325 12.2395 13.8917 15.1192
​ 20 HSDT [56] - - - - 17.6620
​ ​ Present 7.4397 10.4096 13.4353 15.7603 17.6695
​ 25 HSDT [56] - - - - 18.0875
​ ​ Present 7.4825 10.5176 13.6504 16.0987 18.1445
CSCS 10 Present 9.8392 13.6002 16.4517 18.1279 19.2501
​ 20 Present 10.3734 15.1558 19.6100 22.7754 25.1996
CCCC 10 Present 12.7654 17.1590 19.8039 21.1663 22.0249
​ 20 Present 13.8842 20.5707 26.0621 29.5058 31.8833
SFSF 10 Present 1.4622 2.2829 3.0152 3.5623 4.0109

Table 4

Normalized fundamental frequencies of [0o/90o/0o] plates (ω1 =
(
ωa2 /π2)/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρh/
(
E2h3/(12(1 − v12v21))

)√

).

BCs a/h Theory E1/E2

3 10 20 30 40

CCCC 10 HSDT [57] - - - - 7.484
​ ​ RBF-PS [58] - - - - 7.4727
​ ​ FSDT [59] - - - - 7.4106
​ ​ HSDT [56] - - - - 7.4224
​ ​ Present 4.4887 5.9410 6.7371 7.1399 7.4022
​ 20 HSDT [57] - - - - 11.003
​ ​ RBF-PS [58] - - - - 10.968
​ ​ FSDT [59] - - - - 10.9528
​ ​ HSDT [56] - - - - 10.9042
​ ​ Present 4.8610 7.1875 9.0084 10.1035 10.8381
​ 100 HSDT [57] - - - - 14.601
​ ​ RBF-PS [58] - - - - 14.4305
​ ​ FSDT [59] - - - - 14.4455
​ ​ HSDT [56] - - - - 14.3626
​ ​ Present 4.9619 7.7474 10.4816 12.6081 14.3997
CSCS 10 Present 3.5360 4.8438 5.7655 6.2794 6.6146
​ 20 Present 3.6949 5.3958 6.9399 8.0117 8.8148
SSSS 10 Present 2.6389 3.6286 4.4577 4.9853 5.3561
​ 20 Present 2.6654 3.7800 4.8782 5.7026 6.3659
SFSF 10 Present 0.5152 0.7987 1.0526 1.2421 1.3967

Kε33
ijkl = D11T22

ik S
00
jl + D12

(
T02
ik S

20
jl + T20

ik S
02
jl

)
+ D22T00

ik S
22
jl + 4D66T11

ik S
11
jl + 4D16T21

ik S
01
jl

+4D26T10
ik S

21
jl + As44T00

ik S
11
jl + 2As45T10

ik S
01
jl + As55T11

ik S
00
jl − N0

(
T11
ik S

00
jl + T00

ik S
11
jl + 2T10

ik S
01
jl

)
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K45
ijkl = Hs12T02

ik S
20
jl + Hs16T21

ik S
01
jl + Hs26T01

ik S
21
jl + Hs66T11

ik S
11
jl + As45T10

ik S
01
jl

K55
ijkl = Hs22T00

ik S
22
jl + Hs66T11

ik S
11
jl + 2Hs16T10

ik S
12
jl + As44T00

ik S
11
jl (20)

where

Trs
ik =

∫a

0

∂rXi

∂xr1
∂sXk

∂xs1
dx1, Srsjl =

∫b

0

∂rYj

∂xr2
∂sYl

∂xs2
dx2 (21)

The components of M are expressed as follows:

M11
ijkl = I0T11

ik S
00
jl ,M

13
ijkl = I1T11

ik S
00
jl ,M

14
ijkl = J1T11

ik S
00
jl

M22
ijkl = I0T00

ik S
11
jl ,M

23
ijkl = I1T00

ik S
11
jl ,M

25
ijkl = J1T00

ik S
11
jl

M33
ijkl = I2

(
T00
ik S

11
jl +T11

ik S
00
jl

)
+ I0T00

ik S
00
jl

M35
ijkl = J2T00

ik S
11
jl ,M

34
ijkl = J2T11

ik S
00
jl ,M

55
ijkl = K2T00

ik S
11
jl ,M

44
ijkl = K2T11

ik S
00
jl (22)

For free vibration analysis, denoting d(t) = deiωt, where i2 = − 1
denotes the imaginary unit, the results can be determined via (K − ω2M)
d = 0. The buckling loads can be obtained from Eq. (18) when M = 0.

4. Optimization algorithm

In this section, three algorithms are presented to identify the fiber
angle α that maximizes the critical buckling loads and frequencies of
laminated composite plates, with the following objective functions.

Maximumω = f
(
αd
i
)
orNcr = f

(
αd
i
)

Subjectedto − 90o ≤ αd
i ≤ 90o

(23)

with d is the number of layers.
Three algorithms including differential evolution (DE), shrimp and

goby association search algorithm (SGA) and balancing composite mo-
tion optimization (BCMO) are used to solve the above optimization
problem.

4.1. DE algorithm

Initiated by Storn and Price [7,8], the DE algorithm has numerically
shown efficacy and robustness in identifying an optimum solution
throughout a defined continuous domain.

Initialization: The initial distribution of the population is created in
a stochastic way as follows:

xi,j = xmin
j + rand(1, d) ×

(
xmax
j − xmin

j

)
(24)

with d represents the count of design variables.

Mutation: A mutated vector vti derives from the goal vectors xti in the
current iteration through mutation. The five frequently employed mu-
tation choices are as follows:

rand/1 : vti = vtT1
+ F

(
vtT2

− vtT3

)
; best/1 : vti = vtbest + F

(
vtT1

− vtT2

)

current − to − best/1 : vti = J
(
xtT1

− xtT2

)
+ J

(
xtbest − xti

)
+ xtbest

rand/2 : vti = xtT1
+ J

(
xtT2

− xtT3

)
+ J

(
xtT4

− xtT5

)

best/2 : vti = J
(
xtT3

− xtT4

)
+ J

(
xtT1

− xtT2

)
+ xtbest

(25)

where T1, T2, T3, T4and T5 consist of randomly selected integer values
from within the range of [1, NP], NP is a population size; J is randomly
chosen [0, 1], when each of them is entirely distinct from the index i,
vti,jis determined:

vti,j =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2xmin,j − vti,j if vti,j < xmin,j

2xmax,j − vti,j if vti,j < xmax,j

vti,j otherwise
(26)

Crossover: During this stage, a crossover mechanism enhances the
variety among individual vectors uti within the present population.

uti,j =

{
uti,j if j = L or rand ≤ [0.1, 1]
xti,j otherwise

(27)

Selection: This process aims to pick superior individuals from the
current population for the subsequent iteration.

xt+1
i =

{
xti if f

(
uti
)

≤ f
(
xti
)

uti otherwise
(28)

4.2. SGA algorithm

Sang-To et al. [17] first has introduced SGA algorithm, which
showed the efficacy in addressing high-dimensional single-objective is-
sues of varying complexity.

The initial population:

Bt+1
i = Bt

i + βr1 ⊗
(
S ∗ − Bt

i
)

(29)

where B is the position vector of an individual; S* denotes the positional
vector of the finest burrow; d is number of items; β ∈ [2, 1] is linear
function; r1 ∈ (0, 1).

Global Search: the mathematical modeling of signal transmission is
expressed as:

Bt+1
m,d = r2 × Gt

m,d; B
t+1
i,d = r2 × (ubd − lbd) + lbd (30)

Table 5
Normalized fundamental frequencies of [0o/90o] plates.

BCs a/h Theory E1/E2

3 10 20 30 40

SSSS 5 3D [60] 6.2578 6.9845 7.6745 8.1763 8.5625
​ ​ RPT [61] 6.2167 6.9836 7.8011 8.4646 9.0227
​ ​ Present 6.2170 6.9676 7.7038 8.2126 8.5594
​ 10 RPT [61] - - - - 10.5480
​ ​ Present 6.7995 7.7912 8.8723 9.7954 10.6125
​ 20 RPT [61] - - - - 11.0997
​ ​ Present 6.9819 8.0413 9.2036 10.2106 11.1161
CSCS 10 Present 9.2150 10.8820 12.5490 13.8987 15.0435
​ 20 Present 9.6325 11.4996 13.4143 15.0219 16.4386
CCCC 10 Present 11.9659 14.3190 16.4770 18.0981 19.3846
​ 20 Present 12.8105 15.6519 18.4309 20.6918 22.6332
SFSF 10 Present 1.3271 1.9078 1.7282 2.2797 2.5274
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Fig. 3. Mode shapes of vibration of laminated composite plates a/h = 10, E1/E2 = 40, [0o/90o/0o], ω1 =
(
ωa2 /π2)/

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρh/
(
E2h3/(12(1 − v12v21))

)√

Table 6
Normalized critical buckling of [0o/90o/90o/0o] plates under uniaxial compression

(
N0

1 ,N0
2 ,N0

12 = 1,0,0
)
.

BCs a/h Theory E1/E2

3 10 20 30 40

SSSS 10 HSDT [56] 5.4418 10.0208 15.4010 19.7810 23.4383
​ ​ TSDT [62] 5.3933 9.9401 15.2945 19.6644 23.3401
​ ​ TSDT [63] 5.3884 9.9303 15.2841 19.6558 23.3152
​ ​ Present 5.3600 9.9008 15.4386 19.8632 23.3042
​ 20 TSDT [63] - - - - 31.6975
​ ​ Present 5.6353 11.0146 18.3350 25.2412 31.7690
CSCS 10 Present 8.4138 16.2424 24.3199 30.1327 34.5755
​ 20 Present 9.1960 19.6748 33.1939 45.2623 56.1154
CCCC 10 Present 13.0602 24.7163 34.3922 40.1873 44.0404
​ 20 Present 15.2033 34.0280 56.3164 74.5690 89.8246
SFSF 10 Present 0.6486 1.5315 2.6548 3.7065 4.7084
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with lb and ub are lower and upper boundaries. Bti,d indicates the dthin-
formation component of shrimp;Btm,d is the dthinformation of gobiid fish.

Local Search: The weakest candidates are placed into the top two
shelters to enhance survival, concurrently bolstering the efficacy of local
search process.

Bt+1
i = St1 ⊗ (1+ ς× r3);Bt+1

i = St2 ⊗ (1+ ς× r3) (31)

where St1, St2 represents the optimal positions of neighboring burrows; ς
∈ [2, 1]; r3 ∈ ( − 1, 1).

More details regarding the SGA algorithm can be found in Ref. [17].

Table 7
Normalized critical buckling of [0o/90o/0o] plates under biaxial compression

(
N0

1 ,N0
2 ,N0

12 = 1,1,0
)
.

BCs a/h Theory E1/E2

3 10 20 30 40

SSSS 10 HSDT [64] - 4.963 7.516 9.056 10.259
​ ​ TSDT [65] - 4.977 7.544 8.942 10.109
​ ​ TSDT [62] - 4.916 7.448 8.820 9.9755
​ ​ TSDT [63] ​ 4.9130 7.4408 8.7550 9.8795
​ ​ Present 2.7091 4.9492 7.5045 8.8676 10.0343
​ 20 TSDT [63] - - - - 13.0239
​ ​ Present 2.8325 5.5194 8.9582 11.0737 13.0866
CSCS 10 Present 4.3300 7.5574 9.8814 11.4624 12.8231
​ 20 Present 4.7207 9.2268 13.2198 16.5097 19.4522
CCCC 10 Present 6.7537 10.7581 13.1204 14.8401 16.2244
​ 20 Present 7.7957 14.2191 19.5382 23.9094 27.6485
SFSF 10 Present 0.3374 0.7598 1.2257 1.6005 1.9244

Table 8
Normalized shear buckling of [0o/90o/90o/0o] plates

(
N0

1 ,N0
2 ,N0

12 = 0,0,1
)
, a/h

= 10.

BCs E1/E2

3 10 20 30 40

SSSS 11.0219 17.9481 24.2755 28.5083 31.4874
CSCS 13.4321 21.2794 19.2607 31.1782 33.5337
CCCC 15.5753 23.7884 29.5902 33.0073 35.3192
SFSF 0.6950 1.4574 2.5695 3.6911 4.8029

Table 9
Optimization critical buckling of symmetric square laminated composite plates with four layers (a/h = 10, E1/E2 = 40,NP = 20) under uniaxial compression

(
N0

1 ,N0
2 ,

N0
12 = 1,0,0

)
.

Iterations Solution` Max values α(1) α2 α(3) α(4) Call function Determinate[0o/90o/90o/0o]

SSSS ​ ​ ​ ​ ​ ​ ​ ​
500 FEM-DE [13] 30.7692 -39 42 42 -39 840 23.3042
100 Ritz-BCMO 36.9822 -37 39 39 -37 20 ​
​ Ritz-SGA 36.9822 -37 39 39 -37 27 ​
​ Ritz-DE 36.9822 -37 39 39 -37 50 ​
SFSF ​ ​ ​ ​ ​ ​ ​ ​
100 Ritz-BCMO 17.2807 30 -60 -60 30 20 4.7084
​ Ritz-SGA 17.2807 30 -60 -60 30 27 ​
​ Ritz-SGA 17.2807 30 -60 -60 30 50 ​
CSCS ​ ​ ​ ​ ​ ​ ​ ​
100 Ritz-BCMO 39.5512 31 -48 -48 31 20 34.5755
​ Ritz-SGA 39.5512 31 -48 -48 31 27 ​
​ Ritz-DE 39.5512 31 -48 -48 31 50 ​
CCCC ​ ​ ​ ​ ​ ​ ​ ​
100 Ritz-BCMO 44.4767 -10 85 85 -10 20 44.0404
​ Ritz-SGA 44.4767 -10 85 85 -10 27 ​
​ Ritz-DE 44.4767 -10 85 85 -10 50 ​

Table 10
Optimization critical buckling of square laminated composite plates with four layers (a/h= 10, E1/E2 = 40,NP= 20) under uniaxial compression

(
N0

1 ,N0
2 ,N0

12 = 1,0,0
)
.

BCs Iterations Solution Max values α(1) α2 α(3) α(4) Call function

SSSS 12 Kriging-IPSO [66] 35.4351 36 -37 36 -36 20
​ 20 Ritz-BCMO 36.9569 37 -33 36 -39 7
​ ​ Ritz-SGA 36.9569 37 -33 36 -39 12
​ ​ Ritz-DE 36.9569 37 -33 36 -39 25
CSCS 20 Ritz-BCMO 39.3736 33 -85 33 -25 7
​ ​ Ritz-SGA 39.3736 33 -85 33 -25 12
​ ​ Ritz-DE 39.3736 33 -85 33 -25 25
CCCC 20 Ritz-BCMO 44.6772 -20 75 -70 20 7
​ ​ Ritz-SGA 44.6772 -20 75 -70 20 12
​ ​ Ritz-DE 44.6772 -20 75 -70 20 25
SFSF 20 Ritz-BCMO 17.1737 36 -16 36 -33 7
​ ​ Ritz-SGA 17.1737 36 -16 36 -33 12
​ ​ Ritz-DE 17.1737 36 -16 36 -33 25
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4.3. BCMO algorithm

Le-Duc et al. [24] proposed the BCMO algorithm, which is a
population-based optimization technique that aims to achieve a global
optimum by skillfully balancing the composite motion properties of
individual entities. The process of achieving a balance between global
and local search is facilitated by employing a probabilistic model of
selection, which in turn creates a mechanism for movement for each
individual.

Initialization: The population is established in a random manner
shows that:

xi = xLj + rand(1, d) ×
(
xUi − xLj

)
(32)

wherexUi andxLi are the upper and lower bounds of the ith − individual;

d is number of parameter applied.
Immediate global point and optimal individual: The global point

xtOin, which represents the current global optimum, is determined by the
previous best point xt− 1

1 , in relation to a trial ut1, utilizing the objective
function.

xtOin =

{
ut1 iff

(
ut1
)
< f

(
xt− 1

1
)

xt− 1
1 otherwise

(33)

where ut1 is calculated as follows based on data about the current gen-
eration’s population:

ut1 =
(
xU + xL

)/
2 + vtk1/k2 + vtk2/1 (34)

where vtk1/k2and vtk2/1 are determined using LLS = 1as follows:

Table 11
Optimization fundamental frequencies of square laminated composite plates with four layers (a/h = 10, E1/E2 = 40,NP = 20).

BCs Solution Theory Max values α(1) α2 α(3) α(4) Call function

SSSS Asymmetric Ritz-DE 19.1344 41 -55 43 -43 20
​ ​ Ritz-SGA 19.1344 41 -55 43 -43 7
​ ​ Ritz-BCMO 19.1344 41 -55 43 -43 5
​ Symmetric Ritz-DE 18.7588 34 -43 -43 34 20
​ ​ Ritz-SGA 18.7588 34 -43 -43 34 7
​ ​ Ritz-BCMO 18.7588 34 -43 -43 34 5
SFSF Asymmetric Ritz-DE 9.0532 -33 40 -39 33 20
​ ​ Ritz-SGA 9.0532 -33 40 -39 33 7
​ ​ Ritz-BCMO 9.0532 -33 40 -39 33 5
​ Symmetric Ritz-DE 9.9969 30 -37 -37 30 20
​ ​ Ritz-SGA 9.9969 30 -37 -37 30 7
​ ​ Ritz-BCMO 9.9969 30 -37 -37 30 5
CSCS Asymmetric Ritz-DE 21.1601 -34 77 -35 51 20
​ ​ Ritz-SGA 21.1601 -34 77 -35 51 7
​ ​ Ritz-BCMO 21.1601 -34 77 -35 51 5
​ Symmetric Ritz-DE 21.2345 48 -34 -34 48 20
​ ​ Ritz-SGA 21.2345 48 -34 -34 48 7
​ ​ Ritz-BCMO 21.2345 48 -34 -34 48 5
CCCC Asymmetric Ritz-DE 22.9067 47 -39 33 -49 20
​ ​ Ritz-SGA 22.9067 47 -39 33 -49 7
​ ​ Ritz-BCMO 22.9067 47 -39 33 -49 5
​ Symmetric Ritz-DE 22.9472 49 -21 -21 49 20
​ ​ Ritz-SGA 22.9472 49 -21 -21 49 7
​ ​ Ritz-BCMO 22.9472 49 -21 -21 49 5

Fig. 4. Comparison of the maximum buckling load (uniaxial compression) of SSSS square laminated composite plates with size population NP = 20 (E1/E2 = 40)
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vi/j = −
(
xi + xj

)
LLS ×

{
rand(1, d) if TVj > 0.5
− rand(1, d) otherwise , (35)

Coordinated movement of individuals within the solution
space: In the context of BCMO, the motion of the global search vj which
is determined:

vj = −
(
xj + xOin

)
LGS ×

⎧
⎪⎪⎨

⎪⎪⎩

e−
1
d

j
NPr

2
j if TVj > 0.5

e
−

1
d

(

1−
j
NP

)

r2j

otherwise

(36)

whereNP is the population size; rj = ‖xj − xOin‖
The probabilities for these vik cases are identical and can be

calculated in the following manner:

G(vin) = G
(
vi/j

)
× G

(
vj
)
= 0.5 × 0.5 = 0.25n = 1, ...,4 (37)

The ith individual’s revised position in the succeeding generation is as
follows:

xt+1
i = xti + vi/j + vj (38)

Further information regarding the BCMO algorithm is available in
Ref. [24].

5. Numerical examples

Several numerical examples are conducted to explore vibration and
buckling behaviors of laminated composite plates. Convergence and
verification are carried out first and then DE, SGA and BCMO algorithms
are employed to determine their optimal frequencies and buckling loads.
The analysis involves employing the shear function

Φ(x3) = cot− 1(h /x3) −
(
16x3

3
)
/
(

15h3
)

([31]). The material properties

are given as:G12 = G13 = 0.6E2, G23 = 0.5E2, v12 = 0.25, ρ = 1 ([54]). For
simplicity, the following normalized parameters are used:

ω =
ωa2

h

̅̅̅̅̅
ρ
E2

√

; Ncr =
Ncra2

h3E2
(39)

To examine the convergence of current solutions, Table 2 displays
the results of the square [0o/90o/90o/0o] plates with a/h = 10 and E1 =

40E2. The outcomes are computed for four BCs (SSSS, CSCS, CCCC and
SFSF) with equal series-type solutions in the x1 − and x2 − directions (n1
= n2 = n). The results indicate swift convergences, observed at n = 6 for
fundamental frequencies and n = 7 for buckling loads. Therefore, these
values will be utilized in the numerical examples.

5.1. Verification study

Tables 3-5 provide the fundamental frequencies of [0o/90o/90o/0o],
[0o/90o/0o] and [0o/90o] square plates with various BCs. For SSSS

Fig. 5. Comparison of the maximum fundamental frequencies for SSSS square
laminated composite plates with size population NP = 20(E1/E2 = 40)

Fig. 6. Comparison of minimum fundamental frequency and critical buckling load of SSSS square laminated composite plates with size population NP = 20 (E1/E2
= 40)
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plates, the obtained solutions in Table 3 are compared with those who
used the third-order shear deformation theory (TSDT) ([54],[55]) with
a/h = 10 and Thai et al. [56] using HSDT and FEM with NS-DSG3
element with a/h = 20 and 25. For CCCC plates, the present results in
Table 4 are compared with those previously reports by Thai et al. [56],
Zhen and Wanji [57], Ferreira and Fasshauer [58], Ferreira et al. [59]
for case E1/E2 = 40. The results listed in Table 5 are compared with those
published by Noor [60] using 3D elasticity theory with a/h= 5 and Thai
et al. [61] using a refined plate theory (RPT) with a/h= 5, 10 and 20. It’s
evident that the present solutions exhibit strong agreement across all
cases, with errors consistently below one percentage. The first two free
vibration mode shapes of the square composite plates are displayed for
illustration purposes in Fig. 3. Some new results are also provided in
Tables 3-5 for other BCs with a/h = 10 and 20. It can be seen that for all
BCs when modulus ratio E1/E2 and a/h increase, the natural frequencies
increase. The critical buckling loads of [0o/90o/90o/0o] plates under
uniaxial compression

(
N0

1,N0
2,N0

12 = 1, 0, 0
)

and shear
(
N0

1,N0
2,N0

12 = 0, 0,1
)

as well as of [0o/90o/0o] plates under biaxial

compression
(
N0

1,N0
2,N0

12 = 1, 1,0
)

are given in Tables 6-8 with different
BCs. The numerical findings closely align with those reported in the
literature for both uniaxial compression ([56,62,63]) and biaxial
compression ([62-65]) cases. Hence, the present Ritz method is reliable
for optimization vibration and buckling analysis of laminated composite
plates.

5.2. Optimization study

In this section, the optimum results of the fundamental frequencies
and buckling loads for uniaxial compression

(
N0

1,N0
2,N0

12 = 1, 0,0
)

of
four-layer square laminated composite plates (a/h = 10, E1/E2 = 40)
with different BCs are investigated. Tables 9-11 show the results of three
different algorithms (DE, SGA, and BCMO) with the population distri-
bution NP = 20. By comparing the results from Tables 8 and 9, it is
evident that the optimal responses obtained in the present study are in
agreement with those reported by Ho-Huu et al. [13] using FEM-DE for

Fig. 7. Comparison of minimum fundamental frequency and critical buckling load of SSSS and CCCC square laminated composite plates with size population NP =

50(E1/E2 = 40)
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symmetric lay-up and by Keshtegar et al. [66] using Kriging-IPSO for
arbitrary lay-up. For minimum buckling loads and fundamental fre-
quencies of SSSS plate, the optimal fiber angles are [ − 37o/39o/39o/ −

37o] and [34o/ − 43o/ − 43o/34o] for symmetric lay-ups as well as [37o/
− 33o/36o/ − 39o] and [41o/ − 55o/43o/ − 43o] for arbitrary ones,
respectively, according to all three algorithms (BCMO, SGA, and DE). A
comparative analysis of cost computation performance, involving the
call function, is provided in Tables 9-11 to assess the effectiveness of the
optimization algorithms. The number of call function for the BCMO al-
gorithm is the smallest (20, 7, and 5), while the DE algorithm has the
largest number (50, 25, and 20) for buckling and vibration optimization.
In Table 11, the BCMO algorithm requires the fewest call function,
totalling five, for optimizing fundamental frequencies. The results of the
objective function (OF) for the BCMO algorithm are better than those of
the SGA and DE algorithms. Additionally, new optimal results for
laminated composite plates with arbitrary lay-ups and BCs are provided
as a reference for future studies. To compare the efficacy of various al-
gorithms, Figs. 4 and 5 present the convergence histories of natural
frequencies and buckling loads of SSSS plates obtained using three
different algorithms: DE, SGA, and BCMO. It is evident that the SGA and
BCMO algorithms converge faster than the DE one. For the same number
of call function, BCMO algorithm requires the fewest iterations (Fig. 4a),
and for the same number of iterations, it also has the fewest call function
(Fig. 4b). It should be noted that the comparison is not solely based on
computational cost but extends to the effectiveness of the algorithms in
achieving optimal solutions. Interestingly, while the call function of
BCMO algorithm is better than SGA algorithm, their performance varies.
The OF convergence histories of three algorithms for different BCs are
presented in Figs. 6-8. The change in BCs from SSSS to CCCC impacts
plate stiffness and subsequently affects frequencies and buckling load
values. This variation is emphasized in Figs. 6 and 7, illustrating how
these changes impact the numerical results produced by the algorithms.
It is observed that the BCMO algorithm consistently attains the optimal
solution with notably fewer iterations than the SGA and DE algorithm in
nearly all cases at the maximum iteration. These findings contribute to
understanding the comparative efficiency of meta-heuristic algorithms
in tackling complex optimization problems in structural engineering.

6. Conclusions

This paper studies meta-heuristic optimization algorithms for

vibration and buckling analysis of laminated composite plates. The
theoretical framework incorporates a unified HSDT, Ritz method and
three algorithms including DE BCMO, and SGA. The obtained numerical
results showed an efficiency and accuracy of the present theory in pre-
dicting the responses of laminated composite plates. The numerical
findings demonstrate that:

• The novel hybrid shape functions require only the first six series to
achieve the convergence and numerical stability for free vibration
and seven for buckling analysis.

• The performance of Ritz-BCMO and Ritz-SGA is superior to that of
Ritz-DE when comparing convergence rates and computation costs

• It is observed that the BCMO algorithm consistently achieves the
optimal solution with significantly fewer iterations than both the
SGA and DE algorithm in nearly all cases at the maximum iteration.

• For the minimum buckling loads and fundamental frequencies of
simply-supported square laminated composite plate, the optimal
fiber angles are [ − 37o/39o/39o/ − 37o] and [34o/ − 43o/ − 43o/
34o] for symmetric lay-ups as well as [37o/ − 33o/36o/ − 39o] and
[41o/ − 55o/43o/ − 43o] for arbitrary ones, respectively.
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Abstract. Based on fundamental equations of the elasticity theory, a unified higher-order
shear deformation theory is developed for bending and free vibration analysis of func-
tionally graded (FG) microplates with porosities. The modified strain gradient theory is
employed to capture the size effects. Bi-directional series with hybrid shape functions
are used to solve the problems. Several important effects including thickness-to-material
length scale parameters, side-to-thickness ratio, and boundary conditions on the deflec-
tions and natural frequencies of FG porous microplates are investigated.
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1. INTRODUCTION

Microstructures have been applied in many engineering fields such as atomic force
microscopes, microelectromechanical systems and nano-electromechanical systems [1,2].
The recent development of functionally graded porous (FGP) materials led to a poten-
tial application, it hence requires advanced computational methods and models espe-
cially at microscales. The study on static and dynamic responses of FGP plates and
shells has attracted a number of researches with various computational methods and

https://doi.org/10.15625/0866-7136/17552
https://orcid.org/0000-0003-4134-1533
https://orcid.org/0000-0002-1215-9348
https://orcid.org/0000-0002-7137-4507
mailto: haunv@hcmute.edu.vn 


Static and vibration analysis of functionally graded microplate with porosities based on higher-order shear deformation . . . 37

models [3–14], however, those classical elasticity models could not accurately predict re-
sponses of microstructures. Therefore, advanced computations theories with material
length scale parameters (MLSPs) have been developed with different approaches. A
number of researches has been performed for FGP microplates in which the modified
coupled stress theory (MCT) are mostly used. By considering the rotation gradient in
constitutive equations, the MCT with only one MLSP is known as the simplest theory
accounted for the size effects [15]. Owing to its simplicity, many size-dependent FGP mi-
croplate models with different shear deformation theories based on the MCT have been
developed [16–18]. By adding strain gradients into the strain energy, the modified strain
gradient theory (MST) with three MLSPs was proposed by Lam et al. [19] based on the
classical strain gradient theory of Mindlin [20, 21]. This theory is more general than the
MCT and it can be recovered by the MST if the effects of dilatation and deviatoric stretch
gradients are neglected. By its advantages, the MST has been developed for static and dy-
namic of FG microplates [17,22–25]. A brief literature review showed that although many
studies have been performed for static and dynamic analysis of FGP microplates using
different existing shear deformation plate theories and MCT, however, the investigation
based on the MST is still limited, this gap needs to be studied further.

The objective of this paper is to develop a unified framework of higher-order shear
deformation theory (HSDT) for static and free vibration analyses of FGP microplates
based on the MST. Hamilton’s principle is used to derive the governing equations of
motion, which are then solved by bi-directional series-type solutions with hybrid shape
functions. Several important effects such as, thickness-to-MLSP ratio, side-to-thickness
ratio, boundary conditions on the deflections and natural frequencies of FGP microplates
are investigated. Some results given in this paper can be used for the future references.

2. THEORETICAL FORMULATION

Consider a rectangular FGP microplate in the coordinate system (x1, x2, x3) with
sides a × b and thickness h. It is supposed that the FGP microplates are composed of
a metal-ceramic mixture and porosity density whose effective material properties can be
approximated by the following expressions [3, 26, 27]

P (x3) = (Pc − Pm)

(
2x3 + h

2h

)p

+ Pm −
β

2
(Pc + Pm) , (1)

where Pc and Pm are the properties of ceramic and metal materials, such as Young’s mod-
ulus E, mass density ρ, Poisson’s ratio ν; β is the porosity volume fraction, 0 ≤ β � 1; p
is the power-law index which is positive and x3 ∈ [−h/2, h/2] .

2.1. Modified strain gradient theory (MST)

The total potential energy of the FGP microplate is obtained by

Π = ΠU + ΠV −ΠK, (2)
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where ΠU , ΠV , ΠK are the strain energy, work done by external forces and kinetic energy
of the FGP microplates, respectively. Based on the MST, the strain energy of the system
ΠU is given by

ΠU =
∫

V
(σε + pξ + τη+ mχ)dV, (3)

where ε, χ, ξ, η are strains, symmetric rotation gradients, dilatation gradient and devi-
ation stretch gradient, respectively; σ is Cauchy stress; m, p, τ are high-order stresses
corresponding with strain gradients χ, ξ, η, respectively. The components of strain ε ij
and strain gradients ξi, ηijk, χij are defined as follows

ε ij =
1
2
(
ui,j + uj,i

)
, ξi = εmm,i , χij =

1
4
(
un,mjeimn + un,miejmn

)
, (4a)

ηijk =
1
3
(
ε jk,i + εki,j + ε ij,k

)
− 1

15
[
(ξk + 2εmk,m) δij + (ξi + 2εmi,m) δjk +

(
ξ j + 2εmj,m

)
δki
]

,
(4b)

where δij, eimn are Knonecker delta and permutation symbol, respectively; the comma in
subscript is used to indicate the partial derivative with respect to the followed variable.
The components of stress are calculated from constitutive as follows

σij = λεkkδij + 2µε ij , mij = 2µl2
1χij , pj = 2µl2

2ξ j , τijk = 2µl2
3ηijk , (5)

where λ, µ are Lamé constants; l1, l2, l3 are three MLSPs.

The work done by a transverse load q of the FGP microplates is given by

ΠV = −
∫
A

qu0
3dA. (6)

The kinetic energy of the FGP microplates ΠK is expressed by

ΠK =
1
2

∫
V

ρ (x3)
(
u̇2

1 + u̇2
2 + u̇2

3
)

dV. (7)

2.2. Unified kinematics of FGP microplates

A general HSDT kinematic of FGP microplates is derived from [28, 29] as follows

u1 (x1, x2, x3) = u0
1 (x1, x2) + Φ1 (x3) u0

3,1 + Φ2 (x3) ϕ1 (x1, x2) , (8a)

u2 (x1, x2, x3) = u0
2 (x1, x2) + Φ1 (x3) u0

3,2 + Φ2 (x3) ϕ2 (x1, x2) , (8b)

u3 (x1, x2, x3) = u0
3 (x1, x2) , (8c)

where Φ1 (x3) = HsΨ (x3)− x3, Φ2 (x3) = HsΨ (x3); u0
1, u0

2 and u0
3, ϕ1, ϕ2 are membrane

and transverse displacements, rotations around the x2- and x1-axis at the mid-surface of
FGP microplates, respectively; Hs is the transverse shear stiffness of the FGP microplates;

Ψ (x3) =

x3∫
0

f,3

µ (x3)
dx3 is a shear function; µ (x3) =

E (x3)

2 (1 + ν)
is the shear modulus; f (x3)

is a higher-order term whose first derivative satisfies the free-stress boundary condition
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at the top and bottom surfaces of the plates, i.e. f,3

(
x3 = ±h

2

)
= 0. Substituting Eq. (8)

into the strains and strain gradients in Eq. (4), the strains are obtained as follows

ε(i) = ε(0) + Φ1 (x3) ε(1) + Φ2 (x3) ε(2), ε(s) = Φ3 (x3) ε(3), (9)

where Φ3 (x3) = HsΨ,3 with Ψ,3 (x3) =
f,3 (x3)

µ (x3)
and,

ε(0) =


ε
(0)
11

ε
(0)
22

γ
(0)
12

 =


u0

1,1

u0
2,2

u0
1,2 + u0

2,1

 , ε(1) =


ε
(1)
11

ε
(1)
22

γ
(1)
12

 =


u0

3,11

u0
3,22

2u0
3,12

 ,

ε(2) =


ε
(2)
11

ε
(2)
22

γ
(2)
12

 =


ϕ1,1

ϕ2,2

ϕ1,2 + ϕ2,1

 , ε(3) =

{
γ
(0)
13

γ
(0)
23

}
=

{
ϕ1 + u0

3,1

ϕ2 + u0
3,2

}
.

(10)

The non-zero components of dilatation gradients ξ =
[

ξ1 ξ2 ξ3
]T are given by

ξ = ξ(0) + Φ1ξ(1) + Φ2ξ(2) + Φ1,3ξ(3) + Φ2,3ξ(4). (11)

The non-zero components of deviatoric stretch gradients ηijk are given by

η = η(0) + Φ1η(1) + Φ2η(2) + Φ3η(3) + Φ1,3η(4) + Φ2,3η(5) + Φ3,3η(6), (12)

where ηT =
[

η111 η222 η333 3η331 3η332 3η221 3η112 3η113 3η223 6η123
]
.

The rotation gradients are expressed as follows

χ = χ(0) + Φ1,3χ(1) + Φ2,3χ(2) + Φ1,33χ(3) + Φ2,33χ(4) + Φ2χ(5), (13)

with χT =
[

χ11 χ22 2χ12 χ33 2χ13 2χ23
]
. The components of ξ, η, χ can be seen

more details in Appendix A. Furthermore, the stresses and strains of FGP microplates are
related by constitutive equations as follows

σ(i) =

 σ11
σ22
σ12

 =

 Q11 Q12 0
Q12 Q22 0

0 0 Q66

 ε11
ε22
γ12

 = Q(i)
ε ε(i),

σ(o) =

{
σ13
σ23

}
=

[
Q55 0

0 Q44

]{
γ13
γ23

}
= Q(o)

ε ε(s),

(14a)

m =



m11
m22
m12
m33
m23
m13


= 2µl2

1


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1





χ11
χ22
χ12
χ33
χ23
χ13


= αχ6I6×6χ,

p =

 p1
p2
p3

 = 2µl2
2

 1 0 0
0 1 0
0 0 1

 ξ1
ξ2
ξ3

 = αξI3×3ξ,

(14b)
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τ =



τ111
τ222
τ112
τ221
τ331
τ332
τ333
τ113
τ223
τ123



= 2µ2
3



1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1





η111
η222
η112
η221
η331
η332
η333
η113
η223
η123



= αηI10×10η, (14c)

where αχ = 2µl2
1 , αξ = 2µl2

2 , αη = 2µl2
3 , and

Q11 =
E (x3)

1− v2 , Q22 =
E (x3)

1− v2 , Q12 =
vE (x3)

1− v2 , Q44 = Q55 = Q66 = µ =
E (x3)

2(1 + v)
. (15)

2.3. Energy principle

In order to derive the equation of motion, Hamilton’s principle is used∫ t2

t1

(δΠU + δΠV − δΠK)dt = 0, (16)

where δΠU , δΠV , δΠK are the variations of strain energy, work done by external force
and kinetic energy, respectively. The variation of the strain energy of FGP microplates
derived from Eq. (3) as follows

δΠU =
∫

A
(σδε + pδξ + τδη+ mδχ)dA =

∫
A

[
M(0)

ε δε(0) + M(1)
ε δε(1) + M(2)

ε δε(2)

+ M(3)
ε δε(3) + M(0)

ξ δξ(0) + M(1)
ξ δξ(1) + M(2)

ξ δξ(2) + M(3)
ξ δξ(3) + M(4)

ξ δξ(4)

+ M(0)
χ δχ(0) + M(1)

χ δχ(1) + M(2)
χ δχ(2) + M(3)

χ δχ(3) + M(4)
χ δχ(4) + M(5)

χ δχ(5)

+M(0)
η δη(0) + M(1)

η δη(1) + M(2)
η δη(2) + M(3)

η δη(3) + M(4)
η δη(4) + M(5)

η δη(5) + M(6)
η δη(6)

]
dA,

(17)
where the stress resultants are given by(

M(0)
ε , M(1)

ε , M(2)
ε

)
=
∫ h/2

−h/2
(1, Φ1, Φ2)σ(i)dx3, M(3)

ε =
∫ h/2

−h/2
Φ3σ(o)dx3, (18a)(

M(0)
ξ , M(1)

ξ , M(2)
ξ , M(3)

ξ , M(4)
ξ

)
=
∫ h/2

−h/2
(1, Φ1, Φ2, Φ1,3, Φ2,3)pdx3, (18b)(

M(0)
χ , M(1)

χ , M(2)
χ , M(3)

χ , M(4)
χ , M(5)

χ

)
=
∫ h/2

−h/2
(1, Φ1,3, Φ2,3, Φ1,33, Φ2,33, Φ2)mdx3, (18c)(

M(0)
η , M(1)

η , M(2)
η , M(3)

η , M(4)
η , M(5)

η , M(6)
η

)
=
∫ h/2

−h/2
(1, Φ1, Φ2, Φ3, Φ1,3, Φ2,3, Φ3,3) ηdx3.

(18d)
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These stress resultants can be expressed in terms of the strains and its gradients (see
Appendix B for more details).

The variation of work done by transverse loads derived from Eq. (6) is given by

δΠV = −
∫

A
qδu0

3dA. (19)

The variation of kinetic energy δΠK derived from Eq. (7) is calculated by

δΠK =
1
2

∫
V

ρ (u̇1δu̇1 + u̇2δu̇2 + u̇3δu̇3)dV =
1
2

∫
A

[
I0
(
u̇0

1δu̇0
1 + u̇0

2δu̇0
2 + u̇0

3δu̇0
3
)

+ I1
(
u̇0

1δu̇0
3,1 + u̇0

3,1δu̇0
1 + u̇0

2δu̇0
3,2 + u̇0

3,2δu̇0
2
)

+ J2
(
u̇0

3,1δϕ̇1 + ϕ̇1δu̇0
3,1 + u̇0

3,2δϕ̇2 + ϕ̇2δu̇0
3,2
)
+ K2 (ϕ̇1δϕ̇1 + ϕ̇2δϕ̇2)

+J1
(
u̇0

1δϕ̇1 + ϕ̇1δu̇0
1 + u̇0

2δϕ̇2 + ϕ̇2δu̇0
2
)
+ I2

(
u̇0

3,1δu̇0
3,1 + u̇0

3,2δu̇0
3,2
)]

dA,

(20)

where I0, I1, I2, J1, J2, K2 are mass inertias of the FGP microplates which are defined as
follows

(I0, I1, I2, J1, J2, K2) =
∫ h/2

−h/2

(
1, Φ1, Φ2

1, Φ2, Φ1Φ2, Φ2
2
)

ρdx3. (21)

3. RITZ-BASED SOLUTIONS

Based on the Ritz method, the membrane and transverse displacements, rotations(
u0

1, u0
2, u0

3, ϕ1, ϕ2
)

of the FGP microplates can be expressed in terms of the series of ap-
proximation functions and associated values of series as follows

u0
1 (x1, x2) =

n1

∑
i=1

n2

∑
j=1

u1ijRi,1 (x1) Pj (x2) , u0
2 (x1, x2) =

n1

∑
i=1

n2

∑
j=1

u2ijRi (x1) Pj,2 (x2) , (22a)

u0
3 (x1, x2) =

n1

∑
i=1

n2

∑
j=1

u3ijRi (x1) Pj (x2) , ϕ1 (x1, x2) =
n1

∑
i=1

n2

∑
j=1

xijRi,1 (x1) Pj (x2) , (22b)

ϕ2 (x1, x2) =
n1

∑
i=1

n2

∑
j=1

yijRi (x1) Pj,2 (x2) , (22c)

where u1ij, u2ij, u3ij, xij, yij are variables to be determined; Ri (x1) , Pj (x2) are the shape
functions in x1-, x2-direction, respectively. As a result, five unknowns of the plate only
depend on two shape functions. It should be noted that the accuracy, convergence rates
and numerical instabilities of the Ritz solution depends on the selection of the shape
functions, which was discussed in details in [27–32]. The functions Ri (x1) and Pj (x2)
given in Table 1 are constructed to satisfy the boundary conditions (BCs) at the plate
edges in which two following kinematic typical BCs are considered

• Simply supported (S): u0
2 = u0

3 = ϕ2 = 0 at x1 = 0, a and u0
1 = u0

3 = ϕ1 = 0 at
x2 = 0, b.
• Clamped (C): u0

1 = u0
2 = u0

3 = ϕ1 = ϕ2 = 0 at x1 = 0, a and x2 = 0, b.
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Table 1. Approximation functions of series solutions with different boundary conditions [28]

Boundary conditions
Approximation functions

Rj (x1) Pj (x2)

SSSS x1 (a− x1) e−
jx1
a x2 (b− x2) e−

jx2
a

CCCC x2
1 (a− x1)

2 e−
jx1
a x2

2 (b− x2)
2 e−

jx2
b

SCSC x1 (a− x1)
2 e−

jx1
a x2 (b− x2)

2 e−
jx2
b

The combination of S and C on the edges leads to the different BCs, in which SSSS,
SCSC, CCCC in Table 1 are chosen to investigate in this paper. Furthermore, in order
to derive characteristic equations of motion of the FGP microplates, substituting the ap-
proximations in Eq. (22) into Eqs. (20), (19), (17) and then the subsequent results into Eq.
(16) lead to

Kd + Md̈ = F, (23)

where d =
[

u1 u2 u3 x y
]T is the displacement vector to be determined; K =

Kε + Kχ + Kξ + Kη is the stiffness matrix which is composed of those of the strains Kε,
symmetric rotation gradients Kχ, dilatation gradient Kξ , and deviation stretch gradient
Kη ; M is the mass matrix, and F is the force vector. These components are given more
details as follows

Kζ =


Kζ11 Kζ12 Kζ13 Kζ14 Kζ15

TKζ12 Kζ22 Kζ23 Kζ24 Kζ25

TKζ13 TKζ23 Kζ33 Kζ34 Kζ35

TKζ14 TKζ24 TKζ34 Kζ44 Kζ45

TKζ15 TKζ25 TKζ35 TKζ45 Kζ55

 with ζ = {ε, ξ, χ, η}, (24a)

M =


M11 0 M13 M14 0

0 M22 M23 0 M25

TM13 TM23 M33 M34 M35

TM14 0 TM34 M44 M45

0 TM25 TM35 TM45 M55

 , (24b)

F =
[

0 0 f 0 0
]T , (24c)

where the components of mass matrix M, stiffness matrix Kε and Kχ can be seen in [29].
The components of stiffness matrix Kξ , Kη and load vector F are give in Appendix C.

It is worth to notice that for static analysis, the static responses of the FGP microplates
can be obtained from Eq. (23) by ignoring inertia terms. For free vibration analysis, by
denoting d(t) = deiωt where ω is the natural frequency of the FGP microplates and
i2 = −1 is imaginary unit, the natural frequencies can be derived from the following
characteristic equation:

(
K−ω2M

)
d = 0.
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4. NUMERICAL RESULTS

In this section, numerical examples are carried out to investigate static and free vibra-
tion behaviours of FGP microplates with different BCs in which the Reddy’s shear func-
tion [33] f (x3) = x3 − 4x3

3/3h2 is employed. They are assumed to be made of a ceramic-
metal mixture whose material properties are given as follows: Al2O3 (Ec = 380 GPa,
ρc = 3800 kg/m3, vc = 0.3

)
, Al (Em = 70 GPa, ρm = 2702 kg/m3, vm = 0.3). For sim-

plification purpose, all three MLSPs are assumed to have identical values l1 = l2 = l3 = l
and they should be determined by experimental works. For convenience, the following
normalized parameters are used in the computations

w =
10Ech3

qa4 u3

(
a
2

,
b
2

)
, ω =

ωa2

h

√
ρc

Ec
. (25)

Table 2. Convergence study of series solution of Al/Al2O3 FGP microplates with
different boundary conditions (a/h = 10, p = 5, β = 0.1, h/l = ∞)

Solution
Number of series n = n1 = n2

2 4 6 8 10 12 14

Normalized center deflection
SSSS 1.1801 1.2159 1.2191 1.2182 1.2184 1.2183 1.2184
SCSC 0.7287 0.7136 0.7022 0.7016 0.7015 0.7016 0.7016
CCCC 0.4870 0.4863 0.4824 0.4828 0.4822 0.4827 0.4826

Normalized fundamental frequency
SSSS 3.4897 3.4630 3.4560 3.4567 3.4551 3.4574 3.4573
SCSC 5.1482 4.6407 4.6179 4.6148 4.6224 4.7171 4.7172
CCCC 6.0479 5.9494 5.9035 5.8888 5.8843 5.8837 5.8838

In order to verify the convergence of present solutions, Table 2 shows the transverse
center displacement and fundamental frequency of Al/Al2O3 FGP square microplates
under a sinusoidal distributed load and with a/h = 10, p = 5, β = 0.1, h/l = ∞. The
results are calculated with three types of boundary conditions (SSSS, SCSC, CCCC) and
the same number of series in x1- and x2-direction (n1 = n2 = n). It is observed from
Table 2 that the solutions converge very quickly, and the number of series n = 12 can
be considered as a convergence point of the static and dynamic responses of the FGP
microplates. Thus, this number of series will be used for numerical computations.

4.1. Static analysis

In order to verify the accuracy of the present FGP microplate model in predicting
static behaviours, the first example is performed on the simply supported FG square
microplates subjected to sinusoidally distributed loads without porosity effect (β = 0).
Various values of the power-law index p, length-to-thickness ratio a/h, and thickness-
to-MLSP ratio h/l are considered for static responses of Al/Al2O3 FG microplates. The
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obtained results are reported in Tables 3 and 4, and compared with those derived from
Thai et al. [22], Thai et al. [25] using the MST, isogeometric approach and HSDT, Zhang
et al. [34] using the MST, Navier method and HSDT. It can be seen that there are good
agreements between the models for different BCs, material distribution and size effects,
which shows the accuracy of present approach for static behaviours.

Table 3. Normalized transverse center displacements of FGP microplates under sinusoidal load
(β = 0, SSSS)

a/h p Theory
h/l

0 20 10 5 2 1

5 0.5 Present 0.5177 0.4957 0.4411 0.3065 0.1011 0.0292
MST [22] 0.5176 0.4965 0.4426 0.3098 0.1018 0.0303
RPT [34] 0.5198 0.4983 0.4435 0.3086 0.0997 0.0293
IGA [25] 0.5177 0.4975 0.4457 0.3153 0.1045 0.0310

1 Present 0.6688 0.6387 0.5625 0.3860 0.1226 0.0353
MST [22] 0.6688 0.6399 0.5670 0.3908 0.1252 0.0369
RPT [34] 0.6688 0.6396 0.5658 0.3879 0.1223 0.0357
IGA [25] 0.6688 0.6412 0.5709 0.3977 0.1286 0.0378

2 Present 0.8672 0.8261 0.7256 0.5021 0.1521 0.0442
MST [22] 0.8671 0.8292 0.7332 0.5021 0.1580 0.0460
RPT [34] 0.8671 0.8286 0.7313 0.4980 0.1544 0.0447
IGA [25] 0.8671 0.8307 0.7379 0.5107 0.1627 0.0475

4 Present 1.0411 0.9899 0.8681 0.6024 0.1898 0.0552
MST [22] 1.0409 0.9977 0.8875 0.6159 0.1964 0.0573
RPT [34] 1.0408 0.9967 0.8843 0.6095 0.1921 0.0558
IGA [25] 1.0409 0.9994 0.8927 0.6263 0.2034 0.0597

10 Present 1.2279 1.1681 1.0282 0.7443 0.2455 0.0728
MST [22] 1.2276 1.1811 1.0609 0.7548 0.2510 0.0743
RPT [34] 1.2269 1.1790 1.0557 0.7455 0.2454 0.0724
IGA [25] 1.2276 1.1829 1.0668 0.7678 0.2614 0.0781

10 0.5 Present 0.4538 0.4361 0.3884 0.2747 0.0895 0.0263
MST [22] 0.4537 0.4355 0.3887 0.2723 0.0884 0.0260

1 Present 0.5890 0.5646 0.5003 0.3479 0.1106 0.0322
MST [22] 0.5890 0.5640 0.5004 0.3453 0.1095 0.0320

2 Present 0.7572 0.7258 0.6426 0.4463 0.1418 0.0412
MST [22] 0.7573 0.7253 0.6439 0.4446 0.1407 0.0409

4 Present 0.8814 0.8475 0.7588 0.5404 0.1797 0.0531
MST [22] 0.8815 0.8480 0.7614 0.5405 0.1784 0.0526

10 Present 1.0086 0.9739 0.8808 0.6497 0.2325 0.0707
MST [22] 1.0087 0.9755 0.8879 0.6535 0.2298 0.0694
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Table 4. Normalized transverse center displacements of FGP microplates under sinusoidal load
with a/h = 10

BCs p Theory
h/l

0 20 10 5 2 1

CCCC 0.5 Present 0.1755 0.1677 0.1488 0.1032 0.0331 0.0099
MST [22] 0.1747 0.1675 0.1492 0.1042 0.0340 0.0100
IGA [25] 0.1773 - 0.1521 0.1068 0.0349 0.0103

1 Present 0.2271 0.2165 0.1909 0.1306 0.0412 0.0121
MST [22] 0.2261 0.2163 0.1951 0.1349 0.0419 0.0123
IGA [25] 0.2295 - 0.1915 0.1318 0.0430 0.0126

2 Present 0.2936 0.2794 0.2456 0.1673 0.0529 0.0158
MST [22] 0.2922 0.2794 0.2472 0.1694 0.0532 0.0155
IGA [25] 0.2967 - 0.2517 0.1733 0.0547 0.0159

5 Present 0.3631 0.3452 0.3047 0.2124 0.0706 0.0211
MST [22] 0.3609 0.3466 0.3100 0.2182 0.0712 0.0209
IGA [25] 0.3676 - 0.3161 0.2233 0.0734 0.0216

10 Present 0.4068 0.3873 0.3436 0.2437 0.0838 0.0252
MST [22] 0.4041 0.3893 0.3582 0.2523 0.0854 0.0254
IGA [25] 0.4121 - 0.3510 0.2584 0.0884 0.0265

SCSC 0.5 Present 0.2585 0.2477 0.2198 0.1514 0.0477 0.0139
IGA [25] 0.2472 - 0.2122 0.1492 0.0488 0.0144

1 Present 0.3349 0.3200 0.2823 0.1917 0.0591 0.0171
IGA [25] 0.3201 - 0.2724 0.1886 0.0602 0.0176

2 Present 0.4318 0.4126 0.3643 0.2480 0.0769 0.0221
IGA [25] 0.4133 - 0.3513 0.2425 0.0768 0.0223

5 Present 0.5256 0.5055 0.4540 0.3218 0.1059 0.0311
IGA [25] 0.5086 - 0.4389 0.3118 0.1035 0.0306

10 Present 0.5849 0.5646 0.5118 0.3720 0.1280 0.0382
IGA [25] 0.5685 - 0.4961 0.3604 0.1246 0.0375

Moreover, in order to investigate effects of porosity β, material parameter p, side-to-
thickness ratio a/h, size effects h/l and boundary conditions on the static responses of
FGP microplates, Table 5 presents the normalized center transverse displacements with
various configurations. The variations of center deflections with respect to a/h and h/l
are also plotted in Fig. 1. It can be seen that the transverse displacements increase with
increase of the p and h/l. The graph in Fig. 1(b) reveals that the deflections vary gradu-
ally for h/l ≤ 10 and from h/l = 25 the curves become flatter and the results tend to be
closed to those obtained from the classical theory (h/l = ∞), which explains that the size
effects on deflections of FGP microplates are not significant from h/l > 25.
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Table 5. Normalized transverse center displacements of FGP square microplates under sinusoidal
load with different boundary conditions

BCs a/h β p
h/l

∞ 10 5 2 1

SSSS 10 0.1 0.5 0.5111 0.4342 0.3025 0.0962 0.0280
1 0.6947 0.5831 0.3964 0.1218 0.0351
2 0.9578 0.7987 0.5365 0.1622 0.0464
5 1.2183 1.0372 0.7244 0.2345 0.0687
10 1.3565 1.1739 0.8523 0.2968 0.0891

0.2 0.5 0.5822 0.4903 0.3356 0.1043 0.0301
1 0.8456 0.6983 0.4610 0.1361 0.0387
2 1.3214 1.0690 0.6800 0.1909 0.0536
5 1.9318 1.5884 1.0391 0.3052 0.0870
10 2.1828 1.8440 1.2843 0.4187 0.1231

SCSC 10 0.1 0.5 0.2906 0.2449 0.1662 0.0512 0.0149
1 0.3939 0.3278 0.2177 0.0653 0.0187
2 0.5436 0.4503 0.2971 0.0882 0.0249
5 0.7016 0.5956 0.4110 0.1301 0.0373
10 0.7870 0.6844 0.4904 0.1641 0.0483

0.2 0.5 0.3305 0.2758 0.1841 0.0552 0.0159
1 0.4781 0.3909 0.2525 0.0729 0.0206
2 0.7462 0.5979 0.3749 0.1033 0.0288
5 1.1042 0.9064 0.5905 0.1675 0.0476
10 1.2676 1.0785 0.7459 0.2348 0.0674

CCCC 10 0.1 0.5 0.1969 0.1640 0.1100 0.0335 0.0101
1 0.2663 0.2191 0.1439 0.0426 0.0128
2 0.3682 0.3012 0.1962 0.0573 0.0164
5 0.4827 0.4036 0.2735 0.0844 0.0244
10 0.5480 0.4671 0.3281 0.1070 0.0315

0.2 0.5 0.2233 0.1842 0.1216 0.0362 0.0104
1 0.3219 0.2603 0.1664 0.0475 0.0135
2 0.5018 0.3975 0.2462 0.0676 0.0210
5 0.7550 0.6090 0.3888 0.1106 0.0313
10 0.8832 0.7357 0.4969 0.1526 0.0440
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Fig. 1. Variation of normalized center deflection with respect the power index p
and thickness-to-length scale h/l of FGP microplates (β = 0.2, a/h = 10)

4.2. Free vibration analysis

In order to study the accuracy of present solutions in predicting vibration responses,
Tables 6 and 7 provide the fundamental frequencies of Al/Al2O3 FGP microplates with-
out porosity effects (β = 0) in which the solutions are computed for various configura-
tions. The obtained results are compared with those derived from Thai et al. [22] and
Thai et al. [25] based on the MST, IGA and HSDT, Zhang et al. [34] based on the MST and
Navier procedure and a refined HSDT. It can be seen that there is no discrepancy between
models. The fundamental frequencies decrease with the increase of p as expected.

Table 6. Normalized fundamental frequencies ω = ωh
√

ρc/Ec of Al/Al2O3 FGP square
microplates (β = 0, a/h = 10, SSSS)

p Theory
h/l

∞ 10 5 2 1

0 Present 0.0577 0.0615 0.0726 0.1250 0.2283
MST [22] 0.0577 0.0619 0.0729 0.1254 0.2297
RPT [34] 0.0577 0.0619 0.0730 0.1258 0.2309
IGA [25] 0.0577 0.0617 0.0725 0.1240 0.2268

0.5 Present 0.0490 0.0529 0.0626 0.1099 0.2035
MST [22] 0.0490 0.0529 0.0633 0.1110 0.2047
RPT [34] 0.0489 0.0529 0.0632 0.1113 0.2057
IGA [25] 0.0490 0.0528 0.0629 0.1098 0.2023
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p Theory
h/l

∞ 10 5 2 1

1 Present 0.0441 0.0475 0.0574 0.1014 0.1884
MST [22] 0.0442 0.0479 0.0577 0.1024 0.1896
RPT [34] 0.0442 0.0480 0.0578 0.1028 0.1907
IGA [25] 0.0442 0.0478 0.0573 0.1013 0.1873

2 Present 0.0401 0.0431 0.0520 0.0926 0.1722
MST [22] 0.0401 0.0435 0.0523 0.0930 0.1722
RPT [34] 0.0401 0.0435 0.0524 0.0933 0.1731
IGA [25] 0.0401 0.0434 0.0520 0.0918 0.1698
MST [22] 0.0377 0.0404 0.0477 0.0822 0.1508
RPT [34] 0.0377 0.0405 0.0478 0.0825 0.1514
IGA [25] 0.0377 0.0403 0.0474 0.0810 0.1482

10 Present 0.0364 0.0388 0.0452 0.0757 0.1360
MST [22] 0.0363 0.0387 0.0451 0.0761 0.1384
RPT [34] 0.0364 0.0388 0.0453 0.0764 0.1390
IGA [25] 0.0364 0.0387 0.0449 0.0750 0.1359

Table 7. Normalized fundamental frequencies of Al/Al2O3 FGP square microplates
(β = 0, a/h = 10, CCCC and SCSC)

BCs p Theory
h/l

∞ 20 10 5 2 1

CCCC 0.5 Present 8.4735 8.6614 9.1920 11.0307 18.9020 35.1640
IGA [25] 8.4405 - 9.1227 10.8954 19.0701 35.1215

1 Present 7.6782 7.8132 8.3908 10.0530 17.6636 32.3192
IGA [25] 7.6251 - 8.2766 9.9597 17.6422 32.6292

2 Present 6.9176 7.1106 7.5746 9.0783 15.9206 28.8231
IGA [25] 6.8944 - 7.4923 9.0367 16.0977 29.8609

5 Present 6.4231 6.5519 6.9710 8.3300 13.9971 25.9460
IGA [25] 6.3722 - 6.8823 8.2026 14.3324 26.4157

10 Present 6.1199 6.2784 6.6505 7.8617 13.0441 23.9971
IGA [25] 6.1039 - 6.5602 7.7407 13.2706 24.2754

SCSC 0.5 Present 6.7197 6.8676 7.2931 8.7900 15.6599 29.0008
IGA [25] 6.9031 - 7.4556 8.8961 15.5600 28.6567

1 Present 6.0650 6.2057 6.6094 8.0210 14.4368 26.8247
IGA [25] 6.2329 - 6.7605 8.1283 14.3915 26.6161

2 Present 5.4955 5.6222 5.9858 7.2578 13.0467 24.2396
IGA [25] 5.6405 - 6.1230 7.3744 13.1146 24.3082

5 Present 5.1361 5.2381 5.5323 6.5758 11.4606 21.0871
IGA [25] 5.2361 - 5.6429 6.7021 11.6480 21.4179

10 Present 4.9452 5.0338 5.2903 6.2080 10.5865 19.3316
IGA [25] 5.0254 - 5.3868 6.3288 10.7777 19.6645
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Table 8. Normalized fundamental frequencies of Al/Al2O3 FGP square microplates

BCs a/h β p
h/l

∞ 10 5 2 1

SSSS 10 0.1 0.5 4.8469 5.2465 6.2753 11.1444 20.5884
1 4.2815 4.6668 5.6497 10.2161 19.0334
2 3.7640 4.1238 4.9947 9.1029 16.9999
5 3.4574 3.6783 4.4653 7.8075 14.4907

10 3.3327 3.5350 4.1840 7.0993 12.8651
0.2 0.5 4.7972 5.2009 6.1126 11.1001 20.1158

1 4.1121 4.5268 5.5541 10.0543 19.0057
2 3.4064 3.7713 4.7471 8.9419 16.8823
5 2.9323 3.2158 3.9832 7.3159 13.7288

10 2.8148 3.0352 3.6550 6.4101 11.7388
SCSC 10 0.1 0.5 6.6598 7.2591 8.7147 15.3799 28.4118

1 5.8920 6.4631 7.9308 14.1016 26.1753
2 5.1741 5.6891 7.0084 12.5850 23.7134
5 4.7171 5.1198 6.1693 10.9865 20.3606

10 4.5305 4.8659 5.7523 9.9342 18.2235
0.2 0.5 6.5990 7.1277 8.5988 15.1299 28.1844

1 5.6709 6.2750 7.7094 14.0535 26.0222
2 4.6990 5.2527 6.6405 12.5620 23.6336
5 4.0124 4.4345 5.5079 10.2385 19.2228

10 3.8229 4.1489 4.9977 8.8931 16.4769
CCCC 10 0.1 0.5 8.3865 9.1064 11.0009 18.7157 35.0700

1 7.4713 8.1995 9.9376 17.5254 32.1417
2 6.5451 7.2033 8.8372 15.7657 28.6778
5 5.8837 6.1920 7.8150 13.3725 23.7300

10 5.6264 6.1831 7.3008 12.0451 21.4739
0.2 0.5 8.3202 9.1037 11.0001 18.6797 34.9638

1 7.1684 7.9717 9.7343 17.3071 32.1207
2 5.9501 6.6362 8.3403 15.2109 28.4556
5 5.0257 5.6144 6.9379 11.9968 20.3562

10 4.7414 5.2673 6.3223 10.5215 19.6228

The effect of p on the natural frequencies of Al/Al2O3 FGP microplates is also plot-
ted in Fig. 2(a) for h/l = 1, 2, 5, 10, 20, a/h = 10 and β = 0.2. There exist large deviations
of these curves, which indicate significant size effects. Moreover, the variations of fun-
damental frequencies with respect to h/l are displayed in Fig. 2(b). It is observed that
the results decrease with the increase of h/l up to h/l = 10 and then the curves become
flatter which indicates the size effects can be neglected.
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Fig. 3. Size effect of the MCT and MST for the normalised fundamental frequencies with respect
to the length scale-to-thickness ratio h/l (β = 0.2, p = 5, a/h = 10)

In order to study further the size effects of vibration problems, Fig. 3 illustrates the
ratio of fundamental frequencies computed from the MST over the MCT, which is ex-
pressed with respect to h/l, p = 5, β = 0.2, a/h = 10 and different boundary conditions.
It can be observed that the MST with three MLSPs produces frequencies larger than the
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MCT with one MLSP, especially when the Static and vibration analysis of functionally
graded microplate with porosities based on higher-order shear deformation and modi-
fied strain gradient theory microplate thickness is close to the MLSP. It emphasizes the
importance of the consideration of three components e.g. the dilatation, deviatoric stretch
and symmetric part of rotation gradient tensor in the MST rather than only the symmetric
part of rotation gradient tensor in the MCT when dealing with microplates. As expected,
by increasing the size scale, the difference between the theories is decreased.

5. CONCLUSIONS

A unified higher-order shear deformation theory and modified strain gradient the-
ory have been developed in this paper for static and free vibration analyses of func-
tionally graded porous microplates. The equations of motion are derived from Hamil-
ton’s principle and series-type approximation with exponential shape functions. Numer-
ical examples are presented to investigate effects of side-tothickness ratio, thickness-to-
material length scale parameter ratio and boundary conditions on the deflections and
natural frequencies of FGP microplates. The obtained results show that the size effects
lead to an increase in the stiffness of the FGP microplates, consequently it decreases
their transverse displacements and increases their natural frequencies. Significant dif-
ferences of the present theory and modified couple stress theory are observed when the
microplate thickness and MLSP is the same dimension, it shows that the dilatation and
deviatoric stretch should be accounted for computations of microplates. The present the-
ory is found to be accurate and efficient in predicting static and dynamic behaviours of
FGP microplates.
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APPENDIX A

The non-zero components of dilatation gradients in Eq. (11) are defined by
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The non-zero components of deviatoric stretch gradients ηijk in Eq. (12) are given by

η111 = ε11,1 −
1
5
(ξ1 + 2ε11,1 + γ12,2 + γ13,3) ,

η222 = ε22,2 −
1
5
(ξ2 + 2ε22,2 + γ12,1 + γ23,3) ,

(A.2a)

η333 = −1
5
(ξ3 + γ13,1 + γ23,2) ,

η112 = η211 = η121 =
1
3
(ε11,2 + γ12,1)−

1
15

(ξ2 + γ12,1 + 2ε22,2 + γ23,3) ,
(A.2b)

η113 = η311 = η131 =
1
3
(γ13,1 + ε11,3)−

1
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(ξ3 + γ13,1 + γ23,2) , (A.2c)
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These components can be expressed in terms of the displacements as follows
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

, η(1) =
1
5



2u0
3,111 − 3u0

3,122

2u0
3,222 − 3u0

3,112

0

−3
(
u0

3,111 + u0
3,122

)
−3
(
u0

3,112 + u0
3,222

)
3
(
4u0

3,122 − u0
3,111

)
3
(
4u0

3,112 − u0
3,222

)
0

0

0



,

η(2) =
1
5



2ϕ1,11 − 2ϕ2,12 − ϕ1,22

2ϕ2,22 − 2ϕ1,12 − ϕ2,11

0

− (3ϕ1,11 + 2ϕ2,12 + ϕ1,22)

− (3ϕ2,22 + 2ϕ1,12 + ϕ2,11)

4ϕ1,22 + 8ϕ2,12 − 3ϕ1,11

4ϕ2,11 + 8ϕ1,12 − 3ϕ2,22

0

0

0



,

(A.3a)
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η(3) =
1
5



0

0

−
(
u0

3,11 + u0
3,22 + ϕ1,1 + ϕ2,2

)
0

0

0

0

4u0
3,11 − u0

3,22 + 4ϕ1,1 − ϕ2,2

4u0
3,22 − u0

3,11 + 4ϕ2,2 − ϕ1,1

5
(

ϕ1,2 + ϕ2,1 + 2u0
3,12
)



, η(4) =
1
5



0

0

−
(
u0

3,11 + u0
3,22
)

0

0

0

0

4u0
3,11 − u0

3,22

4u0
3,22 − u0

3,11

10u0
3,12



,

η(5) =
1
5



0

0

− (ϕ1,1 + ϕ2,2)

0

0

0

0

4ϕ1,1 − ϕ2,2

4ϕ2,2 − ϕ1,1

5 (ϕ1,2 + ϕ2,1)



, η(6) =
1
5



−
(

ϕ1 + u0
3,1
)

−
(

ϕ2 + u0
3,2
)

0

4
(

ϕ1 + u0
3,1
)

4
(

ϕ2 + u0
3,2
)

−
(

ϕ1 + u0
3,1
)

−
(

ϕ2 + u0
3,2
)

0

0

0



.

(A.3b)

The components of rotation gradients in Eq. (13) are expressed as follows

χ(0) =
1
2



u0
3,12

−u0
3,12

u0
3,22 − u0

3,11

0

u0
2,11 − u0

1,12

u0
2,12 − u0

1,22


, χ(1) =

1
2



−u0
3,12

u0
3,12

u0
3,11 − u0

3,22

0

0

0


, χ(2) =

1
2



−ϕ2,1

ϕ1,2

ϕ1,1 − ϕ2,2

ϕ2,1 − ϕ1,2

0

0


,

(A.4a)
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χ(3) =
1
2



0
0
0
0
−u0

3,2

u0
3,1


, χ(4) =

1
2



0
0
0
0
−ϕ2

ϕ1


, χ(5) =

1
2



0
0
0
0

ϕ2,11 − ϕ1,12

ϕ2,12 − ϕ1,22


. (A.4b)

APPENDIX B

The stress resultants of the FGP microplates are expressed in terms of the strains and
its gradients as follows

M(0)
ε

M(1)
ε

M(2)
ε

M(3)
ε

 =


Aε Bε Bε

s 0
Bε Dε Dε

s 0
Bε

s Dε
s Hε

s 0
0 0 0 Aε

s




ε(0)

ε(1)

ε(2)

ε(3)

 , (B.1a)



M(0)
x

M(1)
x

M(2)
x

M(3)
x

M(4)
x

M(5)
x


=



Ax Bx Bx
s Bx Bx

s Bx
s

Bx Dx Dx
s Ex Ex

s Fx
s

Bx
s Dx

s Hx
s G

x
s Ix Jx

Bx Ex G
x
s D

x
D

x
s Kx

s

B
x
s Ex

s Ix D
x
s H

x
s L

Bx
s Fx

s Jx Kx
s L Hx

s





χ(0)

χ(2)

χ(3)

χ(4)

χ(5)


, (B.1b)



M(0)
η

M(1)
η

M(2)
η

M(3)
η

M(4)
η

M(5)
η

M(6)
η


=



Aη Bη Bη
s Aη

s Bη Bη
s Aη

s

Bη Dη Dη
s Dη

ts O
η

Pη
s Q

η
s

Bη
s Dη

s Hη
s Dη

hs Fη
s Jη Fη

hs
Aη

s Dη
ts Dη

hs Hη
ts Fη

ts Jη
hs Rη

Bη O
η

Fη
s Fη

ts Dη Dη
s Dη

ts

Bη
s Pη

s Jη Jη
hs Dη

s Hη
s Dη

hs
Aη

s Q
η
s Fη

hs Rη Dη
ts Dη

hs Hη
ts





η(0)

η(1)

η(2)

η(3)

η(4)

η(5)

η(6)


, (B.1c)



M(0)
ξ

M(1)
ξ

M(2)
ξ

M(3)
ξ

M(4)
ξ





Aξ Bξ Bξ
s Bξ Bξ

s

Bξ Dξ Dξ
s O

ξ
Pξ

s

Bξ
s Dξ

s Hξ
s Fξ

s Jξ

Bξ O
ξ

Fξ
s Dξ Dξ

s

Bξ
s Pξ

s Jξ Dξ
s Hξ

s





ξ(0)

ξ(1)

ξ(2)

ξ(3)

ξ(4)


, (B.1d)

where the stiffness components of the FGP microplates are defined as follows
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(Aε, Bε, Dε, Hε
s, Bε

s, Dε
s) =

∫ h/2

−h/2

(
1, Φ1, Φ2

1, Φ2
2, Φ2, Φ1Φ2

)
Q(i)

ε dx3, Aε
s =

∫ h/2

−h/2
Φ2

3Q(o)
ε dx3,(

Aξ , Bξ , Bξ
s , Bξ , Bξ

s

)
=
(

Aξ , Bξ , Bξ
s , Bξ , Bξ

s

)
I3×3 =

∫ h/2

−h/2
(1, Φ1, Φ2, Φ1,3, Φ2,3) αξ I3×3dx3,(

Dξ , Dξ
s , Oξ , Pξ

s

)
=
(

Dξ , Dξ
s , Oξ

, Pξ
s

)
I3×3 =

∫ h/2

−h/2
Φ1 (Φ1, Φ2, Φ1,3, Φ2,3) αξ I3×3dx3,(

Hξ
s , Fξ

s , Jξ , Dξ , Dξ
s , Hξ

s

)
=
(

Hξ
s , Fξ

s , Jξ , Dξ , Dξ
s , Hξ

s

)
I3×3 =

∫ h/2

−h/2

(
Φ2

2, Φ2Φ1,3, Φ2Φ2,3, Φ2
1,3, Φ1,3Φ2,3, Φ2

2,3

)
αξ I3×3dx3,(

Aη , Bη , Bη
s , Aη

s , Bη , Bη
s , Aη

s

)
=
(

Aη , Bη , Bη
s , Aη

s , Bη , Bη
s , Aη

s

)
I10×10 =

∫ h/2

−h/2
(1, Φ1, Φ2, Φ3, Φ1,3, Φ2,3, Φ3,3) αηI10×10dx3,(

Dη , Dη
s , Dη

ts, Oη , Pη
s , Qη

s

)
=
(

Dη , Dη
s , Dη

ts, Oη
, Pη

s , Qη
s

)
I10×10 =

∫ h/2

−h/2
Φ1 (Φ1, Φ2, Φ3, Φ1,3, Φ2,3, Φ3,3) αηI10×10dx3,(

Hη
s , Dη

hs, Fη
s , Jη , Fη

hs

)
=
(

Hη
s , Dη

hs, Fη
s , Jη , Fη

hs

)
I10×10 =

∫ h/2

−h/2
Φ2 (Φ2, Φ3, Φ1,3, Φ2,3, Φ3,3) αηI10×10dx3,(

Hη
ts, Fη

ts, Jη
hs, Rη

)
=
(

Hη
ts, Fη

ts, Jη
hs, Rη

)
I10×10 =

∫ h/2

−h/2
Φ3 (Φ3, Φ1,3, Φ2,3, Φ3,3) αηI10×10dx3,(

Dη , Dη
s , Dη

ts, Hη
s , Dη

hs, Hη
ts

)
=
(

Dη , Dη
s , Dη

ts, Hη
s , Dη

hs, Hη
ts

)
I10×10

=
∫ h/2

−h/2

(
Φ2

1,3, Φ1,3Φ2,3, Φ1,3Φ3,3, Φ2
2,3, Φ2,3Φ3,3, Φ2

3,3

)
αηI10×10dx3,(

Aχ, Bχ, Bχ
s , B

χ
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χ

s , Bχ
s

)
=
(

Aχ, Bχ, Bχ
s , B

χ
, B

χ

s , Bχ
s

)
I6×6 =

∫ h/2

−h/2
(1, Φ1,3, Φ2,3, Φ1,33, Φ2,33, Φ2) αχI6×6dx3,(

Dχ, Dχ
s , Eχ, Eχ

s , Fχ
s

)
=
(

Dχ, Dχ
s , Eχ, Eχ

s , Fχ
s

)
I6×6 =

∫ h/2

−h/2
Φ1,3 (Φ1,3, Φ2,3, Φ1,33, Φ2,33, Φ2) αχI6×6dx3,(

Hχ
s , Gχ

s , Iχ, Jχ
)
=
(

Hχ
s , Gχ

s , Iχ, Jχ
)

I6×6 =
∫ h/2

−h/2
Φ2,3 (Φ2,3, Φ1,33, Φ2,33, Φ2) αχI6×6dx3,(

D
χ

, D
χ

s , Kχ
s , H

χ

s , Lχ, Hχ
s

)
=
(

D
χ

, D
χ
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s , H

χ
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s
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I6×6

=
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−h/2

(
Φ2
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2

)
αχI6×6dx3.

(B.2)

APPENDIX C

The components of stiffness matrix Kξ , Kη and load vector F are defined as follows

Kξ11
ijkl = Aξ

(
T33

ik S00
jl + T22

ik S11
jl

)
, Kξ12

ijkl = Aξ
(

T13
ik S20

jl + T02
ik S31

jl

)
,

Kξ13
ijkl = Bξ

(
T33

ik S00
jl + T13

ik S20
jl + T02

ik S31
jl + T22

ik S11
jl

)
,

Kξ14
ijkl = Bξ

s

(
T33

ik S00
jl + T22

ik S11
jl

)
, Kξ15

ijkl = Bξ
s

(
T13

ik S20
jl + T02

ik S31
jl

)
,

Kξ22
ijkl = Aξ

(
T11

ik S22
jl + T00

ik S33
jl

)
, Kξ23

ijkl = Bξ
(

T31
ik S02

jl + T11
ik S22

jl + T20
ik S13

jl + T00
ik S33

jl

)
,

Kξ24
ijkl = Bξ

s

(
T31

ik S02
jl + T20

ik S13
jl

)
, Kξ25

ijkl = Bξ
s
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ik S31
jl + Hξ

s T02
ik S20

jl ,

Kξ55
ijkl = Hξ

s T00
ik S33

jl + Hξ
s T11

ik S22
jl + Hξ

s T00
ik S22

jl ,

(C.1a)



Static and vibration analysis of functionally graded microplate with porosities based on higher-order shear deformation . . . 59

Kη11
ijkl = Aη

(
22T33

ik S00
jl − 11T31

ik S02
jl − 11T13

ik S20
jl + 18T11

ik S22
jl + 72T22

ik S11
jl

)
/25,

Kη12
ijkl = 2Aη

(
−11T13

ik S20
jl − 11T02

ik S31
jl + 18T11

ik S22
jl + 18T22

ik S11
jl

)
/25,

Kη13
ijkl = Bη

(
22T33

ik S00
jl − 11T31

ik S02
jl − 33T13

ik S20
jl + 54T11

ik S22
jl − 22T02

ik S31
jl + 108T22

ik S11
jl

)
/25,

Kη25
ijkl = Bη

s

(
72T11

ik S22
jl + 22T00

ik S33
jl − 11T02

ik S31
jl − 11T20

ik S13
jl + 18T22

ik S11
jl

)
/25− Aη

s

(
7T02

ik S11
jl + 11T00

ik S13
jl

)
/25,

Kη33
ijkl = Dη

(
22T33

ik S00
jl − 33T31

ik S02
jl − 33T13

ik S20
jl + 162T11

ik S22
jl + 162T22

ik S11
jl + 22T00

ik S33
jl − 33T02

ik S31
jl − 33T20

ik S13
jl

)
/25,

−Qη
s

(
11T00

ik S13
jl + 11T13

ik S00
jl + 11T31

ik S00
jl + 11T00

ik S31
jl + 21T02

ik S11
jl + 21T11

ik S02
jl + 21T11

ik S20
jl + 21T20

ik S11
jl

)
/25,

+
(

Hη
ts + 2Fη

ts + Dη
) (

18T22
ik S00

jl − 7T20
ik S02

jl − 7T02
ik S20

jl + 18T00
ik S22

jl + 100T11
ik S11

jl

)
/25 + 18Hη

ts

(
T11

ik S00
jl + T00

ik S11
jl

)
/25,

Kη34
ijkl = Dη

s

(
22T33

ik S00
jl − 33T31

ik S02
jl − 11T13

ik S20
jl + 54T11

ik S22
jl − 22T20

ik S13
jl + 108T22

ik S11
jl

)
/25

−Qη
s

(
11T13

ik S00
jl + 21T11

ik S02
jl

)
/25 +

(
Hη

ts + Jη
hs + Fη

ts + Dη
s

) (
18T22

ik S00
jl − 7T20

ik S02
jl + 50T11

ik S11
jl

)
/25

− Fη
hs

(
14T20

ik S11
jl + 11T31

ik S00
jl + 7T11

ik S20
jl

)
/25 + 18Hη

isT11
ik S00

jl /25,

Kη35
ijkl = Dη

s

(
108T11

ik S22
jl + 54T22

ik S11
jl + 22T00

ik S33
jl − 33T02

ik S31
jl − 11T20

ik S13
jl − 22T13

ik S20
jl

)
/25

−Qη
s

(
21T02

ik S11
jl + 11T00

ik S13
jl

)
/25 +

(
Hη

ts + Jη
hs + Fη

ts + Dη
s

) (
18T00

ik S22
jl − 7T02

ik S20
jl + 50T11

ik S11
jl

)
/25

− Fη
hs

(
14T11

ik S20
jl + 11T00

ik S31
jl + 7T20

ik S11
jl

)
/25 + 18Hη

isT00
ik S11

jl /25,

Kη44
ijkl = Hη

s

(
22T33

ik S00
jl − 11T31

ik S02
jl − 11T13

ik S20
jl + 18T11

ik S22
jl + 72T22

ik S11
jl

)
/25 + 18Hη

isT11
ik S00

jl /25

+
(

Hη
is + 2Jη

hs + Hη
s

) (
18T22

ik S00
jl + 25T11

ik S11
jl

)
− Fη

hs

(
11T31

ik S00
jl + 7T11

ik S20
jl + 11T13

ik S00
jl + 7T11

ik S02
jl

)
/25,

Kη45
ijkl = Hη

s

(
36T11

ik S22
jl + 36T22

ik S11
jl − 22T13

ik S20
jl − 22T02

ik S31
jl

)
/25− 14Fη

hs

(
T02

ik S11
jl + T11

ik S20
jl

)
/25

+
(

Hη
ts + 2Jη

hs + Hη
s

) (
25T11

ik S11
jl − 7T02

ik S20
jl

)
/25,

Kη55
ijkl = Hη

s

(
72T11

ik S22
jl + 22T00

ik S33
jl − 11T02

ik S31
jl − 11T20

ik S13
jl + 18T22

ik S11
jl

)
/25 + 18Hη

tsT00
ik S11

jl /25

+
(

Hη
ts + 2Jη

hs + Hη
s

) (
18T00

ik S22
jl + 25T11

ik S11
jl

)
/25− Fη

hs

(
11T00

ik S13
jl + 7T02

ik S11
jl + 11T00

ik S31
jl + 7T20

ik S11
jl

)
/25,

(C.1b)
fij =

∫ a

0

∫ b

0
qXiYjdx1dx2, (C.1c)
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Abstract. A unified higher-order shear deformation microplate model for free
vibration analysis of functionally graded sandwich materials with porosities is
proposed in this paper. The theory is developed from a general higher-order
shear deformation framework and modified couple stress theory to capture the
size effects. The displacements are approximated by bi-directional series of
hybrid shape functions, then characteristic equations of motion are obtained by
Lagrange’s equations. Numerical results are presented for different configura-
tions of material distribution, side-to-thickness ratio, size-scale-thickness ratio
and boundary conditions on natural frequencies of functionally graded porous
sandwich microplates.

Keywords: Series-type solutions · Vibration · Functionally graded porous
sandwich microplates · Modified couple stress theory

1 Introduction

Thank to high strength-to-weight and stiffness-to-weight ratios, laminated composite
sandwichmaterials have been used for micro- and nano-scale structures with large appli-
cations in atomic forcemicroscopes (AFMs),micro-electromechanical systems (MEMs)
and nano-electromechanical systems (NEMS). Moreover, the recent development of
functionally graded porous (FGP) materials with continuous variations of constituents
and a significant porosity density led to challenges in computational methods and mod-
els of FGP sandwich microplates. A number of researches have been performed with
different approaches to accurately predict static and dynamic behaviours of FGP sand-
wich structures, only some representative references are herein cited. For behaviours of
FGP sandwich plates at macroscale, Daikh and Zenkour investigated buckling and vibra-
tion responses of FGP sandwich plates using a higher-order shear deformation theory
(HSDT) and analytical Navier procedure [1]. Pham and Le [2] presented static, buckling
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and vibration analysis of FGP sandwich plates based on a HSDT and finite element
method (FEM). Tran et al. [3] analysed nonlinear vibration of FGP sandwich plates
on elastic foundations subjected to blast loadings using a HSDT and Galerkin method.
Zhang et al. [4] proposed free vibration and damping analysis of FGP sandwich plates
based on the first-order shear deformation theory (FSDT) and Fourier-Ritzmethod. Tahir
et al. [5] considered wave propagation of FGP sandwich plates in hygro-thermal envi-
ronments based on a refined HSDT and analytical solution. Sah and Ghosh [6] examined
effects of porosity distribution on free vibration and buckling of multi-directional FGP
sandwich plates based on a HSDT and analytical Navier solution. Though a number
of researches have been performed in predicting static and dynamic responses of FGP
sandwich plates using various analytical and numerical methods, the analysis of FGP
sandwich plates at micro- and nano-scales is limited. Thai et al. [7] investigated static,
buckling and vibration behaviours of FGP sandwichmicroplates using themodified cou-
pled stress theory (MCT) and Kriging meshfree method. Phung-Van et al. [8] optimized
material distributions of FGP sandwich nanoplates using Eringen’s nonlocal elasticity
theory, a refined HSDT and isogeometric approach. A brief literature survey reveals that
the analysis of size effects on behaviours of FGP sandwich microplates is an interesting
topic that needs to be studied further.

The objective of this paper is to propose a unified size-dependent model for free
vibration analysis of FGP sandwich microplates. The present theory is an extension
of previous work [9] for FGP sandwich microplates by using the MCT. The governing
equations ofmotion are derived fromLagrange’s equations and then bi-directional series-
type solutions with hybrid shape functions are proposed. Numerical results are presented
for different configurations of material distribution, side-to-thickness ratio and different
boundary conditions on natural frequencies of the FGP sandwich microplates.

2 Theoretical Formulation

Consider a FGP sandwich rectangle microplate in the coordinate system (x1, x2, x3)with
sides a×b and thickness h as shown in Fig. 1. The plate is composed of a homogeneous
core and two functionally graded (FG) porous faces which are made of ceramic-metal
materials and a porosity density. The effective material properties of FGP sandwich
microplates can be approximated by the following expressions [10]:

P(x3) = (Pc − Pm)Vc(x3) + Pm − β

2
(Pc + Pm) (1)

where the volume fraction of the ceramic material Vc(x3) through the plate thickness is
defined by [11]:

Vc(x3) =

⎧
⎪⎪⎨

⎪⎪⎩

(
z4−x3
z4−z3

)p
, z3 ≤ x3 ≤ z4 FG top layer

1 z2 ≤ x3 ≤ z3 ceramic core layer
(
x3−z1
z2−z1

)p
z1 ≤ x3 ≤ z2 FG bottom layer

(2)
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where Pc and Pm are the properties of ceramic and metal materials, respectively, such
as Young’s moduli E, mass density ρ, Poisson’s ratio ν; β ≤ 1 is the porosity volume
fraction; p is the power-law index.

Fig. 1. Geometry of a FGP sandwich microplate

2.1 Modified Couple Stress Theory

The total potential energy of the FGP sandwich microplates is obtained by:

� = �U − �K (3)

where�U ,�K are the strain energy and kinetic energy of the FGP sandwichmicroplates,
respectively. Based on the MCT, the strain energy of the system �U is given by [12]:

�U =
∫

V

(σε + mχ)dV (4)

where ε, χ are strains and symmetric rotation gradients, respectively; σ is Cauchy
stress;m are higher-order stress corresponding with strain gradients χ. The components
of strain εij and strain gradients χij are defined as follows:

εij = 1

2

(
ui,j + uj,i

)
, χij = 1

4

(
un,mjeimn + un,miejmn

)
(5)

where eimn are permutation symbol. The components of stress are calculated from
constitutive equations as follows:

σij = λεkkδij + 2μεij, mij = 2μl2χij (6)

where λ,μ are Lamé constants; δij are Kronecker delta; l is length scale parameter.
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The kinetic energy of the FG sandwich microplates �K is expressed by:

�K = 1

2

∫

V

ρ(x3)
(
u̇21 + u̇22 + u̇23

)
dV (7)

where ρ(x3) is mass density of the FGP sandwich microplates; u̇1 = u1,t , u̇2 = u2,t ,
u̇3 = u3,t are velocities in x1−, x2− and x3− directions, respectively.

2.2 Unified Kinematics of FGP Sandwich Microplates

A general HSDT kinematic of FGP sandwich plates is derived from [9] as follows:

u1(x1, x2, x3) = u01(x1, x2) + �1(x3)u
0
3,1 + �2(x3)ϕ1(x1, x2) (8a)

u2(x1, x2, x3) = u02(x1, x2) + �1(x3)u
0
3,2 + �2(x3)ϕ2(x1, x2) (8b)

u3(x1, x2, x3) = u03(x1, x2) (8c)

where �1(x3) = Hs
(x3) − x3;�2(x3) = Hs
(x3); Hs = 5
6

h/2∫

−h/2
μ(x3)dx3 is the

transverse shear stiffness; μ(x3) = E(x3)
2(1+ν)

is the shear modulus; f (x3) is a higher-order
term whose first derivative satisfies the free-stress boundary condition at the top and

bottom surfaces of the FGP plates, i.e. f,3
(
x3 = ± h

2

)
= 0; 
(x3) =

x3∫

0

f,3
μ(x3)

dx3.

Substituting Eq. (8) into the strains and strain gradients in Eq. (5), the strains εT =[
ε(i) ε(s)

]
are obtained as follows:

ε(i) = ε(0) + �1(x3)ε
(1) + �2(x3)ε

(2), ε(s) = �3(x3)ε
(3) (9)

where �3(x3) = Hs
,3 with 
,3(x3) = f,3(x3)
μ(x3)

and,

ε(0) =

⎧
⎪⎪⎨

⎪⎪⎩

ε
(0)
11

ε
(0)
22

γ
(0)
12

⎫
⎪⎪⎬

⎪⎪⎭

=

⎧
⎪⎨

⎪⎩

u01,1
u02,2

u01,2 + u02,1

⎫
⎪⎬

⎪⎭
, ε(1) =

⎧
⎪⎪⎨

⎪⎪⎩

ε
(1)
11

ε
(1)
22

γ
(1)
12

⎫
⎪⎪⎬

⎪⎪⎭

=

⎧
⎪⎨

⎪⎩

u03,11
u03,22
2u03,12

⎫
⎪⎬

⎪⎭
(10a)

ε(2) =

⎧
⎪⎪⎨

⎪⎪⎩

ε
(2)
11

ε
(2)
22

γ
(2)
12

⎫
⎪⎪⎬

⎪⎪⎭

=
⎧
⎨

⎩

ϕ1,1

ϕ2,2

ϕ1,2 + ϕ2,1

⎫
⎬

⎭
, ε(3) =

{
γ

(0)
13

γ
(0)
23

}

=
{

ϕ1 + u03,1
ϕ2 + u03,2

}

(10b)

Moreover, the symmetric rotation gradients are given by:

χij = 1

2

(
θ i,j + θ j,i

)
(11)
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where θ i is determined in terms of the displacements ui as follows:

θ1 = 1

2

(
u3,2 − u2,3

) = 1

2

(
u03,2 − �1,3u

0
3,2 − �2,3ϕ2

)
(12a)

θ2 = 1

2

(
u1,3 − u3,1

) = 1

2

(
−u03,1 + �1,3u

0
3,1 + �2,3ϕ1

)
(12b)

θ3 = 1

2

(
u2,1 − u1,2

) = 1

2

[
u02,1 − u01,2 + �2

(
ϕ2,1 − ϕ1,2

)]
(12c)

Substituting Eq. (12) into Eq. (11), the rotation gradients are expressed as follows:

χ = χ(0) + �1,3χ
(1) + �2,3χ

(2) + �1,33χ
(3) + �2,33χ

(4) + �2χ
(5) (13)

where χT = [χ11 χ22 2χ12 χ33 2χ13 2χ23
]
and,

χ(0) = 1

2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

u03,12
−u03,12

u03,22 − u03,11
0

u02,11 − u01,12
u02,12 − u01,22

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, χ(1) = 1

2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−u03,12
u03,12

u03,11 − u03,22
0
0
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, χ(2) = 1

2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−ϕ2,1

ϕ1,2

ϕ1,1 − ϕ2,2

ϕ2,1 − ϕ1,2

0
0

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(14a)

χ(3) = 1

2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0
0
0
0

−u03,2
u03,1

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, χ(4) = 1

2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0
0
0
0

−ϕ2

ϕ1

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, χ(5) = 1

2

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0
0
0
0

ϕ2,11 − ϕ1,12

ϕ2,12 − ϕ1,22

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(14b)

Furthermore, the stresses and strains of FGP sandwich microplates are related by
constitutive equations as follows:

σ(i) =
⎧
⎨

⎩

σ11

σ22

σ12

⎫
⎬

⎭
=
⎡

⎣
Q11 Q12 0
Q12 Q22 0
0 0 Q66

⎤

⎦

⎧
⎨

⎩

ε11

ε22

γ12

⎫
⎬

⎭
= Q(i)

ε ε(i)

σ(o) =
{

σ13

σ23

}

=
[
Q55 0
0 Q44

]{
γ13

γ23

}

= Q(o)
ε ε(s)

(15a)

m =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

m11

m22

m12

m33

m23

m13

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

= 2μl2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

χ11

χ22

χ12

χ33

χ23

χ13

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

= αχ I6×6χ (15b)
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where

αχ = 2μl2 (16a)

Q11 = E(x3)

1 − ν2
, Q22 = E(x3)

1 − ν2
, Q12 = νE(x3)

1 − ν2
, Q44 = Q55 = Q66 = μ = E(x3)

2(1 + ν)
,

(16b)

2.3 Energy Principle

In order to derive the equations of motion, Hamilton’s principle is used:

t2∫

t1

(δ�U − δ�K )dt = 0 (17)

where δ�U , δ�K are the variations of strain energy and kinetic energy, respectively.
The variation of the strain energy of FGP sandwich microplates derived from Eq. (4) as
follows:

δ
∏

U

=
∫

A

(σδε + mδχ)dA =
∫

A

[
M(0)

ε δε(0) + M(1)
ε δε(1) + M(2)

ε δε(2) + M(3)
ε δε(3)

+M(0)
χ δχ(0) + M(1)

χ δχ(1) + M(2)
χ δχ(2) + M(3)

χ δχ(3) + M(4)
χ δχ(4) + M(5)

χ δχ(5)
]
dA

(18)

where the stress resultants are given by:

(
M(0)

ε ,M(1)
ε ,M(2)

ε

)
=

h/2∫

−h/2

(1,�1,�2)σ
(i)dx3, M(3)

ε =
h/2∫

−h/2

�3σ
(o)dx3 (19a)

(
M(0)

χ ,M(1)
χ ,M(2)

χ ,M(3)
χ ,M(4)

χ ,M(5)
χ

)
=

h/2∫

−h/2

(
1,�1,3,�2,3,�1,33,�2,33,�2

)
mdx3

(19b)

These stress resultants can be expressed in terms of the strains and its gradients as
follows:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

M(0)
ε

M(1)
ε

M(2)
ε

M(3)
ε

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎡

⎢
⎢
⎣

Aε Bε Bε
s 0

Bε Dε Dε
s 0

Bε
s Dε

s H
ε
s 0

0 0 0 Aε
s

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

ε(0)

ε(1)

ε(2)

ε(3)

⎫
⎪⎪⎬

⎪⎪⎭

(20a)
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⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

M(0)
χ

M(1)
χ

M(2)
χ

M(3)
χ

M(4)
χ

M(5)
χ

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Aχ B
χ
B

χ

s B
χ
B

χ

s Bχ
s

B
χ
D

χ
D

χ

s E
χ
E

χ

s F
χ

s
B

χ

s D
χ

s H
χ

s G
χ

s I
χ

J
χ

B
χ
E

χ
G

χ

s D
χ
D

χ

s K
χ

s

B
χ

s E
χ

s I
χ

D
χ

s H
χ

s L
Bχ
s F

χ

s J
χ
K

χ

s L Hχ
s

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

χ(0)

χ(1)

χ(2)

χ(3)

χ(4)

χ(5)

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(20b)

where the stiffness components of the FGP sandwich microplates are defined as follows:

(
Aε,Bε,Dε,Hε

s ,B
ε
s ,D

ε
s

) =
h/2∫

−h/2

(
1,�1,�

2
1,�

2
2,�2,�1�2

)
Q(i)

ε dx3 (21a)

Aε
s =

h/2∫

−h/2

�2
3Q

(o)
ε dx3 (21b)

(
Aχ ,B

χ
,B

χ

s ,B
χ
,B

χ

s ,Bχ
s

)
=

h/2∫

−h/2

(
1,�1,3,�2,3,�1,33,�2,33,�2

)
αχ I6×6dx3 (21c)

(
D

χ
,D

χ

s ,E
χ
,E

χ

s ,F
χ

s

)
=

h/2∫

−h/2

�1,3
(
�1,3,�2,3,�1,33,�2,33,�2

)
αχ I6×6dx3 (21d)

(
H

χ

s ,G
χ

s , I
χ
, J

χ
)

=
h/2∫

−h/2

�2,3
(
�2,3,�1,33,�2,33,�2

)
αχ I6×6dx3 (21e)

(
D

χ
,D

χ

s ,K
χ

s ,H
χ

s ,L
χ
,Hχ

s

)

=
h/2∫

−h/2

(
�2

1,33,�1,33�2,33,�1,33�2,�
2
2,33,�2,33�2,�

2
2

)
αχ I6×6dx3

(21f)

The variation of kinetic energy δ
∏

K derived from Eq. (7) is calculated by:

δ�K = 1

2

∫

V

ρ
(
u̇1δu̇1 + u̇2δu̇2 + u̇3δu̇3

)
dV

= 1

2

∫

A

[
I0
(
u̇01δu̇

0
1 + u̇02δu̇

0
2 + u̇03δu̇

0
3

)
+ I1
(
u̇01δu̇

0
3,1 + u̇03,1δu̇

0
1 + u̇02δu̇

0
3,2 + u̇03,2δu̇

0
2

)

+J2
(
u̇03,1δϕ̇1 + ϕ̇1δu̇

0
3,1 + u̇03,2δϕ̇2 + ϕ̇2δu̇

0
3,2

)
+ K2(ϕ̇1δϕ̇1 + ϕ̇2δϕ̇2)

+J1
(
u̇01δϕ̇1 + ϕ̇1δu̇

0
1 + u̇02δϕ̇2 + ϕ̇2δu̇

0
2

)
+ I2
(
u̇03,1δu̇

0
3,1 + u̇03,2δu̇

0
3,2

)]
dA

(22)
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where I0, I1, I2, J1, J2,K2 are mass components of the FGP sandwichmicroplates which
are defined as follows:

(I0, I1, I2, J1, J2,K2) =
h/2∫

−h/2

(
1,�1,�

2
1,�2,�1�2,�

2
2

)
ρdx3 (23)

3 Series-Type Solutions of FGP Sandwich Microplates

Based on the Ritz method, the membrane and transverse displacements, rotations(
u01, u

0
2, u

0
3, ϕ1, ϕ2

)
of the FGP sandwich microplates can be expressed in terms of the

series of approximation functions and associated values of series as follows:

{
u01(x1, x2, t), ϕ1(x1, x2, t)

}
=

n1∑

i=1

n2∑

j=1

{
u1ij(t), xij(t)

}
Ri,1(x1)Pj(x2) (24a)

{
u02(x1, x2, t), ϕ2(x1, x2, t)

}
=

n1∑

i=1

n2∑

j=1

{
u2ij(t), yij(t)

}
Ri(x1)Pj,2(x2) (24b)

u03(x1, x2, t) =
n1∑

i=1

n2∑

j=1

u3ij(t)Ri(x1)Pj(x2) (24c)

where u1ij, u2ij, u3ij, xij, yij are variables to be determined; Ri(x1),Pj(x2) are the shape
functions in x1−, x2− direction, respectively. As a result, five unknowns of the FGP
microplates only depend on two shape functions. It should be noted that the accuracy,
convergence rates and numerical instabilities of the Ritz solution depend on the con-
struction of the shape functions, which was discussed in details in [13, 14]. The functions
Ri(x1) and Pj(x2) are constructed to satisfy the boundary conditions (BCs):

– Simply supported (S): u02 = u03 = ϕ2 = 0 at x1 = 0, a and u01 = u03 = ϕ1 = 0 at
x2 = 0, b

– Clamped (C): u01 = u02 = u03 = ϕ1 = ϕ2 = 0 at x1 = 0, a and x2 = 0, b

The combination of simply-supported and clamped BCs on the edges of the FGP
microplates leads to the various BCs. In the present paper, two typical BCs (SSSS and
CCCC) are considered in which the shape functions are formed from hybrid ones which
are composed of admissible functions and exponential ones as follows:

– For SSSS BC: Rj(x1) = x1(a − x1)e− jx1
a , Pj(x2) = x2(b − x2)e− jx2

b

– For CCCC BC: Rj(x1) = x21(a − x1)2e− jx1
a , Pj(x2) = x22(b − x2)

2e− jx2
b .
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Substituting Eq. (24) into Eqs. (18) and (22) and then the subsequent results into
Eq. (17) lead to the characteristic equations of motion of the FGP sandwich microplates

as follows: Kd + Md̈ = 0 where d = [u1 u2 u3 x y
]T

is the displacement vector to
be determined; K = Kε +Kχ is the stiffness matrix which is composed of those of the
strains Kε, symmetric rotation gradients Kχ ; M is the mass matrix. These components
are given more details as follows:

Kζ =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Kζ11 Kζ12 Kζ13 Kζ14 Kζ15

TKζ12 Kζ22 Kζ23 Kζ24 Kζ25

TKζ13 TKζ23 Kζ33 Kζ34 Kζ35

TKζ14 TKζ24 TKζ34 Kζ44 Kζ45

TKζ15 TKζ25 TKζ35 TKζ45 Kζ55

⎤

⎥
⎥
⎥
⎥
⎥
⎦

with ζ = {ε, χ} (25)

where the components of stiffness matrix Kε are defined as follows:

Kε11
ijkl = Aε

11T
22
ik S00jl + Aε

66T
11
ik S11jl ,Kε12

ijkl = Aε
12T

02
ik S20jl + Aε

66T
11
ik S11jl

Kε13
ijkl = Bε

11T
22
ik S00jl + Bε

12T
02
ik S20jl + 2Bε

66T
11
ik S11jl

Kε14
ijkl = Bε

s11T
22
ik S00jl + Bε

s66T
11
ik S11jl ,Kε15

ijkl = Bε
s12T

02
ik S20jl + Bε

s66T
11
ik S11jl

Kε22
ijkl = Aε

22T
00
ik S22jl + Aε

66T
11
ik S11jl ,Kε23

ijkl = Bε
12T

20
ik S02jl + Bε

22T
00
ik S22jl + 2Bε

66T
11
ik S11jl

Kε24
ijkl = Bε

s12T
20
ik S02jl + Bε

s66T
11
ik S11jl ,Kε25

ijkl = Bε
s22T

00
ik S22jl + Bε

s66T
11
ik S11jl

Kε33
ijkl = Dε

11T
22
ik S00jl + Dε

12

(
T 02
ik S20jl + T 20

ik S02jl

)
+ Dε

22T
00
ik S22jl + 4Dε

66T
11
ik S11jl

+Aε
s44T

00
ik S11jl + Aε

s55T
11
ik S00jl

Kε34
ijkl = Dε

s11T
22
ik S00jl + Dε

s12T
20
ik S02jl + 2Dε

s66T
11
ik S11jl + Aε

s55T
11
ik S00jl

Kε35
ijkl = Dε

s12T
02
ik S20jl + Dε

s22T
00
ik S22jl + 2Dε

s66T
11
ik S11jl + Aε

s44T
00
ik S11jl

Kε44
ijkl = H ε

s11T
22
ik S00jl + H ε

s66T
11
ik S11jl + Aε

s55T
11
ik S00jl

Kε45
ijkl = H ε

s12T
02
ik S20jl + H ε

s66T
11
ik S11jl ,Kε55

ijkl = H ε
s22T

00
ik S22jl + H ε

s66T
11
ik S11jl + Aε

s44T
00
ik S11jl

T rs
ik =

a∫

0

∂rRi

∂xr1

∂sRk

∂xs1
dx1, S

rs
jl =

a∫

0

∂rSj
∂xr2

∂sSl
∂xs2

dx2 (26)

The components of stiffness matrix Kχ are defined as follows:
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Kχ11
ijkl = Aχ

4

(
T22
ik S11jl + T11

ik S22jl

)
, Kχ12

ijkl = −Aχ

4

(
T22
ik S11jl + T11

ik S22jl

)

Kχ13
ijkl = B

χ

4

(
T02
ik S11jl − T11

ik S02jl

)
, Kχ14

ijkl = 1

4

(
Bχ
s T

22
ik S11jl + Bχ

s T
11
ik S22jl − B

χ

s T
11
ik S02jl

)

Kχ15
ijkl = 1

4

(
B

χ

s T
02
ik S11jl − Bχ

s T
22
ik S11jl − Bχ

s T
11
ik S22jl

)
, Kχ22

ijkl = Aχ

4

(
T22
ik S11jl + T11

ik S22jl

)

Kχ23
ijkl = B

χ

4

(
T11
ik S02jl − T02

ik S11jl

)
, Kχ24

ijkl = 1

4

(
B

χ

s T
11
ik S02jl − Bχ

s T
22
ik S11jl − Bχ

s T
11
ik S22jl

)

Kχ25
ijkl = 1

4

(
Bχ
s T

22
ik S11jl + Bχ

s T
11
ik S22jl − B

χ

s T
02
ik S11jl

)

Kχ33
ijkl = 1

4

(
Aχ − 2B

χ + D
χ
)(

T00
ik S22jl − T20

ik S02jl − T02
ik S20jl + T22

ik S00jl + 2T11
ik S11jl

)

+1

4
D

χ(
T00
ik S11jl + T11

ik S00jl

)

Kχ34
ijkl = 1

4

[(
B

χ
s − D

χ
s

)(
T20
ik S02jl − T22

ik S00jl − T11
ik S11jl

)

+K
χ
s

(
T20
ik S11jl − T11

ik S20jl

)
+ D

χ

s T
11
ik S00jl

]

Kχ35
ijkl = 1

4

[(
B

χ
s − D

χ
s

)(
−T00

ik S22jl + T02
ik S20jl − T11

ik S11jl

)

+D
χ

s T
00
ik S11jl +K

χ
s

(
T11
ik S20jl − T20

ik S11jl

)]

Kχ44
ijkl = 1

4

[
H

χ
s

(
T22
ik S00jl + 2T11

ik S11jl

)
+ H

χ

s T
11
ik S00jl

−L
χ
(
T11
ik S20jl + T11

ik S02jl

)
+ Hχ

s

(
T22
ik S11jl + T11

ik S22jl

)]

Kχ45
ijkl = 1

4

[
L
χ
(
T11
ik S20jl + T02

ik S11jl

)
− H

χ
s

(
T02
ik S20jl + T11

ik S11jl

)
− Hχ

s

(
T11
ik S22jl + T22

ik S11jl

)]

. . .

Kχ55
ijkl = 1

4

[
H

χ
s

(
2T11

ik S11jl + T00
ik S22jl

)
+ H

χ

s T
00
ik S11jl − L

χ
(
T20
ik S11jl + T02

ik S11jl

)

+Hχ
s

(
T11
ik S22jl + T22

ik S11jl

)]

. . .

(27)

The components of mass matrixM are given by:

M 11
ijkl = I0T

11
ik S00jl ,M 13

ijkl = I1T
11
ik S00jl ,M 14

ijkl = J1T
11
ik S00jl ,M 44

ijkl = K2T
11
ik S00jl

M 22
ijkl = I0T

00
ik S11jl ,M 23

ijkl = I1T
00
ik S11jl ,M 25

ijkl = J1T
00
ik S11jl ,M 55

ijkl = K2T
00
ik S11jl

M 33
ijkl = I0T

00
ik S00jl + I2

(
T 11
ik S00jl + T 00

ik S11jl

)
,M 34

ijkl = J2T
11
ik S00jl ,M 35

ijkl = J2T
00
ik S11jl

(28)

It is worth noticing that for free vibration analysis, by denoting d(t) = deiωt where
ω is the natural frequency of the FGP sandwich microplates and i2 = −1 is imaginary
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unit, the natural frequencies can be hence derived from the following the equation:(
K − ω2M

)
d = 0.

4 Numerical Examples

In this section, numerical examples are carried out to investigate free vibration behaviours
of FGP sandwich microplates in which the shear function f (x3) = x3 − 4x33/3h

2 is
selected. The FGP sandwich microplates are supposed to be made of ceramic material
Al2O3 and metal one Al whose properties are given as follows: Al2O3 (Ec = 380
GPa, νc = 0.3,ρc = 3800 kg/m3), Al (Em = 70 GPa, ρm = 2702 kg/m3, νm = 0.3),
ρo = 1 kg/m3 and Eo = 1 GPa.The preliminary convergence study on the series solution
showed that the number of seriesn1 = n2 = n = 10 canbe considered as the convergence
point of the solution field, therefore this value will be used in the sequel computations.
Moreover, for convenience, the following normalized parameter is used in the numerical
examples:

ω = ωa2

h

√
ρo

Eo
(29)

In order to verify the accuracy of the present theory, Table 1 introduces normalized
fundamental frequencies of Al/Al2O3 FGP sandwich microplates in which the solutions
are calculated with different values of the power index p = 0.5, 1, 2, side-to-thickness
ratio a/h = 10, ratio of thickness-to-material scale h/l = ∞, 5, 5/3, 1, porous parameter
β = 0, 0.1, 0.2.

The results obtained from the present theory with SSSS boundary condition are
compared with those derived from FGP sandwich plates of Pham and Le [2] based on
the FEM and HSDT, Li et al. [11] based on three-dimensional model and Ritz method,
Thai et al. [15, 16] based on HSDTs and isogeometric approach, Daikh et al. [1] based
on a HSDT and Navier procedure, Thai et al. [7] based on the MCT and HSDT. It can
be seen that there are good agreements among the models at both macro- and micro-
scales. Moreover, it is observed from Table 1 that the fundamental frequencies decrease
with an increase of the power index p. This can be explained by the fact that with
an increase of p led to a decrease of the volume fraction of ceramic and stiffness of
FGP sandwich microplates. The variations of normalized fundamental frequencies with
respect to the ratio of thickness-to-material scale h/l are observed in Fig. 2 for Al/Al2O3
FGP microplates with β = 0.1, p = 2 and a/h = 10. The graphs are displayed with
six different types of bottom-core-top thickness ratio within which it is observed that
the natural frequencies decrease with the increase of h/l up to the value of h/l = 10
fromwhich the curves become flatter and size effects can be hence neglected. Moreover,
Table 2 shows the normalized fundamental frequencies of FGP sandwich microplates
with clamped boundary condition. The solutions are examined with those of Pham and
Le [2] without size effect (h/L = ∞), Li et al. [11] without size and porosity effects
(h/L = ∞, β = 0). Good agreements are again found of the theories when the effects
of porosity or both size and porosity are not considered. New results on fundamental
frequencies on the CCCC boundary condition can be used for benchmarks in future
research.
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Table 1. Normalized fundamental frequencies of Al/Al2O3 FGP sandwich microplates with
SSSS and a/h = 10

p h/l Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1

β = 0

0.5 ∞ Present 1.4404 1.4806 1.5046 1.5160 1.5454 1.5717

MCT [7] 1.4462 1.4861 1.5084 1.5213 1.5492 1.5766

3D [11] 1.4461 1.4861 1.5084 1.5213 1.5493 1.5766

IGA [15] 1.4443 1.4841 1.5064 1.5192 1.5472 1.5745

IGA [16] 1.4519 1.4918 1.5142 1.5264 1.5543 1.5806

5 Present 1.5944 1.6424 1.6670 1.6818 1.7121 1.7413

MCT [7] 1.5987 1.6423 1.6643 1.6788 1.7064 1.7345

5/3 Present 2.5059 2.5960 2.6261 2.6584 2.6965 2.7409

MCT [7] 2.5006 2.5667 2.5900 2.6142 2.6437 2.6787

1 Present 3.7068 3.8488 3.8888 3.9415 3.9913 4.0370

MCT [7] 3.6872 3.7836 3.8126 3.8488 3.8885 3.9325

1 ∞ Present 1.2400 1.2968 1.3343 1.3501 1.3968 1.4363

MCT [7] 1.2449 1.3019 1.3352 1.3552 1.3975 1.4413

3D [11] 1.2447 1.3018 1.3351 1.3552 1.3976 1.4413

IGA [15] 1.2432 1.3001 1.3334 1.3533 1.3957 1.4393

IGA [16] 1.2552 1.3128 1.3466 1.3653 1.4076 1.4490

5 Present 1.3918 1.4616 1.4996 1.5204 1.5677 1.6106

MCT [7] 1.3963 1.4612 1.4941 1.4941 1.5590 1.6038

5/3 Present 2.2667 2.4029 2.4474 2.4949 2.5511 2.6155

MCT [7] 2.2638 2.3729 2.4092 2.4492 2.4950 2.5512

1 Present 3.3964 3.6121 3.6716 3.7483 3.8217 3.9149

MCT [7] 3.3769 3.5413 3.5882 3.6486 3.7072 3.7830

β = 0.1

2 ∞ Present 0.9787 1.0532 1.1117 1.1309 1.2038 1.2616

FEM [2] 0.9755 1.0562 1.0888 1.1292 1.1774 1.2492

HSDT[1] 0.9825 1.0471 1.0941 1.1207 1.1826 1.2493

5 Present 1.1326 1.2313 1.2891 1.3176 1.3893 1.4515

1 Present 3.0104 3.3555 3.4467 3.5625 3.6703 3.8047

β = 0.2

∞ Present 0.9156 0.9909 1.0388 1.0659 1.1299 1.2194

(continued)
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Table 1. (continued)

p h/l Theory 1-0-1 2-1-2 2-1-1 1-1-1 2-2-1 1-2-1

FEM [2] 0.9118 0.9961 1.0150 1.0737 1.1150 1.2039

HSDT [1] 0.8786 0.9549 1.0055 1.0420 1.1105 1.1915

5 Present 1.0423 1.1644 1.2303 1.2671 1.3483 1.4212

1 Present 2.9608 3.3527 3.4533 3.5829 3.7009 3.8479

Table 2. Normalized fundamental frequencies of Al/Al2O3 FGP sandwich microplates with
CCCC BC and a/h = 10

p h/l Theory 1-0-1 2-1-2 1-1-1 2-2-1 1-2-1 1-8-1

β = 0

0.5 ∞ Present 2.5021 2.5699 2.6262 2.6678 2.7109 2.9006

3D [11] 2.5259 2.5949 2.6535 2.6982 2.7498 2.9583

10 Present 2.6160 2.6903 2.7498 2.7931 2.8377 3.0325

5 Present 2.9269 3.0174 3.0861 3.1324 3.1833 3.3902

2 Present 4.5152 4.6803 4.7922 4.8575 4.9368 5.2193

1 Present 7.8188 8.1195 8.3227 8.4462 8.5852 9.0923

1 ∞ Present 2.1774 2.2770 2.3658 2.4355 2.5039 2.8174

3D [11] 2.1901 2.2910 2.3818 2.4510 2.5397 2.8625

10 Present 2.2890 2.3985 2.4915 2.5622 2.6335 2.9498

5 Present 2.5923 2.7272 2.8322 2.9055 2.9838 3.3085

2 Present 4.0961 4.3460 4.5115 4.6079 4.7225 5.1290

1 Present 7.0669 7.5054 7.8021 7.9964 8.1889 8.9382

5 ∞ Present 1.6662 1.7417 1.8521 1.9726 2.1120 2.6393

3D [11] 1.6618 1.7392 1.8579 1.9671 2.1571 2.6673

10 Present 1.7550 1.8608 1.9835 2.1052 2.2096 2.7742

5 Present 1.9956 2.1768 2.3309 2.4563 2.5752 3.1378

2 Present 3.1799 3.6540 3.9423 4.1074 4.2943 4.9494

1 Present 5.4600 6.1861 6.6639 7.0401 7.3095 8.6038

β = 0.2

2 ∞ Present 1.5633 1.7347 1.9001 2.0286 2.1612 2.7331

(continued)
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Table 2. (continued)

p h/l Theory 1-0-1 2-1-2 1-1-1 2-2-1 1-2-1 1-8-1

FEM [2] – – 1.8944 1.9680 – –

10 Present 1.6876 1.8789 2.0494 2.1773 2.3110 2.8768

5 Present 2.0126 2.2537 2.4406 2.5677 2.7074 3.2634

2 Present 3.4838 3.9376 4.2175 4.3737 4.5588 5.1840

1 Present 5.8706 6.6405 7.1623 7.5421 7.8361 9.0762

Fig. 2. Variation of normalized fundamental frequencies of Al/Al2O3 FGP sandwich microplates
with SSSS respect to h/l (p = 2, β = 0.1, a/h = 10)

5 Conclusions

A unified higher-order shear deformation microplate model for free vibration analysis
of functionally graded sandwich porous materials has been proposed in this paper. The
present theory is developed from fundamental equations of the elasticity theory and
modified couple stress theory. The solution field is approximated by bi-directional series
in which hybrid shape functions are proposed, then the stiffness and mass matrix are
explicitly derived. Numerical examples are investigated for the different configurations
of material distribution, side-to-thickness ratio, size-scale-thickness ratio on the natural
frequencies of FGP sandwich microplates. The obtained results show that the size effect
is important and needs to be accounted for the computations. The size effect leads to an
increase of the stiffness and natural frequency of the FGP sandwich plates. The proposed
unified size dependent plate model presents the accuracy and efficiency in predicting
vibration behaviours of FGP sandwich microplates.
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A BCMO-DNN algorithm for vibration optimization of 
functionally graded porous microplates 
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Abstract. The authors propose a novel BCMO-DNN algorithm for vibration optimization of 
functionally graded porous microplates. The theory is based on a unified framework of 
higher-order shear deformation theory and modified strain gradient theory. A hybrid 
combination of deep learning neural network and balancing composite motion optimization 
is developed to solve the optimization problems and predict stochastic vibration behaviors of 
functionally graded porous microplates with uncertainties of material properties. The 
characteristic equations of motion are derived from Hamilton’s principle and approximation 
of exponential series. Numerical results are obtained to investigate the effects of the material 
distribution, material length scale, porosity density and boundary conditions on natural 
frequencies of functionally graded porous microplates. 

Keywords: Vibration, Functionally graded microplates, Modified strain gradient theory, 
Deep leaning neural network, Balancing composite motion optimization. 

1. Introduction 
The study on static and dynamic responses of functionally graded porous (FGP) plates has 

recently been an interesting topic attracted a number of researches with various computational 
methods and plate models. However practically, the behaviors of such structures at the small scale 
could not accurately predict by classical elasticity theories due to size effects. In order to overcome 
this adverse, the nonlocal elasticity theory ([1]) can be used for analysis of functionally graded 
nanoplates ([2]). Nevertheless, the implementation of this theory for nanostructures with different 
boundary conditions appears to be quite complicated. Another way to investigate the size effects is 
to use the modified couple stress theory (MCT) with one material length scale parameter (MLSP) 
or modified strain gradient theory (MST) with three MLSPs. These approaches have been employed 
to predict the behaviors of functionally graded microplates ([3-5]). For optimization of composite 
structures, meta-heuristic optimization methods based on natural phenomena are recently 
considered as robust and reliable approaches ([6-9]). In practice, these algorithms with dependent 
parameters require high computational costs. An alternative way is to use balancing composite 
motion optimization algorithm (BCMO) ([10]) in which no dependent parameters are required. This 
approach has been applied to optimize behaviors of functionally graded plates ([11, 12]). Moreover, 
the machine learning included artificial neural network (ANN) and deep learning neural network 
(DNN) has been used to material optimization of composite structures ([13-15]). Though many 
researches on the optimization analysis of laminated composite and functionally graded plates have 
been performed, as far as the authors are aware, the study on optimal behaviors of the FGP 
microplates with uncertain materials is still limited.  

This paper aims to investigate optimal responses of natural frequencies of FGP microplates 
subjected to uncertainties of material properties. It is based on a unified microplate model using 
a general higher-order shear deformation theory and MST. A combination of BCMO-DNN is for 



  578 

the first time proposed to solve the optimization problems and predict stochastic vibration 
behaviors of FGP microplates. The characteristic equations of motion are derived from 
Hamilton’s principle, and Ritz-type series method is used to approximate the field variables. 
Numerical results are used to study effects of the material distribution, material length scale, 
porosity density and boundary conditions on natural frequencies of FGP microplates. 

2. Theoretical formulation 

Consider a rectangle FGP plate in the coordinate system ( )1 2 3, ,x x x  with sides a b  and 
thickness h . It is supposed that the FGP microplates are composed of a metal-ceramic mixture 
and porosity density whose effective material properties are approximated by the following 
expressions ([16]) : 

 ( ) ( ) ( )3
3

2
2 2

+ = − + − + 
 

p

c m m c m
x hP x P P P P P

h
  (1) 

where cP  and mP  are the properties of ceramic and metal materials, such as Young’s modulus ,E  
mass density  , Poisson’s ratio  ; 1  is the porosity volume fraction; p  is the power-law 
index which is positive and  3 / 2, / 2 −x h h . 

2.1. Modified strain gradient theory 

The total potential energy of the FGP microplates is composed of the strain energy U  and 
kinetic energy K  as follows:  =  −U K . Based on the MST, the strain energy U  is given 
by: 

 ( ) = + + + σε p τη mχU
V

dV  (2) 

where , , ,ε χ ξ η  are strains, symmetric rotation gradients, dilatation gradient and deviation stretch 
gradient, respectively; σ  is Cauchy stress; , ,m p τ  are high-order stresses corresponding with 
strain gradients , ,χ ξ η , respectively. The components of strain ij  and strain gradients , ,i ijk ij    
are defined as follows: 

 ( ), ,
1
2

= +ij i j j iu u ; ,=i mm i  ; ( ), ,
1
4

= +ij n mj imn n mi jmnu e u e  (3a) 

 ( ) ( ) ( ) ( ), , , , , ,
1 1 2 2 2
3 15

= + + − + + + + + ijk jk i ki j ij k k mk m ij i mi m jk j mj m ki              (3b) 

where ,ij imne  are Knonecker delta and permutation symbol, respectively; the comma in subscript 
is used to indicate the derivative of variable that follows. The components of stress are calculated 
from constitutive equations as follows: 

 
2= +ij kk ij ij    ; 2

12=ij ijm l  ; 2
22=j jp l  ; 2

32=ijk ijkl    (4) 

where ,   are Lamé constants; 1 2 3, ,l l l  are three MLSPs. The kinetic energy of the FGP 
microplates K  is expressed by:  
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 ( )( )2 2 2
3 1 2 3

1
2

 = + +K
V

x u u u dV  (5) 

where ( )3x  is mass density of the FGP microplates; 1 1,= tu u , 2 2,= tu u , 3 3,= tu u  are velocities 
in 1 −x , 2 −x  and 3 −x directions, respectively. 

2.2. A general kinematic of FGP microplates 
A general kinematic of FGP microplates is derived from ([17]) as follows: 

 ( ) ( ) ( ) ( ) ( )0 0
1 1 2 3 1 1 2 1 3 3,1 2 3 1 1 2, , , ,= +  + u x x x u x x x u x x x  (6a) 

 ( ) ( ) ( ) ( ) ( )0 0
2 1 2 3 2 1 2 1 3 3,2 2 3 2 1 2, , , ,= +  + u x x x u x x x u x x x  (6b) 

 ( ) ( )0
3 1 2 3 3 1 2, , ,=u x x x u x x  (6c) 

where ( ) ( ) ( ) ( )1 3 3 3 2 3 3, =  −  = s sx H x x x H x ; sH  is the transverse shear stiffness of the 

FGP microplates; ( ) ( )
3

3 ,3 3 3
0

/ = 
x

x f x dx  is a shear function; ( ) ( ) ( )( )3 3 / 2 1= +x E x  is the 

shear modulus; ( )3f x  is a higher-order term whose first derivative satisfies the free-stress 
boundary condition at the top and bottom surfaces of the microplates, i.e. ( ),3 3 / 2 0=  =f x h .  

Substituting Eq. (6) into the strains and strain gradients in Eq. (3), the strains ( ) ( ) =  ε ε εi sT  are 

obtained as follows: 

 ( ) ( ) ( ) ( ) ( ) ( )0 1 2
1 3 2 3= +  + ε ε ε εi x x ; ( ) ( ) ( )3

3 3= ε εs x  (7)  

where ( )3 3 ,3 = sx H  with ( ) ( ) ( ),3 3 ,3 3 3/ =x f x x ; the components of  ( )ε i  can be found 

more details in [5].  Moreover, the non-zero components of dilatation gradients  1 2 3=ξ T    
are given by: 

 ( ) ( ) ( ) ( ) ( )0 1 2 3 4
1 2 1,3 2,3= +  +  +  + ξ ξ ξ ξ ξ ξ  (8) 

where 

 ( )

( )

( )

( )

0 0 0
1 1 ,11 2 ,12

0 0 0 0
2 1 ,12 2 ,22

0
3

0

   +    = = +   
   

   

ξ
u u
u u







; ( )

( )

( )

( )

1 0 0
1 3 ,111 3 ,122

1 1 0 0
2 3 ,112 3 ,222

1
3

0

   +    = = +   
   

   

ξ
u u
u u







  (9a) 
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( )

( )

( )

2
1 1,11 2,12

2 2
2 1,12 2,22

2
3

0

  +     = = +   
   

   

ξ
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; ( )

( )

( )

( )

3
1

3 3
2

0 03
3,11 3,223

0
0

       = =   
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u u
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



; ( )

( )

( )

( )

4
1

4 4
2

4
1,1 2,23

0
0

       = =   
   +   

ξ




 

 (9b) 

The non-zero components of deviatoric stretch gradients ijk  are given by: 

( ) ( )111 11,1 1 11,1 12,2 13,3 222 22,2 2 22,2 12,1 23,32 / 5, 2 / 5= − + + + = − + + +             (10a) 
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( ) ( ) ( )333 3 13,1 23,2 112 211 121 11,2 12,1 2 12,1 22,2 23,3/ 5, / 3 2 /15= − + + = = = + − + + +              (10b) 

( ) ( )113 311 131 13,1 11,3 3 13,1 23,2/ 3 /15= = = + − + +         (10c) 

( ) ( )221 122 212 12,2 22,1 1 11,1 12,2 13,3/ 3 2 /15= = = + − + + +          (10d) 

( ) ( )223 322 232 23,2 22,3 3 13,1 23,2/ 3 /15= = = + − + +         (10e) 

( )331 133 313 13,3 1 11,1 12,2 13,3/ 3 2 /15= = = − + + +         (10f) 

( )332 233 323 23,3 2 12,1 22,2 23,3/ 3 2 /15= = = − + + +         (10g) 

( )123 231 312 132 321 213 23,1 13,2 12,3 / 6= = = = = = + +           (10h) 

Substituting the strains in Eqs. (7) and (9) into Eq. (10) leads to the expressions of 
deviatoric stretch gradient components in terms of the displacements as follows: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 2 3 4 5 6
1 2 3 1,3 2,3 3,3+  +  +  +  +  +  =          (11) 

where  111 222 333 331 332 221 112 113 223 1233 3 3 3 3 3 6=T           , and 
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Moreover, the symmetric rotation gradients are given by ( ), , / 2= +ij i j j i    where i  is 

determined in terms of the displacements iu  as follows: 

( ) ( ) ( ) ( )0 0 0 0
1 3,2 2,3 3 ,2 1,3 3 ,2 2,3 2 2 1,3 3,1 3 ,1 1,3 3 ,1 2,3 1/ 2 / 2, / 2 / 2= − = −  −  = − = − +  + u u u u u u u u      (13a) 

 ( ) ( )0 0
3 2,1 1,2 2 ,1 1 ,2 2 2,1 1,2/ 2 / 2 = − = − +  − u u u u    (13b) 

The rotation gradients are expressed as follows: 

 ( ) ( ) ( ) ( ) ( ) ( )0 1 2 3 4 5
1,3 2,3 1,33 2,33 2= +  +  +  +  + χ χ χ χ χ χ χ  (14) 

where ( ) ( ) ( ) ( ) ( ) ( )0 1 2 3 4 5, , , , ,χ χ χ χ χ χ  are given in [5]. The stresses and strains of FGP microplates are 
related by constitutive equations as follows:  

 ( ) ( ) ( )=σ Q εi i i
 ; ( ) ( ) ( )=σ Q εo o s

  (15a) 

 6 6=m I χ , 3 3=p I ξ , 10 10=τ I η   (15b) 

where 2
12= l  , 2

22= l  , 2
32= l  ; the reduced stiffness matrix ( )Q i

  and ( )Q o
 can be found 

in [5];  11 22 12 33 23 13=m Tm m m m m m ,  1 2 3=p Tp p p  and 

 111 222 112 221 331 332 333 113 223 123=τ T          .  

2.3 Variational formulation 

In order to derive the equation of motion, Hamilton’s principle is used: 

 ( )
2

1

0 −  =
t

U K
t

dt    (16) 

where the variation of the strain energy U  of FGP microplates as follows: 
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   (17) 

These stress resultants can be expressed in terms of the strains and its gradients as follows: 
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The variation of kinetic energy K  is calculated by: 

( ) ( ) ( )

( ) ( )

0 0 0 0 0 0
1 1 2 2 3 3 0 1 1 2 2 3 3 2 1 1 2 2

0 0 0 0 0 0 0 0 0 0 0 0
1 1 3,1 3,1 1 2 3,2 3,2 2 2 3,1 1 1 3,1 3,2 2 2 3,2

0
1 1 1

1 1
2 2

 = + + = + + + +

+ + + + + + + +

+ +

 K
V A

u u u u u u dV I u u u u u u K

I u u u u u u u u J u u u u

J u

           

         

 ( ) ( )0 0 0 0 0 0 0
1 1 2 2 2 2 2 3,1 3,1 3,2 3,2

+ + + + u u u I u u u u dA     

 (19) 

where 0 1 2 1 2 2, , , , ,I I I J J K  are mass components of the FGP microplates which are defined as 
follows: 

 ( ) ( )
/2

2 2
0 1 2 1 2 2 1 1 2 1 2 2 3

/2

, , , , , 1, , , , ,
−

=      
h

h

I I I J J K dx  (20) 

3. Series-type solutions 

Based on the Ritz method, the membrane and transverse displacements ( )0 0 0
1 2 3 1 2, , , ,u u u    

of the FGP microplates can be expressed in terms of the series of approximation functions and 
associated values of series as follows: 

     ( ) ( )
1 2

0
1 1 1 2 1 ,1 1 2

1 1
, ( , ) ,

= =

= 
n n

ij ij i j
i j

u x x u x R x P x ;     ( ) ( )
1 2

0
2 2 1 2 2 1 ,2 2

1 1
, ( , ) ,

= =

= 
n n

ij ij i j
i j

u x x u y R x P x  (21a) 

 ( ) ( )
1 2

0
3 1 2 3 1 2

1 1
( , )

= =

= 
n n

ij i j
i j

u x x u R x P x ; (21b) 

where 1 2 3, , , ,ij ij ij ij iju u u x y  are variables to be determined; ( ) ( )1 2,i jR x P x  are the shape functions 

in 1 −x , 2 −x  direction, respectively. It should be noted that the accuracy, convergence rates and 
numerical instabilities of the Ritz solution depends on the selection of the shape functions, which 
was discussed in details in ([5, 17]). The functions ( )1iR x  and ( )2jP x  are constructed to satisfy 
the boundary conditions (BCs) at the FGP microplate edges in which two following kinematic 
typical BCs are considered as follows: Simply supported (S) for 0 0

2 3 2 0= = =u u   at 1 0,=x a  and 
0 0
1 3 1 0= = =u u   at 2 0,=x b ; Clamped (C) for 0 0 0

1 2 3 1 2 0= = = = =u u u    at 1 0,=x a  and 

2 0, .=x b  The combination of S and C on the edges leads to the different BCs, in which SSSS, 
SCSC and CCCC  are chosen to investigate in this paper. Furthermore, in order to derive 
characteristis equations of motion of the FGP microplates, substituting the approximations in Eq. 
(21) into Eq. (16) leads to: 
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 +Kd Md 0=  (22) 

where  1 2 3=d u u u x y T  is the displacement vector to be determined; 

= + + +K K K K K     is the stiffness matrix which is composed of those of the strains K , 
symmetric rotation gradients K , dilatation gradient K , and deviation stretch gradient K ; M  
is the mass matrix. These components are given more details as follows:  

11 12 13 14 15 11 13 14

12 22 23 24 25 22 23 25

13 23 33 34 35 13 23 33 34 35

14 24 34 44 45 14 34 44 45

15 25 35 45 55 25 35 45
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0 0
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 
 
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 
 
  

  (23) 

with  , , ,=     . It is noted that for free vibration analysis, by denoting ( ) =d d i tt e   where   
is the natural frequency of the FGP microplates and 2 1= −i  is imaginary unit, the natural 
frequencies can be derived from the following characteristic equation: ( )2− =K M d 0 .  

4. BCMO-DNN algorithm 
Optimization problem: The objective of the current optimization problem is to search for the 
optimal material properties of the FGP microplates that can maximize the natural frequencies 
subjected to several constraints. The Young's modulus and mass densities are considered as design 
variables. The formulation of constrained objective functions for vibration optimization can be 
stated as follows:  

 Maximize ( ), , , ,, , ,= c i m i c i m if E E    

 Subjected to 
( )2

,min , ,max ,min , ,max

,min , ,max ,min , ,max

;
;

 − =
    
    

K M d 0

c c i c m m i m

c c i c m m i m

E E E E E E



     

 (24) 

where ,min ,mean ,mean10%= −E E E , ,max ,mean ,mean10%= +E E E , ,min ,mean ,mean10%= −   , 

,max ,mean ,mean10% ;= +    ,mean ,mean,E   are the mean values of Young’s modulus and mass density 
of constituent materials, respectively. 

Combination of BCMO and DNN: Initiated by Le-Duc et al. [10], BCMO is a meta-heuristic 
algorithm method which is inspired by the fact that the solution space is assumed to be in 
Cartesian coordinates and the searching movements of candidate solutions are compositely 
equalized in both global and local ones. In fact, a candidate solution can move closer to better 
ones to exploit the local regions, and move further to explore the search space. Thus, the best-
ranked individual in each generation can jump immediately from space to space or intensify its 
current local space (the details of the algorithm can be found in [10]). Moreover, the input data 
from BCMO will be trained by the deep neural network (DNN), which is passed through the input 
layer, hidden layers and output layer. The input data is multiplied by the weights before it reaches 
the nodes. Each node in the subsequent layers will get the sum of the output values of the previous 
nodes multiplied by the associated weights, and the output data of the activation function for the 
sum is given as follows ([18]): 
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 ( )
1

1 1

1

−
− −

=

 
= =  + 

 


n
n

L
n n n n
i i ij j i

j
y x w y b                 (25) 

where n
iy and n

ix  are the data pair output and input of activation function of node i , respectively; 
1−n

ijw  are the weights between the output node i  and input node j ; n
ib  is the bias of node j ;   is 

the activation function. Furthermore, a loss function is required to evaluate the performance of 
the prediction model. The objective of loss function is to measure the difference between target 
values and predicted ones, from which during the training process, the difference between the 
model outputs and the target values are converged to zeros. In practice, the mean square error 
(MSE) [19] is commonly used to evaluate the accuracy of the prediction model, hence it will be 
applied in this paper. 

5. Numerical results 
In this section, numerical examples are carried out to investigate optimal free vibration 

behaviors of FGP microplates with different boundary conditions in which the shear function 
( ) 3 2

3 3 34 / 3= −f x x x h  is selected. The FGP microplates are supposed to be made of ceramic 
material Al2O3 and metal one Al whose properties are given as follows: Al2O3 ( 380=cE GPa, 

3800=c kg/m3, 0.3=c ), Al ( 70=mE GPa, 2702=m kg/m3, 0.3=m ). For simplification 
purpose, all three length scale parameters are assumed to have identical values, i.e., 

1 2 3 .= = =l l l l  For convenience, the following normalized parameter is used in the computations: 
2 / /= c ca h E   . 

In order to study the effects of the side-to-thickness ratio, material length scale and 
boundary conditions on natural frequencies of FGP microplates. Fig. 1 displays the variation of 
normalized fundamental frequencies with respect to the side-to-thickness ratio /a h  and length 
scale-to-thickness ratio /h l  of Al/Al2O3 FGP microplates with 5=p , / 10=a h  and three 
boundary conditions (SSSS, SCSC, CCCC). It can be seen that the natural frequencies decrease 
with the increase of /h l  up to the value of / 10=h l  from which the curves become flatter and 
size effects may thus be disregarded, the highest and lowest curves of interaction correspond to 
the CCCC and SSSS boundary conditions, respectively. 

 
Fig. 1. Variation of normalized fundamental frequency with respect to side-to-thickness ratio 

/a h  and length scale-to-thickness ratio /h l  ( 5=p , 0.1= ) 
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In order to investigate stochastic vibration responses of FGP microplates, four random 
variables of material properties ( , , , ,, , ,m i c i m i c iE E   ) are employed with the population size 

500=NP . These design variables are considered as input data and the first normalization of 
frequency are taken as output data for training samples. The data set consists of input-output pairs 
and training samples which are randomly generated through iterations for training in the DNN. It 
is noted that the DNN processing with 1000 iterations and 1 epoch for each iteration. Table 1 
presents the mean and standard deviation (SD) of normalized fundamental frequencies of 
Al/Al2O3 FGP microplates. The results are calculated for two boundary conditions (SSSS, 
CCCC), power law-index 2=p , side-to-thickness ratio / 10=a h , porous parameters 0.1=  
and 0.2 with different values of thickness-to-MLSP ratio / 1,2,5,10=h l . It can be seen that the 
statistical moments of normalized fundamental frequencies obtained from the Ritz–BCMO and 
BCMO-DNN show great agreements in all cases. The mean values of nondimensional 
fundamental frequencies for both Ritz-BCMO and BCMO-DNN are close to the deterministic 
result (Ritz) for all boundary conditions. As expected, the natural frequencies decrease with an 
increase of the ratio of material length scale parameter. Moreover, it is observed that the 
computational time needed by the Ritz-BCMO approach is approximately 9 times greater than 
that by the BCMO-DNN method, that shows the efficiency on computational cost of the BCMO-
DNN algorithm.  

Table 1. Mean and standard deviation of normalized fundamental frequencies of FGP 
microplates with 2=p  and / 10=a h  

BCs Statistical 
moments Theory /h l  Time 

(s) 
 10 5 2 1  

SSSS 0.1=       
  Ritz 4.1238 4.9947 9.1029 16.9999  
 mean Ritz-BCMO 4.0969 5.0102 9.1118 16.9679 2854 
 BCMO-DNN 4.0975 5.0110 9.1130 16.9694 320 
 SD Ritz- BCMO 0.1308 0.1696 0.2578 0.4501  
 BCMO-DNN 0.1299 0.1684 0.2561 0.4468  
 0.2=       
  Ritz 3.7713 4.7471 8.9419 16.8823  
 mean Ritz- BCMO 3.7733 4.7238 8.9212 16.8805 2855 
 BCMO-DNN 3.7742 4.7246 8.9226 16.8829 325 
 SD Ritz- BCMO 0.1722 0.1803 0.2747 0.5207  
 BCMO-DNN 0.1714 0.1793 0.2730 0.5170  

CCCC 0.1=        
 mean Ritz 7.2033 8.8372 15.7657 28.6778  
  Ritz- BCMO 7.1993 8.8144 15.7081 28.7767 2855 
  BCMO-DNN 7.2006 8.8156 15.7100 28.7775 320 
 SD Ritz- BCMO 0.2404 0.2634 0.4635 0.8480  
  BCMO-DNN 0.2391 0.2614 0.4615 0.8498  
 0.2=        
 mean Ritz 6.6362 8.3403 15.2109 28.4556  
  Ritz- BCMO 6.6804 8.3357 15.2698 28.2874 2856 
  BCMO-DNN 6.6817 8.3370 15.2719 28.2856 323 
 SD Ritz- BCMO 0.2743 0.2846 0.4951 0.8394  
  BCMO-DNN 0.2725 0.2823 0.4918 0.8388  
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/ 1=h l  / 1=h l  / 1=h l  

/ 5=h l  / 5=h l   / 5=h l  

Fig. 2. Scatter plot, probability density function, and loss function of the normalized 
fundamental frequency for simply supported FGP microplates with 0.1,= / 10,=a h 2=p  

In order to demonstrate the performance of present model further, Fig. 2 presents the scatter 
plot, probability density function and loss function of the fundamental frequency for FGP 
microplates with porous parameters 0.1= , / 10=a h  and 2=p . These graphs indicate that 
the present BCMO-DNN model can effectively substitute the Ritz-BCMO for stochastic analysis 
with accuracy and significant saving of computational time. Moreover, the MSE converges to 
zero after 200 iterations for both the training set and test set.  

6. Conclusions 
Optimal vibration behaviors of FGP microplates with uncertainties of material properties 

has been introduced in this paper. The theory is based on a unified framework of higher-order 
shear deformation theory and modified strain gradient theory. In addition, a combination of 
BCMO-DNN has been developed to solve the optimization problems and predict stochastic 
vibration responses of FGP microplates subjected to uncertainties of material properties. The 
effects of material distribution, material length scale, porosity density and boundary conditions 
on natural frequencies of FGP microplates have been investigated for both Ritz-BCMO and 
BCMO-DNN algorithm. Based on the obtained numerical results, the following important points 
can be derived: 

- Present unified higher-order shear deformation theory and modified strain gradient theory 
are found to be accurate and efficient in predicting stochastic vibration behaviors of FGP 
microplates. 

- Natural frequencies decrease with an increase of the porosity density and material length 
scale parameter.  
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- Proposed BCMO-DNN algorithm allows to significantly save computational costs. The 
computational time of natural frequencies required by the BCMO-DNN method is about 1/9 times 
that of the Ritz-BCMO method. 
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